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Abstract
Westudy the task of entanglement distillation in the one-shot setting under different classes of quantum
operationswhich extend the set of local operations and classical communication (LOCC). Establishing a
general formalismwhich allows for a straightforward comparisonof their exact achievable performance,
we relate thefidelity of distillationunder these classes of operationswith a family of entanglement
monotones and the rates of distillationwith a class of smoothed entropic quantities based on the
hypothesis testing relative entropy.We then characterise exactly the one-shot distillable entanglement of
several classes of quantum states and revealmany simplifications in theirmanipulation.We show in
particular that the ε-error one-shot distillable entanglement of anypure state is the sameunder all sets of
operations ranging fromone-way LOCC to separability-preserving operations or operations preserving
the set of stateswithpositive partial transpose, and canbe computed exactly as a quadratically constrained
linear program.We establish similar operational equivalences in the distillationof isotropic and
maximally correlated states, reducing the computationof the relevant quantities to linear or semidefinite
programs.We also show that all considered sets of operations achieve the sameperformance in
environment-assisted entanglement distillation fromany state.

1. Introduction

Quantumentanglement plays a fundamental role inquantum informationprocessing by serving as a resource
whichunderliesmany important protocols such as quantum teleportation [1]or superdense coding [2] aswell as
quantum technological applications such as quantumrepeaters andnetworks [3, 4].Many such schemes require the
use of entanglement in thepure,maximal formof singlets—the efficient conversionof entanglement into such
form, dubbed entanglement distillation [5, 6], is thus of vital importance, and the development of effective theoretical
andpracticalmethods to characterise entanglement distillation remains at the forefront of quantum information
research [7]. First studied in the asymptotic regimeunder the assumptionof being able tomanipulate anunbounded
number of independent and identically distributed copies of a quantumsystem [5, 6, 8–11], distillation later
attracted a significant amount of researchusing the toolsof non-asymptotic quantum information theory [12–21].
The latter setting is of particular importance due to the physical limitations of near-termquantum technologies,
preventingus frombeing able tomanipulate large numbers of quantumsystems effectively. In particular, to
efficiently exploit entanglement in practical settings it is necessary to obtain a thoroughunderstanding of one-shot
distillationof entanglement,which takes into account the realistic, non-asymptotic restrictions on state
transformations and aims tounderstandhowfinite accuracy limits our ability tomanipulate entanglement.

The characterisation of entanglement as a resource in practical settings is rooted in the so-called distant labs
paradigm [7], inwhich experimenters are free to perform any local operationwithin their own labs and
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communicate with each other classically, but any use of quantum communication has an associated resource
cost since it requires the use of entanglement. This formalism led to the definition of local operations and
classical communication (LOCC) as the set of allowed (‘free’) operations, and the operational characterisation of
entanglement distillation is concerned precisely with delimiting the capabilities of LOCC inmanipulating
entanglement. However, themathematical description of LOCC is known to have a highly complicated
structure [22], makingmany important questions in the resource theory of entanglement either very challenging
or downright unanswerable. Thismotivated the investigation of several relaxations of the class LOCC [23–27],
whose simplified description can provide accessible upper bounds on the capabilities of LOCC aswell as
establish the ultimate limitations on entanglement transformations. Understanding the properties of such
relaxations and characterising their precise operational power can therefore shed light on the fundamental
structure of entanglement as a resource.

In this work, we develop a comprehensive framework for the study of one-shot entanglement distillation
under several different classes of operations—separablemaps (SEP), separability-preservingmaps (SEPP),
positive partial transpose (PPT)maps, two types of PPT-preservingmaps, as well as two types ofmaps based on
the so-called Rains set—many ofwhich have been considered in the literature as a relaxation of LOCC in various
contexts, butwhose one-shot distillation capabilities in relation to other operations remained unknown. Such
extensions are still bound by operationallymotivated constraints (e.g. SEPP can never generate entanglement
from an unentangled state, just as LOCC), but they can often be understood as allowing for additional resources
to be used in entanglementmanipulation (e.g. any PPToperation can be stochastically implemented by LOCC if
one is additionally given access to a bound entangled state [28]).We compare the performance of these sets of
maps in distiling entanglement in the one-shot setting, establishing in particular a general formalismwhich
allows us to describe the distillation under the different operations together in a unified framework.Wemake
use of tools from convex analysis and convex optimisation to relate the rates of distillationwith a family of
entanglementmonotones. By evaluating thesemonotones for all pure states, isotropic states, andmaximally
correlated states, we simplify the description of distillation in these cases and show thatmany of the relaxations
coincide in their distillation power, facilitating an efficient quantification of fundamental entanglement
properties and revealingmany operational similarities in entanglementmanipulation under different classes of
channels.

Ourwork improvesmany earlier results in the characterisation of one-shot entanglement distillation
[16, 17, 19, 20, 29], which relied on approximate bounds andwere only exact asymptotically; crucially, our
formalism allows for a precise description of distillation already at the one-shot level, providing an exact
characterisation of the operational power of several classes of operationswhich extend LOCCand shedding light
on the capabilities of LOCC themselves.

1.1. Summary of results
Webegin ourwork in section 2with a brief introduction to a family of entanglementmonotones 

( )T m whichwill
play an important role in the later investigation of entanglement distillation.We characterise their properties
and in particular show that the class ofmonotones generalises two knownmeasures of entanglement—the
robustness of entanglement and a distance-based quantifier based on trace distance—whichwill allow us to
endow themeasures with a direct operationalmeaning.

Our characterisation of entanglement distillation begins in section 3wherewe establish explicit general
connections between the quantifiers 

( )T m , quantumhypothesis testing, and one-shot entanglement distillation
through convex duality. Themethodswill form the foundations of the framework developed in this work.

We commence the explicit applications of our framework in section 3.1 by quantifying the distillation
capabilities of several classes of operations based on the set of PPT states, recovering previous results of [25, 26]
aswell as describing new classes of operations in this context. The results additionally allow for an understanding
of important asymptotic quantities, such as the regularised PPT relative entropy of entanglement or theRains
bound [24, 25], not just as bounds for distillable entanglement but as quantities with a precise operational
meaning of their own. This section serves also as an introduction to the formalism considered in themanuscript
and showcases the generality of ourmethods.

In section 3.2, we consider the class of separability-preserving operations [18, 27]. By relating the achievable
fidelity of distillationwith themonotones 

( )T m again, we establish an operational interpretation of the
generalised robustness of entanglement in the context of distillation. Furthermore, we demonstrate a general
operational equivalence in the distillation frompure states: all sets of operations, ranging fromone-way LOCC
to SEPP and PPT-preserving operations, achieve exactly the same performance in one-shot pure-state
distillation. Although such an equivalence in the asymptotic regimewas already known [10, 30], the
correspondence already in the one-shot setting is remarkable, considering that the one-shotmanipulation
power of the larger sets of operations is generallymuch greater than that of LOCC. The results allowus to
explicitly relate the fidelity of distillation of any pure statewith an analytically computable normof its Schmidt
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coefficients and express the computation of the e-error one-shot distillable entanglement of a pure state as a
convex quadratically-constrained linear program.

We continue in section 3.3 by establishing a similar operational equivalence in the distillation of isotropic
states, showing that any class of operations ranging from separable operations to PPT- and separability-
preserving operations achieve the same one-shot rates of distillation. Analogously, in section 3.4we show that
separability-preserving operations provide no advantage over PPToperations in the distillation frommaximally
correlated states, and furthermore, by relating the entanglementmonotoneswithmeasures of quantum
coherence, the achievable rates and fidelities of distillation can be computed efficiently as semidefinite programs.

In section 3.5we showhowour results immediately imply that in the setting of environment-assisted
entanglement distillation [17, 31, 32], all considered operations—fromone-way LOCC to PPT- and
separability-preserving—achieve exactly the same performance.We furthermore recover the one-shot
characterisation of [17] in a simplified fashion by employing the formalism introduced herein.

We conclude in section 3.6with a discussion of zero-error distillation under the different sets of operations,
obtaining in particular a single-letter formula for the asymptotic zero-error distillable entanglement under
Rains-preserving operations which recovers a bound of [33] and endows it with an operational interpretation as
a zero-error Rains bound.

An overview of the sets of operations considered in this work aswell as their relative power in one-shot
entanglement distillation is provided infigure 1 and table 1.

2. Preliminaries

Wewill work in the real vector space ofHermitianmatrices with theHilbert–Schmidt inner product

á ñ = ( )†X Y X Y, Tr .Wewill denote by + the cone of positive semidefinitematrices and by the inequality
with respect to this cone, that is,  Î + ⟺X X 0.Wewill denote by 1 the set of unit traceHermitian
matrices, and by  = Ç +1 the set of densitymatrices. The notation ñ∣x will be used to refer to general
vectors in d, withGreek letters such as yñ∣ reserved for normalised vectors corresponding to quantum states; in
the latter case wewill often refer to the projector y yñá∣ ∣asψ.Wewill use ñ = å ∣ ( ∣ ∣ )ℓx xi i

p p1
p

for the p-norms

in d and =  (∣ ∣ )X XTrp
p p1 for the Schatten p-norms in.

Figure 1. Schematic hierarchy of operations considered in this work. The pictured inclusions between +PPTP , +
¢PPTP , PPTP, PPT,

SEP, and LOCC are all strict; there is no inclusion between SEPP and any of the sets +PPTP , PPTP, PPT in general.
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For any set, we define the dual cone * = á ñ " Î{ ∣ }X X Q Q, 0 and the polar set
  = á ñ " Î{ ∣ }X X Q Q, 1 .We have in particular ** * *  l l= Î≔( ) { ∣ }Q Qcl conv 0, (the
closure of the conic hull of) and   È  =≔ ( ) ( { })◦◦ cl conv 0 where cl denotes closure and conv the
convex hull of a set.

All logarithms in this work are base 2.Wewill use the shorthand

⌊ ⌋ ≔ ⌊ ⌋ ( )x log 2 , 1x
log

and analogously for⌈ ⌉x log .

2.1. A family of entanglementmonotones
The analysis of thisworkwill focus onunderstanding the achievablefidelity of distillationunder different sets of
operations, and establishingmethods allowingus to relate itwith convexoptimisationproblemswhich admit an
efficient characterisation.To this end,wewill introduce a family of entanglementmonotones,whichwewill later
explicitly endowwith anoperational interpretation and show toplay a fundamental role in characterising
entanglementdistillation.

Consider a bipartite system shared between partiesA andB, with dA and dB denoting the dimensions of the
corresponding spaces. Let = { }d d dmin ,A B .Wewill consider the following sets ofHermitianmatrices:

PPT
PPT
SEP


 

y y y f h

= =
= =
= = Ä

+

{ ∣ ( ) }
{ ∣ ( ) }

{∣ ⟩⟨ ∣ ∣∣ ⟩ ∣ ⟩ ∣ ⟩ }
( )

X X X

X X X X

Tr 1, 0

Tr 1, 0, 0

conv ,

2

T

T

A B

B

B

where XTB is the partial transpose ofX. Letting  denote one of the above sets, a quantifierwhich found use in
measuring the entanglement of quantum states in several contexts is the generalised robustness, defined as [34]



 r l r l
r

= + Î
= - Î - *

( ) { ∣ ⪯ ( ) }
{⟨ ⟩ ∣ ⪯ }

( )R X X S

W W W S

min 0 1 ,

max , , .
3S

We then extend this definition to a class ofmeasures

 r r - Î - *( ) ≔ {⟨ ⟩ ∣ ⪯ ⪯ } ( )( )T W W m W Smax , , 4S
m

for some parameter Î +m .We note this class ofmeasures has been considered in [35], but we have found that
some of the results concerning the quantification and characterisation of 

( )T m stated there are in fact incorrect,
sowe present a self-contained investigation of their basic properties below and in the appendix.

A useful characterisation of the quantifiers is obtained by considering their dual form,which can be obtained
as follows.

Proposition 1.Themeasures 
( )T m can be equivalently expressed as

** r r r= - + - Î+ -( ) { ( ) ( ) ∣ } ( )( )T m X X Xmin Tr Tr , 5m

where r - +( )X (respectively, r - -( )X ) denotes the positive (negative) part of theHermitian operator r - X .

Theproof followswell-knownmethods inmatrix analysis andwe include it in the appendix for completeness.

Table 1.Comparison between the one-shot e-error entanglement distillation rates achievable
under the different sets of operations considered in this work.We use>when the given
inequality can be strict for some state, and if—to the best of our knowledge—the strictness
of the inequality remains an open question.

General states Pure states Isotropic states Max. corr. states

SEPP SEPP SEPP SEPP

   
+PPTP +PPTP +PPTP +PPTP

   

+
¢PPTP +

¢PPTP +
¢PPTP +

¢PPTP

   
PPTP PPTP PPTP PPTP

   
PPT PPT PPT PPT

   ∣
SEP SEP SEP SEP

∣  ∣ ∣
(1-)LOCC (1-)LOCC (1-)LOCC (1-)LOCC
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In particular, for =m 1 themeasures take the remarkably simple form ** r r= -Î  ( )( )T XminX
1

1.
This quantity, consideredfirst in the resource theory of coherence as themodified trace distance [36], generalises
the commonly employed trace distancemeasure  r s-sÎ  min 1. The reasonwhy 

( )T 1 is amore suitable

measure of entanglement than the trace distance itself is the fact that, contrary to 
( )T 1 , the trace distance does not

satisfy strongmonotonicity under LOCC [36, 37] (i.e. the requirement that ameasureM obeys
r rå L( ) ( ( ))M p Mi i i for any probabilistic protocol which applies an LOCC transformation Li to ρwith

probability pi), which is often considered as one of the basic requirements that ameasure of entanglement
should satisfy [38]. This demonstrates a case where it becomes necessary to consider the distancewith respect to
the unnormalised cone ** rather than the set  in order to ensure strongmonotonicity.

Another interesting case is = -m d 1, for whichwe obtain the following.

Proposition 2. For any PPT PPT SEP Î +{ }, , it holds that

 
r r=- ( ) ( ) ( )( )T R . 6d 1

Proof. Let SEP*- ÎW , and notice that SEP PPT PPT PPT PPT SEP* * *Í Í  Í Í+ + . Letting lmin

denote the smallest and lmax the largest eigenvalue of a givenmatrix, we nowuse the property that
SEP* l l- Î  - - -( ) ( ) ( )W W d W1min max [39, Cor. 5.5] together with the constraint  -W to obtain

l -( ) ( )W d 1. 7max

It follows that the feasible sets for 
R and 

-( )T d 1 are equal and so the problems are equivalent. +

From the above two Propositions, we have that the family ofmeasures 
( )T m can be understood as

interpolating between the robustness of  for = -m d 1, themodified trace distance for =m 1, and the trivial
value of 0 for =m 0. It is furthermore easy to see that  r r= -( ) ( )( ) ( )T Tm d 1 for any > -m d 1.

2.2. Generalising 
( )T m to arbitrary sets

In the operational characterisation of entanglement distillation, it will be necessary to consider also
generalisations of the abovemeasures beyond sets of normalised (unit trace)Hermitian operators. To allow for
this, wewill now consider arbitrary compact sets ofHermitian operators and define the quantity

  r rá ñ Î 
⎧⎨⎩

⎫⎬⎭( ) ≔ ⪯ ⪯ ( )( )G W W W
m

sup , 0 ,
1

. 8m

It is straightforward to see that if is a set of unit trace operators, then  r( )( )G m is equal to  r +-( ( ) )( )T 1
m

m1 1 ,
although this relation does not hold in general.

To obtain a general dual formulation of 
( )G m , wewill employ the formalismof gauge functions [40, 41]. The

convex gauge function of a set is defined as [40]

  r l r l rG = Î = Î ( ) { ∣ ( )} {⟨ ⟩ ∣ } ( )W Winf 0 conv sup , , 9

and can be thought of as an extension of the concept of a norm associatedwith a set—indeed, all norms are gauge
functions, but the latter aremore general. One can further notice that

 


r l r l rG = Î = Î ( ) { ∣ } {⟨ ⟩ ∣ } ( )W Winf 0 sup , , 10

where thefirst equality follows because the set is always convex.Wewill take Æ = - Æ = ¥inf sup and note
thatwhen the set is compact, the infimaand suprema in the definitions of the gauge functions are attained as
long as they are finite.We then have the following.

Proposition 3. For any compact set Í , we have that

 


r r= - + G
Î

+( ) ( ) ( ) ( )( )G Z
m

Zinf Tr
1

. 11m

Z

Proof.Thedefinitionof 
( )G m imposes that     È ÈÎ - Ç Ç  = - + +( ) ( ) [( ) ( )]W m m conv , from

whichwe get   = G È È- +
( )

( ) ( )G m
m conv . Since and are compact and+ is closed,weget [40,Theorem16.4]

 



 





 



r r
r

r r

= G + G + G = + +

= G + G = + + Î -

= + G - Î = - + G

-

+

+ +

+

⎧⎨⎩
⎫⎬⎭

( ) { ( ) ( ) ( )∣ }
{ ( ) ( )∣ }

( ) ⪯ ( ) ( ) ( )

( )G X Y Z X Y Z

Y Z X Y Z X

Y
m

Z Z Y Y Z
m

Z

inf

inf ,

inf Tr
1

, infTr
1

, 12

m
m

m

wherewe have used that G =- +( )X 0 if Î - +X and¥ otherwise, and G =( )Y YTr for any positive
semidefiniteY and¥ ifY is not positive semidefinite. +
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Remark.The above formula effectively constraints the optimisation to be over **ÎZ , since for any
**ÏZ , we have G = ¥( )Z . In particular, if consists only of trace-onematrices, we can equivalently write

**



r r= - +

Î
+( ) ( ) ( ) ( )( )G X

m
Xinf Tr

1
Tr 13m

X

which reduces to the form in Proposition 1.

3.One-shot entanglement distillation

Denoting by Ym themaximally entangled state Y ñ = å ñ=∣ ∣iim i
m

m1
1 , we consider the task of distiling the state Ym

under a given class of completely positive trace-preserving (CPTP)maps . Thefidelity of distillation under is
defined by




r ráL Y ñ
LÎ

( ) ≔ ( ) ( )F m, sup , . 14m

Here, without loss of generality we constrain ourselves to operations L Î whose output dimensionmatches
the dimension of Ym in order tomake the inner product well-defined;more general cases can be considered by
suitably embedding Ym or rL( ) in a larger space. The one-shot e-error distillable entanglement is then defined
as themaximum size of Ym which can be obtainedwith the given class of operations within an error tolerance of
e, that is,

  r r eÎ -e( ) ≔ { ∣ ( ) } ( )( )E m F mlog max , 1 . 15d,
1 ,

In the asymptotic i.i.d. limit, distillable entanglement can then be expressed as

 r r=
e

e¥

 ¥

Ä( ) ( ) ( )( )E
n

Elim sup lim sup
1

. 16d
n

d
n

,
0

,
1 ,

To begin the general description of one-shot distillation, wewillmake explicit the connection between the
quantifiers discussed earlier and distillation rates. The precise linkwill be established through the hypothesis
testing relative entropy [42–44], defined as

  r r e=- -e ( ∣∣ ) {⟨ ⟩∣ ⟨ ⟩ } ( )D X M X M M: log min , 0 , 1 , , 17H

wherewe have extended the standard definition (limited to positive semidefiniteX) by taking
= -¥ "( )x xlog 0. This quantity characterises the fundamental task of quantumhypothesis testing

[45, 46], where one is interested in distinguishing between two quantum states—ρ andσ—by performing a test
measurement  -{ }M M, where ⪯ ⪯M0 . The probability of incorrectly accepting stateσ as true (type-I
error) is given by  rá - ñM, , and the probability of incorrectly accepting state ρ as true (type-II error) is given
by sá ñM, . The entropy r se ( ∣∣ )DH then quantifies theminimum type-II error while constraining the type-I error
to be no greater than e.We note that it is not clear if such an operational understanding of eDH can be obtained
whenX is not a positive semidefinite operator, butwewillfind it useful to consider the quantity eDH regardless.
Furthermore, we remark that for any operatorX, re ( ∣∣ )D XH is efficiently computable as a semidefinite program.

Let usfirst note a general correspondence between the hypothesis testing relative entropy and gauge
functions, showing that eDH minimised over a set of operators gives a suitably ‘smoothed’ gauge function.

Proposition 4. Let be a closed set of Hermitian operators. Then





r = - Ge

r eÎ á ñ -
( ) ( ) ( )

( )
⪯ ⪯

D X Winf log inf . 18
X

H
W

W
conv , 1

0

Proof.Wehave

  

 


 

 



  

 

r

- G =- á ñ = - á ñ

= - á ñ = - á ñ

=

 r e r e r e

r e r e

e

á ñ -


á ñ - Î Î á ñ -

Î á ñ - Î á ñ -

Î


( )

( ) ( )

⪯ ⪯ ⪯ ⪯ ⪯ ⪯

( )
⪯ ⪯

( )
⪯ ⪯

( )

W X W X W

X W X W

D X

log inf log inf sup , log sup inf ,

log sup inf , inf log inf ,

inf , 19

W
W

W
W

X X W
W

X W
W

X W
W

X
H

, 1
0

, 1
0

, 1
0

conv , 1
0

conv , 1
0

conv

where the second equality followsby Sion’sminimaxTheorem, since the sets r eá ñ -{ ∣ ⪯ ⪯ }W W W, 1 , 0
and are both convex and the former is compact.Wehave replaced theoptimisationoverwith an
optimisationover ( )conv without loss of generality, since theproblemhas the sameoptimal value inboth
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cases—either there exists an Î ( )X conv such that r < ¥e ( )D XH , orwehave r r= = ¥e e ( ) ( )D X D 0H H for
all Î X . +

The above can be directly applied in the context of entanglement distillation. Specifically, if one can show
that the fidelity of distillation under a given class of operations is given by 

( )G m for some set, then the optimal
rate of distillation can be computed exactly as the hypothesis testing entropyminimised over ( )conv . Although
we leave open the question of when exactly a given class of operations leads to a fidelity of distillation of the form
given by 

( )G m , wewill see below that this is a very commonphenomenon among different classes of operations
relevant to the resource theory of entanglement.

Formally, we have the following.

Theorem5. Let be a class of CPTP operations, and a compact set ofHermitian operators. If a given state ρ
satisfies

  r r= " Î( ) ( ) ( )( )F m G m, , 20m

then




r r=e e

Î


⎢
⎣⎢

⎥
⎦⎥( ) ( ) ( )( )

( )
E D Xmin . 21d

X
H,

1 ,

conv log

Remark.TheTheorem includes in particular the case when  r r= +-( ) ( ( ) )( )F m T, 1
m

m1 1 for

SEP PPT PPT Î +{ }, , . However, it ismore general than that—for example, can be the set
PPT ¢ =  { ∣ }X X 1T

1B , inwhich case we recover a result of [20].

Proof.By assumption, we have
















 

 



r r e

r e

r

= Î á ñ - Î 

= - Î á ñ - Î 

= - G


=

e

r e
e

á ñ - Î


⎧⎨⎩
⎫⎬⎭

⎢

⎣
⎢⎢

⎥

⎦
⎥⎥

⎢
⎣⎢

⎥
⎦⎥

( ) ⪯ ⪯

⌊ { ∣ ⪯ ⪯ }⌋

( ) ( ) ( )

( )

⪯ ⪯
( )

E m W W W
m

k W W W k

W D X

log max , 1 , 0 ,
1

log min , 1 , 0 ,

log min min , 22

d

W
W

X
H

,
1 ,

log

, 1
0 log

conv log

where the last equality follows fromProposition 4. +

The application of the above result will allow us to employ the powerful framework of convex optimisation
in the description of entanglement distillation.

3.1. PPT andPPT-preserving operations
Oneof thefirst relaxationsof LOCC in the literaturewas the class of separable operations (SEP) [23, 47], corresponding
to all quantumchannelsL  ¢ ¢AB A B: whoseChoimatrix is separable across thebipartition ¢ ¢∣AA BB . This set of
mapshasbeen shown tobe strictly larger thanLOCC [48], thusproviding anupperboundon the capabilities of LOCC
indistillation.However, the fact that thedefinitionof SEP relies on the separability of theChoimatrixmeans that the
set is not amenable to an efficient analytical characterisation,which thenmotivated thedefinitionsof larger sets of
operations.Webeginwith the investigationof several classes of suchoperationsbasedon the setPPT.

The class of PPToperations, due to Rains [24, 25], is defined to consist of all CPTPmaps L  ¢ ¢AB A B:
whoseChoimatrix JΛ satisfies L

¢J 0TBB . In someworks, a closely related class of ‘PPT-preserving operations’
has been considered [26, 49], motivated by the fact that PPT PPTÎ  L Î( )X X for any PPToperationΛ.
Although the two classes have sometimes been claimed to be equal, it is not difficult to see that only imposing the
PPT-preserving constraint leads to a strictly larger class of quantum channels—consider, for instance, the
channel which swaps subsystemsA andB—so it is in fact incorrect to use the names ‘PPT’ and ‘PPT-preserving’
interchangeably when referring to operations. Interestingly, however, the two sets of channels lead to exactly the
same rates of one-shot entanglement distillation (as well as dilution), as wewill shortly see explicitly.

More recently, the name ‘PPT-preserving operations’was also used to denote operationswhichmap any
PPT state to a PPT state, in the sense that PPT PPTs sÎ  L Î+ +( ) [50]. It is well-known that this leads to a
strictly larger class of operations thanRains’PPToperations [51], although an accurate way of referring to the
class of PPToperations could be completelyPPT-preserving [52], since the condition L

¢J 0TBB ensures the
preservation of positivity when themap acts on a part of a larger system, akin to completely positivemaps.

For clarity, let us beginwith the precise definitions.
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Definition 6.ACPTPmap L  ¢ ¢AB A B: is called PPT if any one of the following equivalent conditions is
satisfied [24].

(i) TheChoimatrix JΛ is PPTwith respect to the partition ¢ ¢∣AA BB , i.e. L
¢J 0TBB .

(ii) Themap L¢ ◦ ◦T TB B is completely positive.

(iii) For any spaces C D, such that =d dC A and =d dD B it holds that

PPT PPTs sÎ  L Ä Î ¢ ¢+ +( ∣ ) ( ) ( ∣ )AC BD A C B Did

where id is the identity channel.

Wewill use PPT to denote the set of all suchmaps.

Definition 7.ACPTPmap L  ¢ ¢AB A B: is called PPT+-preserving if
PPT PPTs sÎ  L Î+ +( ) ( ). 23

Wewill use +PPTP to denote the set of all suchmaps.

Definition 8.ACPTPmap L  ¢ ¢AB A B: is calledPPT-preserving if either of the following equivalent
conditions is satisfied:

(i) PPT PPTÎ  L Î( )X X .

(ii) Themap L¢ ◦ ◦T TB B is positive, i.e.  Î  L Î+ ¢ +◦ ◦ ( )X T T XB B .

Wewill use PPTP to denote the set of all suchmaps.

We now characterise the operational capabilities of the different sets of operations. Note that thefidelity of
distillation under the class PPT has previously been obtained byRains [25], and an explicit expression for the
rate of distillation in terms of eDH appearedmore recently in [20]. Reference [26] considered the class PPTP in
this context, but the capabilities of +PPTP have not been explicitly investigated before.

Theorem9.The fidelity of distillation under the classes of operations PPT, PPTP, and +PPTP is given by

PPT

PPT

r r

r r r

=

= = ¢

+ +
( ) ( )

( ) ( ) ( ) ( )

( )

( )

F m G

F m F m G

,

, , , 24

m

m

PPTP

PPT PPTP

where PPT PPT PPT È¢ = - =  ( ) { ∣ }X Xconv 1T
1B , and hence the one-shot distillable entanglement can be

expressed as

PPT
r r s=e

s

e

Î+
+


⎢
⎣⎢

⎥
⎦⎥( ) ( ) ( )( )E Dmin 25d H,PPTP

1 ,

log

PPT
r r r= =e e e

Î ¢


⎢
⎣⎢

⎥
⎦⎥( ) ( ) ( ) ( )( ) ( )E E D Xmin . 26d d

X
H,PPT

1 ,
,PPTP
1 ,

log

Proof. Since Ym is invariant under any unitary of the form *ÄU U , it is in particular invariant under the
twirling * * ò Ä Ä(·) ≔ ( ) · ( )†U U U U Ud , where the integration is performedwith respect to theHaar
measure of the unitary group.We can thenwithout loss of generality consider only trace-preserving operations
of the form L = L◦ , giving


L = á ñY +

á - ñ
-

- Y( ) ( ) ( )Z Z X
Z X

m
,

,

1
27m m2

as this is themost general formof an operator invariant under twirling [53]. Since Y = -+ -( )P Pm
T

m m m
1B , where

+Pm (respectively, -Pm ) denote the projector onto the symmetric (antisymmetric) subspace, we have

L =
+

+ á ñ +
-

- á ñ
+ -

⎜ ⎟ ⎜ ⎟⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠( ) ( )Z

P

m

Z

m
Z X

P

m

Z

m
Z X

1

Tr
,

1

Tr
, . 28T m mB

Using themutual orthogonality of Pm , we obtain the general conditions

 
  

L á ñ

L - á ñ

( ) ⟺

( ) ⟺ ( )

Z Z X

Z
Z

m
Z X

Z

m

0 , 0

0
Tr

,
Tr

. 29TB

Noting in addition that the complete positivity ofΛ imposes ⪯ ⪯X0 , we can constrain themapΛ such that
PPTsL Î +( ) for any PPTs Î + to get
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PPT r r s s= á ñ á ñ " Î ++

⎧⎨⎩
⎫⎬⎭( ) ⪯ ⪯ ( )F m X X X

m
, max , 0 , ,

1
, 30PPTP

and similarly, by imposing that PPT PPTÎ  L Î( )S S wehave

PPT

PPT









r r

r

= á ñ á ñ " Î

= á ñ á ñ " Î ¢

⎧⎨⎩
⎫⎬⎭

⎧⎨⎩
⎫⎬⎭

( ) ⪯ ⪯ ∣ ∣

⪯ ⪯ ( )

F m X X S X
m

S

X X S X
m

S

, max , 0 , ,
1

max , 0 , ,
1

. 31

PPTP

Noting that the Choimatrix of themap (27) is given by  = Ä Y + - Ä - YL - ¢ ¢¢ ¢ ( ) ( )J X XAB m m AB m A B
1

1A B 2 ,
an explicit computation yields

  -L
¢ ⟺ ⪯ ⪯ ( )J

m
X

m
0

1 1
, 32T TBB B

which is precisely the condition PPTá ñ " Î ¢S X S,
m

1 , yielding the equality between r( )F m,d,PPTP

and r( )F m,d,PPT .
Since the distillation fidelities +FPPTP and FPPTP are precisely of the form PPT+G and PPT¢G , respectively, the

result follows byTheorem 5. +

TheTheorem establishes an operational equivalence between the sets of operations PPT and PPTP,
althoughwe stress again that in fact PPT PPTP: in particular, the swap operation, defined as
L ñá = ñá(∣ ∣) ∣ ∣ij kl ji lk in a basis and extended by linearity, trivially preserves the positivity of the partial transpose
of any operator, while the partial transpose of theChoimatrix JΛ can be verified to be non-positive. This can be
understood by noting that the swap operation does not preserve PPT states when acting only on a part of a larger
system—indeed, if Alice and Bob each possess a singlet and exchange only half of it, theywill have generated
(maximal) entanglement. Notice also thatwe have explicitly shown a difference between the distillation rates of
PPTP and +PPTP , thus immediately implying that  +PPTP PPTP .

In addition, we recall an argument in [50]which investigated a gap between PPT and +PPTP operations by
showing that the negativity (a knownmonotone under PPT [54]) can increase under +PPTP . This argument no
longer applies to PPTP—the negativity can be expressed as a robustness-type quantifierwith respect to the set
PPT [54] and it follows straightforwardly that this is a strongmonotone under PPTP [41]. The gap between
PPTP and PPT is thereforemuchmore subtle.

Although it is not easy to characterise the asymptotic rates of distillation under PPT and PPTP maps, we
have the following characterisation of distillable entanglement under +PPTP , thus establishing a limit on the
asymptotic performance of PPT and PPTP (see also [55]).

Corollary 10.The asymptotic distillable entanglement under +PPTP is given by the regularised relative entropy of
entanglement with respect to the set PPT+,

PPT
PPT

r r r s=
s

¥ ¥

¥ Î

Ä
+ +

+

( ) ( ) ≔ ( ) ( )E E
n

Dlim min
1

33d R
n

n
,PPTP ,

withD denoting the quantum relative entropy.

Proof. Follows directly from the generalised quantumStein’s Lemma [56], which shows precisely that the
regularisation of the hypothesis testing relative entropy PPT r ss

e
Î + ( )Dmin H in the asymptotic limit with e going

to 0 is given by the regularised relative entropy. +

We remark that, although r¥
+
( )Ed,PPTP is not known in general, it has been computed exactly for classes of all

orthogonally invariant states (including isotropic andWerner states) [57], and it has been shown that there exist
states such that r r<¥ ¥

+
( ) ( )E Ed d,PPT ,PPTP [58].

3.1.1. Rains set and distillation
The aboveCorollary in particular gives an operational interpretation to the regularised relative entropy PPT

¥
+

ER, ,
introducedfirst as a bound for distillable entanglement in [24]. One can thenwonderwhether similar
operational interpretation can be given to other asymptotic quantities in entanglement distillation theory.We
will show that it is indeed the case for one of themost fundamental of such bounds, the regularised Rains
bound [25, 33, 57], constituting the tightest known bound for the asymptotically distillable entanglement. It is
defined as
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PPT
r r¥

¥ Î ¢
Ä

+

( ) ≔ ( ) ( )E
n

D Xlim min
1

, 34
n X

n
Rains

where PPT  ¢ =+  { ∣ }X X0 1T
1B is the so-called Rains set. To relate this quantity with the distillation of

entanglement, wewill define the class of Rains-preserving operations +
¢PPTP as allmaps such that

PPT PPTÎ ¢  L Î ¢+ +( )X X .We then have the following.

Theorem11.The fidelity of distillation and one-shot distillable entanglement under Rains-preserving operations

+
¢PPTP are given by

PPT

PPT

r r

r r

=

=e e

¢

Î ¢

+
¢

+

+
¢

+


⎢
⎣⎢

⎥
⎦⎥

( ) ( )

( ) ( ) ( )

( )

( )

F m G

E D X

,

min . 35

m

d X
H

PPTP

,PPTP
1 ,

log

Proof.The proof proceeds analogously to Theorem9. The crucial step is to notice that for the isotropic operator


L = á ñY + - Yá - ñ
-

( ) ( )Z Z X, m
Z X

m m
,

12 we have

L = + á ñ + - á ñ ( ) ( )Z
m Z

m
Z X

m Z

m
Z X

2

Tr
,

2

Tr
, , 36T

1B

wherewe have used that = =
+

+
-

-   P P
m m m m

m1

1 1
1

1 1 2
and that Pm aremutually orthogonal projections.

For any PPTÎ ¢+Z , it is then easy to verify that we have  L á ñ ( ) ⟺Z Z X1 ,T
m1
1

B . This gives

PPT
PPT

 r r r= á ñ á ñ " Î ¢ =+ ¢+
¢

+

⎧⎨⎩
⎫⎬⎭( ) ⪯ ⪯ ( ) ( )( )F m X X Z X

m
Z G, max , 0 , ,

1
. 37m

PPTP

The statement about e
+
¢

( )E
d,PPTP

1 , then follows directly fromTheorem5.
+

Once again, an application of the generalised quantumStein’s Lemma [56] then gives

r r=¥ ¥

+
¢ ( ) ( ) ( )E E , 38

d,PPTP Rains

which establishes an explicit operational interpretation of the regularised Rains bound as the asymptotic rate of
entanglement distillation under the class of Rains-preserving operations. Noting that Ê+

¢PPTP PPTP by
definition, we recover the result that ¥ERains upper bounds the asymptotic distillable entanglement under PPT
operations [25]. It is interesting to conjecture that we have equality between ¥Ed,PPT and ¥

+
¢E

d,PPTP
(see [20]), but

wewere not able to establish this.
To obtain a tighter bound on distillable entanglement, one could then ask about distillation under

operationswhich completely preserve theRains set, in the sense that

PPT PPTÎ ¢  L Ä Î ¢ ¢ ¢+ +( ∣ ) ( ) ( ∣ ) ( )X AC BD X A C B Did 39

for some spaces C D, such that =d dC A and =d dD B.Wewill call any such channel completely Rains-
preserving. In otherwords, amap L  ¢ ¢AB A B: is completely Rains-preserving iff it is CPTP and

  L Ä "¢ ¢   ( ) ( )X X X Xid 1 : 0, 1. 40T T
1 1B D BD

Wewill now show that thesemaps are precisely the set of PPT channels.

Theorem12.Aquantum channel is PPT iff it is completely Rains-preserving.

Proof.One direction is straightforward: ifΛ is completely positive and completely Rains-preserving, then for
any PPTs Î +( ∣ )AC BD wenecessarily have PPTsL Ä Î ¢ ¢ ¢ ¢+( ) ( ∣ )A C B Did due to the fact that
PPT PPT = ¢ Ç+ + +. Thismeans thatΛ is completely PPT+-preserving, i.e. PPT.

To see the opposite inclusion, define a ‘PPT-diamond norm’ of anymapΓ as

 
 

G G Ä

= G Ä

     

   

≔ { ( ) ∣ }
{ ( ) ∣ }

⧫ X X X

X X X

max id 1, 0

max id 1, 0 .

T T

T

1 1

1 1

BD BD

BD

Rewriting equation (40) one can see thatΛ is completely Rains-preserving iff

L¢ ◦ ◦ ⧫T T 1.B B
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Notice then that, for anyHermiticity-preservingmapΓ it holds that

 G G Ä = G à       { ( ) ∣ }⧫ X Xmax id 1 ,1 1

where à · is the diamond norm (completely bounded trace norm) [59, 60]. Since for any PPT channelΛ the
map L¢◦ ◦T TB B is CPTP, we have that any PPT channel satisfies L =¢ à ◦ ◦T T 1B B [60] and therefore is
completely Rains-preserving. +

The above result establishes an operational connection between the sets +PPTP and +
¢PPTP , showing that

their ‘completely preserving’ variants reduce to the same set of operations (PPT).

3.2. Pure-state distillation and separability-preserving operations
The class of separability-preserving operations SEPP is defined as all CPTPmapsΛ such that

SEP SEPs sÎ  L Î( ) , that is, as themaximal class of free (non-entangling) operations in the resource
theory of entanglement. Notice that this class does not completely preserve separability, in the sense that it could
generate entanglement if applied to a part of a larger system; if such complete preservation is imposed, we
instead recover the class of separable operations. The inclusions between the different classes of operations are
shown infigure 1.

Thefidelity of distillation under SEPP was first derived in [27], and can be used to characterise the distillable
entanglement as follows.

Lemma13 ([18]). It holds that SEP SEPr r r= = +-( ) ( ) ( ( ) )( ) ( )F m G T, 1m
m

m
SEPP

1 1 , and hence

SEP
r r s=e

s

e

Î


⎢
⎣⎢

⎥
⎦⎥( ) ( ) ( )( )E Dmin . 41d H,SEPP

1 ,

log

Proof. Follows in exactly the sameway as the proof of Theorem9, since isotropic states of the form


á ñY +

á - ñ
-

- Y( ) ( )Z X
Z X

m
,

,

1
42m m2

are separable if and only if they are PPT [53]. +

By the inclusion SEP PPT PPTÍ Ì ¢+ , we immediately have that

 r r r+( ) ( ) ( ) ( )F m F m F m, , , 43SEPP PPTP PPT

thus establishing a hierarchy of rates of distillation between the operations SEPP, +PPTP , and PPT. Notice that
this does not follow from their definition, as there is no inclusion between the sets ofmaps SEPP and PPT, nor
between SEPP and +PPTP .

Crucially, for any pure state, thefidelity of distillation can be computed exactly. To establish this result, we
will employ the so-calledm-distillation norm, introduced in [61] as

 = + =
= +

¥         ∣ ⟩ ∣ ⟩ ∣ ⟩ {∣⟨ ∣ ⟩∣ ∣ ∣ ⟩ ∣ ⟩ } ( )ℓ ℓ ℓ ℓ[ ]
∣ ⟩ ∣ ⟩ ∣ ⟩

x y m z x w w w m: min max 1, 44m
x y z

1 2 2

for any vector ñ Î∣x d. One can immediately notice from the inequality       · · ·ℓ ℓ ℓd
2 1 2

that we have
ñ = ñ   ∣ ∣ ℓ[ ]x x1 2

and ñ = ñ   ∣ ∣ ℓ[ ]x xd 1
. Notably, for any normalised vector ñ Î∣x d and any integer

Î ¼{ }m d1, , , the norm admits an exact expression as [61]


 ñ = ñ + ñ-


- +

     ∣ ∣ ∣ℓ ℓ[ ]x x k x ,m m k m k d1: 1:1 2

where ñ∣x k1: denotes the vector consisting of the k largest (bymagnitude) coefficients of ñ∣x , analogously ñ+
∣xk d1:

denotes the vector of the d−k smallest coefficients of ñ∣x with ñ∣x1:0 being the zero vector, andwe define



 
ñ- +

 ≔ ∣ ( )ℓk
k

xarg min
1

. 45
k m

m k d
1

1:
2

2

We stress that the computation of ñ ∣ [ ]x m is thus reduced to evaluating -m 1 inequalities.
Wewill nowuse x ñ Îy∣ d to denote the vector of Schmidt coefficients of a pure state yñ∣ , in the sense that

x a añ = ¼y∣ ( ), , d
T

1 where y añ = å ñ ñ∣ ∣ ∣i ii i A B for some orthonormal bases ñ ñ{∣ } {∣ }i i,A B . Employing them-
distillation norm,we then have the following.
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Theorem14. For any m 1, it holds that

SEP y x= ñ -y
-  ( ) ∣ ( )( )

[ ]T 1, 46m
m

1 2

and in particular y x= ñy ( ) ∣ [ ]F m,
m mSEPP
1 2 .

Proof.To begin, notice that with a simple rearrangement of terms SEP
-( )T m 1 can bewritten as

SEP SEP  Èr rÎ = Î


⎜ ⎟
⎪ ⎪

⎧⎨
⎩

⎛
⎝

⎞
⎠

⎫⎬
⎭{⟨ ⟩ ∣ ⪯ ⪯ } ⟨ ⟩ ( )W W m W W W W

m
max , 0 , max , 0,

1
, 47

wherewe used that    È  = Ç ( ) for convex and closed sets. The set SEP È( ) ≕conv
m m
1

can be noticed to be the convex hull of rank-one terms as  È= ñá ñ Î{∣ ∣∣∣ }x x xconvm m where
 f h= ñ Ä ñ{∣ ∣ }A B is the set of all normalised product state vectors and  ñ ñ = ≔ {∣ ∣ ∣ }ℓx x m1 .m 2

ByTheorem10 in [41], for any pure state yñ∣ we then have6

SEP 
È

y y y
y y

+ = Î

= Î  = G È

- 
( ) {⟨ ∣ ∣ ⟩ ∣ }

{∣⟨ ∣ ⟩∣ ∣ ∣ ⟩ ( ) } (∣ ⟩)
( )

( )T W W W

w w V N

1 max 0,

max
48

m
m

m V N

1

2 2
m

whichmeans that the value of SEP
-( )T m 1 will be given by a corresponding gauge function   yG ñÈ (∣ )2

m
defined at

the level of the underlyingHilbert space, instead of thewhole space ofHermitian operators. Since  and m are
both compact sets, by standard results in convex analysis (see e.g. [40], 16.4.1 and 15.1.2), this gauge can be
obtained as

   È yG ñ = G ñ + G ñ
yñ= ñ+ ñ

(∣ ) (∣ ) (∣ ) ( )
∣ ∣ ∣

x ymin . 49
x y

m m

Now, for any vector ñ∣x we have  xG ñ = = ñ   (∣ ) ∣ℓ ℓx m x m xm 2 2
and it is known that G ñ(∣ )x can be

computed as x ñ ∣ ℓx 1
(see e.g. [62, 63]). By optimising over vectors ñ ñ∣ ∣x y, in the Schmidt basis of yñ∣ only, the

problem reduces to them-distillation normof the Schmidt vector x ñy∣ , andwe thus

have SEP y x ñ -y
-  ( ) ∣( )

[ ]T 1m
m

1 2 .

To show the opposite inequality, we use the fact that    È  = Ç ( )m m towrite the gauge  G È m
in its

dual form as

SEP  y y+ = G G-  
( ) {∣⟨ ∣ ⟩ ∣ ∣ (∣ ⟩) (∣ ⟩) } ( )( )T x x x1 max 1, 1 , 50m

N V
1 2

m

wherewe have, for any ñ∣x ,  xG ñ = ñ ¥ (∣ ) ∣ ℓx x [64]. By optimising over all vectors ñ∣x in the Schmidt basis of
yñ∣ , we recover again them-distillation normof x ñy∣ and the result follows. +

From the above, we then have thefidelity of distillation under SEPP of a pure state yñ∣ as x ñy ∣ [ ]m m
1 2 .

Crucially, them-distillation norm can be closely connectedwith the concept ofmajorisation, allowing us to
relate it to the optimal fidelity of pure-state distillation under LOCC and one-way LOCC ( –1 LOCC), whichwas
previously considered in [65].Wewill now rederive the exact expression for thefidelity of pure-state distillation
under LOCC in terms of them-distillation norm, and in particular establish an operational equivalence between
all relevant sets of operations in the distillation of entanglement frompure states.

Theorem15. For any pure state yñ∣ , any integer m 1, and any set of operations

 Î +
¢

+{ – }1 LOCC, LOCC, PPT, PPTP , PPTP , SEPP , the fidelity of distillation is given by

 y x= ñy ( ) ∣ ( )[ ]F m
m

,
1

. 51m
2

Proof.Webegin by recalling that them-distillation normof x a añ ¼y∣ ≔ ( ), , d
T

1 can be computed as


 x a añ = ñ + ñy -


- +

     ∣ ∣ ∣ ( )ℓ ℓ[ ] k , 52m m k m k d1: 1:1 2

with 

 

a ñ- +
 ≔ ∣ ℓk arg min

k m
k

1

m k d1: 2
2

.

Now, it is well-known that the deterministic transformation from yñ∣ to another pure state hñ∣ is possible
with (either one-way and two-way) LOCC if and only if the Schmidt vector x a añ = ¼y∣ ( ), , d

T
1 ismajorised by

the Schmidt vector x b bñ ¼h∣ ≔ ( ), , d
T

1 [66], that is

6
Strictly speaking, [41, Theorem10] is obtained for sets of normalised operators; it is easy to notice, however, that the proof does not rely on

normalisation and the Theorem applies in full generality also for unnormalised sets of operators, such asm in our proof.
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å åa b " Î ¼
= =

{ } ( )k d1, , , 53
i

k

i
i

k

i
1

2

1

2

wherewe have assumedwithout loss of generality that the Schmidt coefficients are given in non-increasing
order. Let us then define the ansatz









å åh a
a

ñ = ñ +
ñ

ñ
=

-

= - +

- +
 

∣ ∣
∣

∣ ( )ℓ
ii

k
ii 54

i

m k

i
i m k

m
m k d

1 1

1: 2

expressed in the Schmidt basis of Y ñ∣ m , where k is defined as above. To see that the Schmidt coefficients of hñ∣
majorise the ones of yñ∣ , let us assume that  >k 1 (as otherwise the desired relation is trivial) and consider the
following chain of equivalent inequalities:
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m k
m k d

1:
2

2:
2

1
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2

2:
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1
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1: 1
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1
2

1:
2

1
2 1:

2

2 2

2 2

2

2

2

where thefirst line follows by definition of k , and in the third and fifth lineswe have used the fact that yñ∣ is a
normalised pure state. Thus, we have


 y h a a xáY ñ = + = ñy-


- +

     ( ) ∣ ∣ ∣ ( ) ∣ ( )ℓ ℓ– [ ]F m
m

k
m

,
1 1

. 56m m k m k d m1 LOCC
2

1: 1:
2 2

1 2

On the other hand, since Í–1 LOCC SEPP, we have

SEPy y y x= + = ñy
-  ( ) ( ) ( ( ) ) ∣ ( )–

( )
[ ]F m F m

m
T

m
, ,

1
1

1
57m

m1 LOCC SEPP
1 2

byTheorem 14, which concludes the proof. +

The exact correspondence is rather surprising. The operations PPT and SEPP are known to bemuchmore
powerful than LOCC in general—indeed, SEPP exhibit no bound entanglement whatsoever [27], and even in
themanipulation of pure states PPT operations can, for instance, arbitrarily increase the Schmidt rank (number
of Schmidt coefficients) of a pure state [52, 67], which cannot increase whatsoever under LOCC or SEP [12].
The result then shows that even such large sets cannot outperformone-way LOCC in entanglement distillation
frompure states, even in the one-shot setting.

Using the above expression, we can furthermore show that the computation of 
e( )Ed,

1 , belongs to a class of
efficiently solvable optimisation problems known as quadratically-constrained linear programs [68].

Corollary 16. For any set of operations Î +
¢

+{ – }1 LOCC, LOCC, PPT, PPTP , PPTP , SEPP , the one-shot
distillable entanglement of a pure state can be expressed exactly as the optimal value of the convex quadratically-
constrained linear program

   y w x w e w w= - ñ á ñ - ñ ñ Îe
y +¥

   ( ) ⌊ { ∣ ∣ ∣ ∣ ∣ }⌋ ( )ℓ ℓ
( )E log min 1 , 1, . 58d

d
,
1 , 2

log2

Proof.The dual formof them-distillation norm,whichwe recall here as

 = ¥     ∣ ⟩ {∣⟨ ∣ ⟩ ∣∣ ∣ ⟩ ∣ ⟩ } ( )ℓ ℓ[ ]x x w w w mmax 1, , 59m 2

gives

  

 

y x e

w x w e w

= Î ñ -

= - ñ á ñ - ñ

e
y

y¥

 

   

⎧⎨⎩
⎫⎬⎭( ) ∣

⌊ { ∣ ∣ ∣ ∣ ∣ ∣ }⌋ ( )ℓ ℓ

( )
[ ]E m

m
log max

1
1

log min 1 , 1 60

d m,
1 , 2

2 2
log2

andwe conclude by noting that it suffices to optimise over vectors with non-negative coefficients since x ñy∣ is
also non-negative. +

The above result can be comparedwith the bounds obtained for LOCCdistillable entanglement in [16, 17],
and in fact we have tightened the bounds to an exact expression for the one-shot distillable entanglement:
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 y r r y e= - -e
¥ ( ) ⌊ { ∣ ( ( )) }⌋ ( )( )E Flog min , Tr 1 . 61d B B A,

1 ,
log

TheTheorem also leads to an interesting characterisation of them-distillation norm in two different ways.
Notice that the proof of Theorem14 in fact shows that them-distillation normof the Schmidt vector x ñ∣ x of a
vector ñ∣x can be equivalently written as a norm at the level of the vector ñ∣x itself:

 

x x x

x x

ñ = ñ + ñ

= á ñ ñ ñ
ñ= ñ+ ñ

¥

     

   

∣ ∣ ∣

{∣ ∣ ∣∣ ∣ ∣ } ( )

ℓ ℓ

ℓ ℓ

[ ]
∣ ∣ ∣

m

x w m

min

max 1, . 62

x m
x y z

y z

w w

1 2

2

Writing y hñ ñ∣ ⟶ ∣
LOCC

to denote that the pure state transformation is possible with LOCC, we then have

x h y h

y h h

= Y

= Y

y ∣ ⟩ {∣⟨ ∣ ⟩∣∣ ∣ ⟩ ⟶ ∣ ⟩}

{∣⟨ ∣ ⟩∣∣ ∣ ⟩ ⟶ ∣ ⟩}
( )[ ] m

m

max

max ,
63

m m

m

LOCC

LOCC

where themaximisation is over normalised state vectors hñ∣ , and the second line is precisely equation (62).
As a straightforwardCorollary of the results above, we can establish the value of the quantifiers 

( )G m for
several sets other than SEP.

Corollary 17. For any  m d1 , any pure state yñ∣ , and any SEP PPT PPT PPT Î ¢+{ }, , , we have

 y y xñá = ñy (∣ ∣) ∣ ( )( )
[ ]G

m

1
. 64m

m
2

Going beyond pure states, combinedwith Proposition 2 the expression for r( )F d,SEPP gives a direct operational
interpretation to the generalised robustness of entanglement SEP

R by showing that

SEP
 r r= -( ) ( ) ( )R dF d, 1 65SEPP

for any state ρ, and in fact by Theorem 9 also for the class +PPTP wehave the relation

PPT
 r r= -

+ +( ) ( )R dF d, 1PPTP . This complements the knownoperational applications of this quantity

[18, 69, 70]. Note also that all of the othermeasures in the family SEP
( )T m and PPT+

( )T m , including themodified trace
distance quantifiers, are given similar interpretations.

An important use of thefidelity of distillation r( )F m,LOCC in the particular case =m d is as thefidelity of
teleportation, that is, the best average fidelity one can achieve in the task of quantum teleportation by employing
an LOCCprotocol on the state ρ [71]. Notably, in [72] it was then shown that for = =d d 2A B , we have

r r=( ) ( )F d F d, ,LOCC PPT showing that even PPTprotocols (or SEPP protocols, by Lemma 13) cannot enhance
thefidelity of teleportation of the given state. By Theorem15, we know that this relation extends to all pure states
in all dimensions; that is, y y y= =( ) ( ) ( )F d F d F d, , ,LOCC PPT SEPP .

Remark. In [35] (Proposition 9) it was claimed that the asymptotic distillable entanglement r¥ ( )Ed,LOCC of any

state is upper bounded by SEP r +( ( ) )( )Tlog 1m for any m 1. This is clearly not true, as SEP r r"( )( )T mm and the

distillable entanglement obeys no such restriction.We have seen, however, that the quantifiers SEP r( )( )T m

characterise exactly the fidelity of distillation.

As a side note, noticing the similarity between the distillation under PPT+-preserving, Rains-preserving, and
SEP-preserving operations, itmight appear that the hypothesis testing relative entropy eDH in general quantifies
the rate of distillation under a set of operationswhich is defined to preserve a given set of operators. This claim is
supported by recent independent results concernedwith distillation in a class of general quantum resources [73],
but it does not hold in full generality as the distillation under PPTP operations shows (see Theorem9), and
indeed also distillation in the resource theory of coherence [61] is a counterexample.

3.3. Isotropic states
Consider = =d d dA B and define the isotropic states as

r = Y +
-
-

- Y( ) ( )f
f

d

1

1
66f d d2

with  f0 1. This class of states is particularly useful due to its strong symmetry, allowing for amuch easier
evaluationof their entanglement properties [53].We thenhave the following result, showing theoperational
equivalence of all sets of channels from SEP to +PPTP and SEPP in distiling entanglement from isotropic states, and
extending the knowncharacterisationof isotropic state distillationunderPPToperations considered in [25].
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Theorem18. For any isotropic state rf and any Î +
¢

+{ }SEP, PPT, PPTP , PPTP , SEPP , it holds that






r = -

-
+

-
-

⎧
⎨
⎪⎪

⎩
⎪⎪

( ) ( )
( )

( )F m
m

f
d

df

d

d f

m d
f

d

,

1 1

1

1

1

1

1
.

67f

Proof.Take  m d1 . If f
d

1 , then SEPr Îf , andwe have r r r= = =( ) ( ) ( )F m F m F m, , ,f f fSEP PPT SEPP

;
m

1 wewill therefore assume that f
d

1 in the sequel.

Recall byourprevious arguments that, due to twirling,we can limit ourselves to consideringoperationsof the form


L = á ñY +

á - ñ
-

- Y( ) ( ) ( )Z Z W
Z W

m
,

,

1
, 68W m m2

and thefidelity of distillation under a set is then given by

 r r= á ñL Î( ) { ∣ } ( )F m W, max , . 69f f W

Here, noting the invariance of rf under twirling, we can twirl oncemore; in particular,

  r r rá ñ = á ñ = á ñ "( ) ( ) ( )W W W W, , ,f f f , sowe can again limit the consideredW to be of the form

a b= Y + ( )W , 70d

where  b0 1,  a b+0 1. TheChoi operator of the correspondingmap LW is then of the form

  
a b a b

=
-

Y +
-
-

Ä Y -
-

Y Ä +
-
-

L ¢ ¢ ¢ ¢ ( )J
m

m

m

m m m1

1

1 1

1

1
, 71dm AB m d A B ABA B

2

2

2

2 2 2W

where = =¢ ¢d d mA B . By [74], Theorem6, SEPÎ ¢ ¢L ( )J AA BB:
W

if andonly if the following conditions are all
satisfied:

   a b a b a b a b a b- + + - - - + - +( ) ( )d m dm d m dm d m dm m d m d0, 0, 0, 0. 722

Let us choose

=
-

-
Y +

-
-

( )
( ) ( )

( )W
d m

d m

d m

d m

1

1 1
73d

for which the inequalities (72) can be readily verified to hold. This gives

r rá ñ =
-
-

+
-
-

( ) ( )
( )

( )F m W
df

d

d f

m d
, ,

1

1

1

1
. 74f fSEP

On the other hand, take

=
-
-

Y +⎜ ⎟⎛
⎝

⎞
⎠

( ) ( )X
d f

d d

1

1

1
. 75d2

It is known that SEP **Y + Îd d

1 [34], which gives

r r - + =
-
-

+
-
-

+( ) ( ) ( )
( )

( )F m X
m

X
df

d

d f

m d
, Tr

1
Tr

1

1

1

1
, 76f fSEPP

wherewe used Lemma 13 together with the dual formof SEP
( )G m fromProposition 3. +

We remark that the above also gives a general way of lower-bounding the fidelity of distillation under
separable operations of any state with a simple linear program, tight for all isotropic states:

    r a r b b a bá Y ñ+ +( ) { ∣ ( )} ( )F m, max , 0 1, 0 1, equation 72 . 77dSEP

Unsurprisingly, however, a numerical investigation reveals this bound to be rather ineffective beyond the set of
isotropic states.

Note also that a general investigation of one- andmulti-shot entanglement distillation from isotropic states
under PPT operations as a linear programhas been explored in [20, 25].

3.4.Maximally correlated states
Let us consider a bipartite systemwith = =d d dA B. Amaximally correlated state is any state of the form
r r= å ñá∣ ∣ii jji j ijmc , for some local orthonormal bases ñ{∣ }i [24]. The name for this class of states comes from the
fact is that the two parties are guaranteed to obtain the samemeasurement results for anymeasurement in their
local basis ñ{∣ }i .
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Notice that anymaximally correlated statehas a corresponding single-party state r rå ñá~≔ ∣ ∣i ji j ijmc , with the

samecoefficients in anorthonormal basis ñ{∣ }i . This led to comparisonsbetween themanipulationofmaximally
correlated states and the resource theoryof coherence,which studies theproperties of superposition as aquantum
resource [75, 76]. Inparticular, it has been conjectured in severalworks that the resource theoryof coherence is
equivalent to the resource theoryof entanglement restricted tomaximally correlated states [77, 78]. Although this
conjecture is still unsolved in full generality,weknow thatmanyoperational quantifiers suchas the entanglementof
formation, relative entropyof entanglement (andotherRényi entropy–based entanglementmeasures), andasymptotic
distillable entanglement canbeevaluatedonmaximally correlated states byquantifying the corresponding coherence
quantifiers, typically significantly simpler to evaluate and satisfyinguseful properties suchas additivity [77, 79].
Furthermore, anoperational equivalencebetween transformations actingon r~mc andLOCCoperations actingon rmc

hasbeen suggested, although so far this conjecturehasbeen shownonly in specific cases [77, 78].
To obtain a result allowing us to quantify the one-shot distillable entanglement ofmaximally correlated

states, wewillfix a choice of basis ñ ={∣ }i i
d

1 for the single-party state r
~

mc , and use  ñá≔ {∣ ∣}i iconv i to denote
the set of all incoherent (diagonal) states in this basis. Furthermore, we define the subset of separable states
SEP ñá≔ {∣ ∣}ii iiconv imc where ñ ={∣ }ii i

d
1 is themaximally correlated basis of the state rmc.We then get the

following.

Theorem19. For anymaximally correlated state, any m 1, and any choice of operations
 Î +

¢
+{ }PPT, PPTP , PPTP , SEPP it holds that

 r r= ~( ) ( ) ( )( )F m G, . 78m
mc mc

Proof.Using Lemma 13 together with Proposition 3, we have

SEP

**

**

**






r r r

r

r r

= - +

- +

= - + =~ ~

Î
+

Î
+

Î
+

( ) ( ) ( ) ( )

( ) ( )

( ) ( ) ( ) ( )( )

F m F m X
m

X

X
m

X

X
m

X G

, , min Tr
1

Tr

min Tr
1

Tr

min Tr
1

Tr . 79

X

X

X

m

PPT mc SEPP mc mc

SEP
mc

mc mc

mc

On the other hand, let  = å ñá∣ ∣W W i ji j ij, be the optimal solution to the dual problemof

r r= Î~ ~ 
⎧⎨⎩

⎫⎬⎭( ) ⟨ ⟩ ⪯ ⪯ ( )( )G W W W
m

Imax , 0 ,
1

. 80I
m

mc mc

Notice that  Î W
m

1 is equivalent to Wmaxi ii m

1 . Consider then thematrix å ñá≔ ∣ ∣W W ii jji j ijmc , , defined in

the basis of rmc. The eigenvalues ofW T
mc

B can be straightforwardly verified to be  ={ ∣ ∣}W W,ii ij i j
d
, 1. Positivity of

W imposes that
∣ ∣ ( )W Wmax max 81

i j
ij

i
ii

,

fromwhich it follows that

PPT G ¢ = = ¥ ( ) ( )W W W
m

max
1

. 82T

i
iimc mc

B

Thismeans that PPTÎ ¢W
mmc
1 , and so

PPTPPT 



r r r

r r

= = á ñ Î ¢

á ñ = ~

¢

⎧⎨⎩
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( ) ( )

( )

( )

F m G W W W
m

W G

, max , 0 ,
1

, . 83

m

m

PPT mc mc mc

mc mc mc
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Notice that  r r= +~ ~-( ) ( ( ) )( ) ( )G T 1m
m

m
mc

1 1
mc , where 

-( )T m 1 have been considered as coherencemeasures

in [61]. Further, using Theorem 5we have that




 

r r s= = - D~e

s

e
r eÎ á ñ -

¥~  
⎢
⎣⎢

⎥
⎦⎥

⎢

⎣
⎢⎢

⎥

⎦
⎥⎥( ) ( ) ( ) ( )( )

⪯ ⪯

E D Wmin log min , 84d H
W

W

,
1 ,

mc mc
log , 1

0 log

mc

whereD = å ñá ñá(·) ∣ ∣ · ∣ ∣i i i ii is the completely dephasingmap.We stress that these optimisation problems are
all efficiently computable as simple semidefinite programs [80], facilitating an efficient quantification of the
fidelity as well as rates of one-shot distillation of allmaximally correlated states.

Interestingly, in contrast tomany other results which show an exact equality between operational quantities
in the resource theory of coherence and the resource theory of entanglement ofmaximally correlated states, our
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result above shows a slight discrepancy between the two resources: in particular, it is not difficult tofind
numerical examples of states such that

 r r r r= > =( ) ( ) ( ) ( ) ( )( ) ( )F m G G F m, , 85m m
SEPP mc MIO

" <m d,whereMIOdenotes the class ofmaximally incoherentoperations in the resource theoryof coherence,
defined tobechannelsΛ such that  s sÎ  L Î( ) , and is the setof all unit-tracediagonalHermitianoperators
(see [61] for the rightmost equality). Therefore, theone-shotdistillable entanglementof amaximally correlated state
under the largest set of freeoperations in the resource theoryof entanglement (SEPP) canbe strictly larger than the
distillable coherenceof the corresponding single-partite stateunder the largest set of freeoperations in the resource
theoryof coherence (MIO). This shows inparticular that, in thedistillationof entanglement frommaximally correlated
statesunderSEPP, it is not sufficient to consideroperationswhoseoutput remains in themaximally correlated subspace
—indeed, if thiswere the case, any suchoperationcould alwaysbemapped to a correspondingMIOoperation, and the
fidelities r( )F m,MIO and r( )F m,SEPP mc wouldbe equal.This alsomotivates a rather curious conjecture that, should
there exist a smaller class of operations forwhich it suffices to consideronlymaximally correlatedoutput states, then it is
plausible that r r r<( ) ( ) ( )F m F m F m, , ,LOCC mc MIO PPT mc for generalmaximally correlated states. This couldbe
surprising, as it is known that thegapbetween LOCC and PPT distillationof rmc disappears at the asymptotic level
[11, 81]or evenwhenconsidering the second-ordernon-asymptotic expansionof the rateofdistillation [20].

3.5. Assisted distillation
The setting of (environment-)assisted distillation of entanglement, considered first in [31, 32], has been studied
in the non-asymptotic regime in [17]. It is based on a scenario inwhich the two partiesA andB are assisted by a
third partyCwhoholds a purifying state of the system rAB, i.e. such that the joint state is yABC, and aims to
increase the entanglement distillable from rAB by performing ameasurement on their local systemC and
communicating its result classically toA andB. A particular property of this setting is that the optimal protocol
always involves a rank-1measurement on subsystemC [17], giving partiesA andB access to arbitrary pure-state
decompositions of the system rAB. Specifically, the best achievable rate of distillation is given by

  r r eÎ -e( ) ≔ { ∣ ( ) } ( )( )E m F mlog max , 1 , 86A A,
1 ,

,

where thefidelity of assisted distillation is the best average fidelity optimised over all decompositions, i.e.

 å år y y r y y= L ñá Y = ñá L Î "
⎪

⎪

⎪

⎪

⎧
⎨
⎩

⎫
⎬
⎭

( ) ≔ (∣ ∣) ∣ ∣ ( )F m p p i, max , , . 87A
i

i i i i m
i

i i i i,

This inparticularmeans that, havingobtained themeasurement result frompartyC, the distillation is performed
fromapure state—therefore, employingour results inTheorem15,we immediately obtain the result that the rate of
assisted entanglement disitillation is the sameunder all sets of operations from –1 LOCC up to +PPTP and SEPP.

Additionally, the proofs of themain results of [17] can be significantly simplified by employing the
formalism introduced in this work, in fact strengthening the one-shot characterisation of Theorems 1 and 2 of
[17] and tightening the bounds derived therein. In particular, our pure state-results in Theorem 15 allow us to
straightforwardly obtain the following.

Theorem20. For any Î { –1 LOCC, LOCC, PPT, PPTP, +PPTP , }SEPP , the fidelity and one-shot rate of
assisted distillation of any state are given by

 r r w w= Î( ) { ( )∣ } ( )F m F, max , , 88A m,

  r J w w r w e= - Î -e( ) ⌊ { ( )∣ ( ) }⌋ ( )( )E Flog min , , 1 , 89A,
1 ,

log

where

 f f f xñá ñ = ñf ¥   
⎧⎨⎩

⎫⎬⎭≔ ∣ ∣ ∣ ∣ ( )ℓ ℓ
m

conv 1,
1

90m 2

and

åJ w x w y yñ = ñáy ¥
 

⎧⎨⎩
⎫⎬⎭( ) ≔ ∣ ∣ ∣ ( )ℓ pmin max . 91

i i
i i i

2
i

Proof.The derivation follows the approach taken for quantum coherence in [82].We begin bywriting the
fidelity of assisted distillation as

 å år y r y y= = ñá
⎪

⎪

⎪

⎪

⎧
⎨
⎩

⎫
⎬
⎭( ) ( ) ∣ ∣ ( )F m p F m p, max , 92A

i
i i

i
i i i,
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with F denoting thefidelity of distillation as before. Notice now that  y x= ñy ( ) ∣ [ ]F m,i m m
1 2

i
can bewritten

as  y y w= wÎ( ) ( )F m F, max ,i im
, wherewe employed the dual characterisation of them-distillation normof

the Schmidt vector. Sincem is defined as the convex hull of rank-one projectors, we can nowuse the result of
Streltsov et al [83] (see also [82]) to obtain


 

å år y w r y y r w= = ñá =
w wÎ Î

⎪

⎪

⎪

⎪

⎧
⎨
⎩

⎫
⎬
⎭( ) ( ) ∣ ∣ ( ) ( )F m p F p F, max max , max , 93A

i
i i i

i
i i i,

i m m

as required. The quantityϑ is simply a function defined so that any stateω satisfies  w J wÎ ⟺ ( )m m

1 ,
allowing us to obtain




 

   

r r w e

w J w r w e

Î -

= Î Î -

e

wÎ

⎧⎨⎩
⎫⎬⎭
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( ) ( ) ( )

( )E m F

m
m

F

log max max , 1

log max ,
1

, , 1 94

A,
1 ,

m

and thus completing the proof. +

3.6. Zero-error distillation
Taking e = 0 in the task of one-shot distillation corresponds to the problemof characterising the exact
transformation r  Ym with a given class of free operations. One is then interested in understanding not only
the one-shot capabilities in such a task, but also the asymptotically achievable rate

 r r¥

¥

Ä( ) ≔ ( ) ( )( )E
n

Elim sup
1

. 95d
n

d
n

,
,0

,
1 ,0

To apply ourmethods in this setting, let us focus on the classes of operations forwhichwe have shown that

 r r=( ) ( )( )F m G, m for some set ; recall fromour previous results that SEP=(· ) ( )F m G, m
SEPP ,

PPT=+ +
(· ) ( )F m G, m

PPTP ,
PPT

= ¢+
¢

+

( )F G m
PPTP

, and PPT= = ¢(· ) (· ) ( )F m F m G, , m
PPTP PPT .

Lemma21.Take Î +
¢

+{ }PPT, PPTP, PPTP , PPTP , SEPP and let  be the set such that  r r=( ) ( )( )F m G, m

for the given class. Then, for any ρ, it holds that

 r = - G Pr( ) ⌊ { ( )∣ ⪯ ⪯ }⌋ ( )( )E W Wlog min , 96d,
1 ,0

log

wherePr is the projector onto the support of ρ.

Proof.Using the characterisation in Proposition 4 andTheorem 5,we canwrite

 r r= - G á ñ =( ) ⌊ { ( )∣ ⪯ ⪯ }⌋ ( )( )E W W Wlog min , 1, 0 . 97d,
1 ,0

log

Write ρ in its spectral decomposition as r l y y= å ñá∣ ∣i i i i .We then have

å ål r r l y y= = = á ñ = á ñá ñ∣ ∣ ( )W WTr 1 , , 98
i

i
i

i i i

and so y yá ñ =∣ ∣W 1i i for each Î ¼{ }i r1, , since ⪯ ⪯W0 . The constraints then imply that every feasible
solutionwill have the form = P +rW P with ⪯ ⪯P0 and rÍ( ) ( )Psupp ker , and in particular

Pr ⪯ ⪯W . Conversely, everyW such that Pr ⪯ ⪯W satisfies  rá ñW1 , 1and ⪯ ⪯W0 , so the
feasible sets of the two problems are equal. +

Note that for any positive semidefiniteW, from equation (10)wehave  G = á ñ Î( )W X Wmax ,X . For the
case of PPT operations, where PPTG =¢ ¥ ( )W W TB , the above recovers a result of [84].

Notice that the above implies that one-shot zero-error distillation is impossible from any full-rank state
under any class of free operations, as for P =r the only feasibleW is  itself and sowe have

 r = G = =
-( ) ⌊ ( ) ⌋( )E log log 1 0d,

1 ,0 1 .Wewill shortly improve this characterisation of zero-error
undistillability.

Interestingly, in the case of +PPTP , +
¢PPTP , and SEPP, the set  consists of positive semidefinite operators,

whichmeans that for any Î +P it holds that


 

s sG P + = á P + ñ á P ñ = G Pr
s

r
s

r r
Î Î

( ) ( ) ( )P Pmax , max , 99

and soPr itself will be the optimal solution to theminimisation in equation (96). This gives the following.

Corollary 22. For the classes of operations Î + +
¢{ }PPTP , PPTP , SEPP , the one-shot zero-error distillable

entanglement is given exactly by
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 r = G Pr
-( ) ⌊ ( ) ⌋ ( )( )E log . 100d,

1 ,0 1

Noticing further thatP = Pr r
ÄÄ nn , we can easily see that  G P G Pr r Ä( ) ( )nn due to the fact that

 s sÎ  ÎÄn . This gives the relation  r - G Pr
Ä

( ) ⌊ ( )⌋( )E n logd
n

,
1 ,0

log , and in particular we see that

- G Pr( )log upper bounds the asymptotically achievable zero-error distillable entanglement  r¥ ( )Ed,
,0 . Equality

does not generally hold since the quantities SEPG , PPTG + are notmultiplicative (a counterexample being any state
supported on the antisymmetric subspace [85, 86]). Interestingly,multiplicativity is indeed satisfied for

PPTG ¢ +
—this can be seen explicitly by expressing the computation of PPTG ¢ +

in its dual form as

PPT 
G P =r¢ 

P
¥

r
+

 ( ) ( )Qmin , 101
Q

TB

fromwhich it straightforwardly follows that PPT PPTG P G Pr r¢ 
Ä

¢ + +
( ) ( )n n. This gives in particular the following.

Corollary 23.The asymptotic zero-error distillable entanglement under Rains-preserving operations is given by

PPT r = - G Pr
¥

¢ +( ) ( ) ( )E log . 102d,
,0

The result therefore ensures the computability of both one-shot and asymptotic zero-error distillable
entanglement under +

¢PPTP , showing that it constitutes an efficiently computable upper bound for zero-error
LOCCdistillation.Note that PPTG Pr¢ +

( ) appeared previously in theworks [33, 58] as a bound on entanglement
cost and zero-error distillable entanglement. Our result gives this quantity a precise operationalmeaning,
establishing it as a zero-error equivalent of the Rains bound (see section 3.1.1; see also discussion in [33]).

Evaluating SEPG  is significantlymore difficult [87, 88]. One canwrite this quantitymore explicitly as [89]

SEP x y rG P = ñ ñ Îr y ¥
 ( ) { ∣ ∣∣ ( )} ( )ℓmax supp 1032

whichmakes it easy to see that if the support of ρ contains a product state, then no class of free operations can
distil any entanglement without error (even asymptotically). By a result of Parthasarathy [90], if

r > - -( ) ( )( )d drank 1 1A B , then SEPG P =r( ) 1and so r =( )( )E 0d,SEPP
1 ,0 . In a very similarmanner, if r( )supp

contains a PPT state, then r =
+
( )( )E 0;d,PPTP

1 ,0 this, however, does not give a better universal bound for the rank of ρ
which ensures undistillability [91].

Our results in previous sections can further simplify the characterisation of zero-error distillable
entanglement for several classes of states. In particular, any pure state has

 y x= ñy
-

¥
 ( ) ⌊ ∣ ⌋ ( )ℓ

( )E log 104d,
1 ,0 2

for any class of operations considered in this work (whichwas already known in the case of LOCC [12] and
PPToperations [52]), and amaximally correlated state satisfies

 r = D Pr ¥
- ( ) ⌊ ( ) ⌋ ( )( )E log 105d,

1 ,0
mc

1
mc

for any Î +
¢

+{ }PPT, PPTP , PPTP , SEPP , whereΔ is the completely dephasing channel (diagonalmap) in the
maximally correlated basis. One can furthermore notice that in both of the above cases the quantity SEPG Pr( )
ismultiplicative,whichmeans that in the asymptotic limitwehave  y x= - ñy

¥
¥

 ( ) ∣ ℓE logd,
,0 2 and

 r = - D Pr
¥

¥ ( ) ( )E logd,
,0

mc mc
.

Finally,we remark that thequantity SEPG , often encounteredunder thename SEPh , has foundaplethoraofuses
beyond the resource theoryof entanglement—inparticular, in the theoryof quantumMerlin–Arthur games [92] as
well as in characterising themaximumoutputnormsofquantumchannels [85, 92]. Indeed, thenon-multiplicativity
of SEPG  is equivalent to thenon-multiplicativity of thenorm r rL L Î¥ ¥   ≔ { ( ) ∣ }max1 of a channelΛ;
specifically, ifΛ takes operators onaHilbert spacein to operators onHilbert spaceout and    ÄV : Rin out

is an isometry such that L =(·) · †V VTrR for someauxiliaryHilbert spaceR, then SEPL = G¥   ( )†VV1 [92].
This interpretationprovides anunderstandingof the cases inwhich SEPG ( )†VV ismultiplicative: these are the cases in
which theprotocolΛobeys so-calledperfect parallel repetition [92]. It is furthermoreknown that, althoughnot
multiplicative, thequantity SEPG  obeys a formofweakermultiplicativity relations [93, 94]. In the context of
entanglementdistillationwecan see that additivity, in the sense that SEPr = - G Pr

¥
( ) ( )E logd,SEPP

,0 , holdswhen the
optimal operationL Î SEPP whichdistils entanglement fromρ satisfiesL ÎÄ SEPPn for anyn.We stress that an
additive lowerboundon r¥ ( )Ed,SEPP

,0 , and therefore also anupperboundon the regularisationof ¥ · 1 , is givenby
Corollary 23.

4.Discussion

The contribution of ourwork is twofold.
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First, we established a comprehensive set of theoretical tools for the study of entanglement distillation.
Employing a general framework based on convex analysis, wewere able to relatemany operational quantities to
convex optimisation problemswhich can be efficiently characterised, in particular allowing for a significant
simplification of the optimisation inmany relevant cases. Our results revealed general connections between
entanglementmonotones 

( )G m and the hypothesis testing relative entropy eDH , uncovering the fundamental role
that both of the quantities play in the task of one-shot entanglement distillation.

Second, themethods found immediate operational applications in characterising the capabilities of several
sets of quantum channels which extend the set LOCC.Wenot only established a precise and accessible one-shot
description of entanglement distillation under awide variety of relevant operations, we revealed several
operational equivalences in distillation in the one-shot regime—showing in particular that all sets of free
operations achieve exactly the same performance in pure-state distillation, with similar simplifications
occurring also in the distillation from isotropic andmaximally correlated states. The theoretical framework
allowed us to establish computable expressions for the distillation fidelities and rates in such cases, thus
providing an exact characterisation of entanglement distillation for these classes of states. The insight from the
one-shot characterisation allowed for an operational interpretation of quantities which did not enjoy a direct
interpretation of this kind, including asymptotic bounds such as the Rains bound and its zero-error equivalent
aswell as entanglementmonotones such as the generalised robustness or themodified trace distance of
entanglement.

Ourwork thus sheds light on fundamental problems in the study ofmanipulating entanglement as a
resource. By providing a powerful theoretical framework, establishing a precise description of entanglement
distillation in the practically relevant one-shot setting, as well as uncovering several novel relations in the
operational description of LOCC and beyond, our results will contribute to the ongoing effort to efficiently
utilise entanglement in technological applications and optimise the performance of quantum technologies.

Due to the high generality of our framework, we expect it tofind use in a variety of contexts not explicitly
considered in this work, facilitating the precise description of other classes of states and operations.We hope the
results can aid not only the further study of entanglement, but also other quantum resources whose distillation
enjoys a similar structure [55, 73], including for example coherence [61, 95, 96] or thermodynamics [97–99].
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Appendix. Properties of themonotones 
( )T m

First of all, we establish that the considered quantities are validmeasures of entanglement. A common set of
requirements that an entanglementmonotoneM should obey is [38]: faithfulness (i.e. r =( )M 0 iff SEPr Î ),
convexity, and strongmonotonicity (i.e. the requirement that r rå L( ) ( ( ))M p Mi i i for any probabilistic
protocol which applies an LOCC transformation Li to ρwith probability pi). By a direct application of Theorem
20 in [41], we have the following.

Proposition 24. Let PPT PPT SEP Î +{ }, , , and consider the class of CPTP operations such that
 Î  L Î( )X X . Then, for each m 1, 

( )T m is faithful with respect to the set  , convex, and strongly
monotonic under the operations .

The above establishes in particular that all of themeasures are strongmonotones under LOCC.Note,
however, that PPT

( )T m and PPT+
( )T m are not faithful as entanglementmeasures, since they are zero for all PPT states.

The following result establishes a dual form for themeasures.

Proposition 1.Themeasures 
( )T m can be equivalently expressed as

** r r r= - + - Î+ -( ) { ( ) ( ) ∣ } ( )( )T m X X Xmin Tr Tr , A1m

where r - +( )X (respectively, r - -( )X ) denotes the positive (negative) part of theHermitian operator r - X .
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Proof. For any self-adjoint operatorX, let { }X 0 (respectively, { ⪯ }X 0 ) denote the orthogonal projection
operator onto the span of the eigenvectors corresponding to non-negative (non-positive) eigenvalues ofX. The
positive and negative parts ofX are then given by  =+ { } { }X X X X0 0 and = -- { ⪯ } { ⪯ }X X X X0 0 ,
such that = -+ -X X X .

By strong Lagrange duality we have

** r r= + - = - Î( ) { ∣ } ( )( )T m A B X A B A B Xmin Tr Tr , , 0, . A2m

Wewill now show that for each feasibleX, the optimal value of the optimisation problem

r+ - = -{ ∣ } ( )m A B X A B A Bmin Tr Tr , , 0 A3

is given by r r- + -+ -( ) ( )m X XTr Tr . To see this, note that on the one handwe can take r= - +( )A X
and r= - -( )B X , and on the other hand by strong Lagrange duality we have

 r r+ - = - = á - ñ-{ ∣ } { ∣ ⪯ ⪯ } ( )m A B X A B A B X W W mmin Tr Tr , , 0 max , A4

for which r r= -{ } { ⪯ }W m X X is a feasible solution. +

Weadditionally establish an equality between the twoPPT-basedmonotones in the case = -m d 1.

Proposition 26. For any state we have

PPT PPT
 r r=

+
( ) ( ) ( )R R . A5

Proof. Let PPT*Î - +W be the optimal dual solution for PPT


+
R , whichmeans it satisfies - ⪯ W and

= +W N QTB for ⪯N Q, 0. But then notice that PPT*¢ - Î -≔W W N is also feasible, andwe have
r r r rá ¢ñ = á ñ - á ñ á ñW W N W, , , , , so in fact it suffices to optimise over PPT*Î -W . +

Remark. In [35], it was claimed that PPT r = --
+

( )( )T mf 1m
f

1 for all   -m d1 1 and f
d

1 . One can see that

this is incorrect by comparing it with the result of Theorem18which shows that PPT r =- - -
-+

( )( ) ( )( )
T m

f
m df

d
1 1 1

1
.

Remark.A formulawas given for PPT


+
R in [35] as

PPT
 r r l r=

+
( ) ( ) ({ ⪯ } ) ( )R N 0 , A6T T

max
B B

with r( )N denoting the negativity. However, numerical counterexamples to this result can be readily
constructed, andwefind that this only provides a lower bound for the value of PPT


+

R in general. For
completeness, we give an explicit counterexample.

Consider the symmetric and antisymmetric subspaces in = = =d d d 3A B , spanned by the sets ofmutually
orthogonal vectors

y

y

y

a

a

a

ñ = ñ + ñ

ñ = ñ + ñ

ñ = ñ + ñ

ñ = ñ - ñ

ñ = ñ - ñ

ñ = ñ - ñ

⎧

⎨
⎪⎪⎪

⎩
⎪⎪⎪

⎧

⎨
⎪⎪⎪

⎩
⎪⎪⎪

∣ (∣ ∣ )

∣ (∣ ∣ )

∣ (∣ ∣ )

∣ (∣ ∣ )

∣ (∣ ∣ )

∣ (∣ ∣ )

( )

1

2
01 10

1

2
02 20

1

2
12 21

1

2
01 10

1

2
02 20

1

2
12 21

A7

1

2

3

1

2

3

respectively.
Take the ansatz r y y y y= ñá + ñá∣ ∣ ∣ ∣1

2 1 1
1

2 2 2 . An explicit calculation gives r =( )N 1

2 2
and

l r =({ ⪯ } )0T T
max

1

2
B B . Now, take the operator given by

y y y y y y a a a a a a= ñá + ñá - ñá - ñá - ñá + ñá - ñá - ñá - ñá∣ ∣ ∣ ∣ ∣ ∣ ∣ ∣ ∣ ∣ ∣ ∣ ∣ ∣ ∣ ∣ ∣ ∣
( )

W 00 00 11 11 22 22 ,

A8
1 1 2 2 3 3 1 1 2 2 3 3

whose partial transpose can be computed as = - ñá∣ ∣W w w3TB with ñ = ñ - ñ - ñ∣ (∣ ∣ ∣ )w 00 11 221

3
.We then

clearly have  -W and ⪯W 0TB , which gives

PPT r r
r

l r
á ñ = > =+( ) ( )

({ ⪯ } )
( )R W

N
, 1

1

2 0
. A9

T T
max

B B

We remark that, despite the lack of an exact analytical expression, the quantity PPT


+
R can nevertheless be

evaluated efficiently as a semidefinite program.
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Remark. For completeness, we collect the results obtained in themanuscript which simplify the computation of


( )T m in several cases.

• For any pure state, any SEP PPT PPT Î +{ }, , , and any integer   -m d1 1, it holds that

 y x= ñ -y
-  ( ) ∣ ( )( )

[ ]T 1. A10m
m

1 2

(See Theorems 14 and 15.)

• For any isotropic state, any SEP PPT PPT Î +{ }, , , and any   -m d1 1, it holds that






r =

-
-

⎧
⎨
⎪⎪

⎩
⎪⎪

( ) ( ) ( )( )T

f
d

m df

d
f

d

0
1

,

1

1

1
.

A11m
f

(See Theorem18.)

• For anymaximally correlated state, any SEP PPT PPT Î +{ }, , , and any   -m d1 1, it holds that

 r r= ~( ) ( ) ( )( ) ( )T T , A12m m
mc mc

where r r= å ñá∣ ∣ii jji j ijmc , , r r= å ñá~ ∣ ∣i ji j ijmc , , and  is the set of states diagonal in the given basis ñ{∣ }i . (See
Theorem 19.)

• For any SEP PPT PPT Î +{ }, , , it holds that

 
r r=- ( ) ( ) ( )( )T R . A13d 1

(See Proposition 2.)
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