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Single-Shot Entanglement Manipulation of States
and Channels Revisited
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Abstract—We study entanglement distillation and dilution of
states and channels in the single-shot regime. With the help of
a recently introduced conversion distance, we provide compact
closed-form expressions for the dilution and distillation of pure
states and show how this can be used to efficiently calculate these
quantities on multiple copies of pure states. These closed-form
expressions also allow us to obtain second-order asymptotics.
We then prove that the e-single-shot entanglement cost of mixed
states is given exactly in terms of an expression containing
a suitably smoothed version of the conditional max-entropy.
For pure states, this expression reduces to the smoothed max-
entropy of the reduced state, for which we provide a closed-form
expression. Analogously, we provide a closed-form expression
for the smoothed min-entropy and connect it to the &-single-
shot distillable entanglement. Based on these results, we bound
the single-shot entanglement cost of channels. We then turn
to the one-way entanglement distillation of states and channels
and provide bounds in terms of a quantity we denote coherent
information of entanglement.

Index Terms—Quantum entanglement, single-shot entangle-
ment distillation, single-shot entanglement cost, min-entropy,
max-entropy.

I. INTRODUCTION

UANTUM entanglement [1], [2] plays a fundamental
role in many technological applications that involve
two (or more) spatially separated parties such as quantum
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teleportation [3], superdense coding [4], and secure quantum
communication [5]. If these parties are restricted to local
operations and classical communication (LOCC) [2], [6], they
can manipulate and consume entanglement, but they cannot
create it. Entanglement is thus a valuable quantum resource
[7]. The fact that the previously mentioned protocols typically
require specific entangled states, most often in the form of
pure, maximally entangled states, makes the interconversion
between entangled states via LOCC an important primitive.
The interconversion between entangled states is traditionally
studied in two different limits [2], either in the limit where one
has access to (unboundedly) many identical and uncorrelated
copies of a given initial state and tries to convert them to as
many target states as possible or in the so-called single-shot
regime: Here, one asks how well one can approximate a given
target state with a single copy of an initial state and LOCC.
Whilst the asymptotic regime provides ultimate bounds on the
usefulness of a quantum state, the single-shot regime is closer
to what is relevant from an experimental perspective, where
one has only access to finitely many copies.

The maximally entangled states of dimension m play a
prominent role, not only because they are required in many
protocols, but also because they can be converted to all other
states of lower or equal dimension [8]. The special cases of
(approximate) entanglement interconversion where either the
target or the initial state are maximally entangled are thus
of special interest and studied under the name entanglement
distillation and dilution [9], [10], [11], [12], [13], [14]. More
precisely, single-shot entanglement dilution describes the task
where two distant parties try to convert, up to a fixed error &,
a maximally entangled state of dimension m to a given target
state via LOCC. The minimal m such that this is possible
is then identified with the &-single-shot entanglement cost
of the target state. Conversely, the e-single-shot distillable
entanglement of an initial state p is determined by the maximal
dimension of a maximally entangled state to which p can be
converted (again up to an error € and via LOCC). Importantly,
there are many different (but topologically equivalent) ways to
define the error ¢, e.g., via the trace norm or the fidelity. In the
following, we will consider two choices, one based on the star
conversion distance recently introduced in [15], and the other
based on the fidelity. After an introduction of the necessary
notation in Sec. II, in Sec. III-A, we will provide closed-
form expressions for the &-single-shot distillable entanglement
and the e-single-shot entanglement cost of pure states with
respect to the star conversion distance. Moreover, we show
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that these quantities can be efficiently computed on multiple
copies of a given state and provide explicit algorithms to do so.
This allows us to derive analytical expressions for the second-
order correction terms of the asymptotic expressions [16]. To
conclude Sec. III-A, we provide formulas for the catalytic
variants of e-single-shot entanglement distillation and dilution
and discuss generalizations in which we replace the maximally
entangled states with arbitrary pure entangled states.

In Sec. III-B, we then move on to the &-single-shot entan-
glement cost of mixed states, where we restrict the error using
the square of the purified distance [17]. As one of our main
results, we prove that this entanglement cost can be expressed
exactly in terms of a smoothed version of the conditional
max-entropy [18], [19], strengthening a result by Buscemi
and Datta [17]. In Sec. III-C, we then show that on pure
states, the two definitions of the e-single-shot entanglement
cost coincide and provide closed-form expressions for the
smoothed min- and max-entropy [18], [19]. This allows us to
express the e-single-shot entanglement cost and the e-single-
shot distillable entanglement in terms of these two smoothed
entropies, equipping them with an operational interpretation.
We conclude the section with an comparison to previous
results.

Historically, entanglement was primarily studied in the
framework of so-called static resource theories [7] which focus
on the value of quantum states [1], [2]. However, in typical
applications in which we hope for quantum advantages, we
are interested in performing a task (such as sending a secure
message) that is done with the help of a quantum channel
(called a dynamical resource). As demonstrated by quantum
teleportation, with LOCC, we can convert static entanglement
present in quantum states into channels outside of LOCC and
thus indirectly quantify the value of channels via the value of
states. From a conceptual point of view, it is however more
natural to quantify the value of operations directly [20]. Since
quantum states can be seen as a special case of quantum
operations with no input and a fixed output, quantifying the
value of operations is a unifying concept that can also be used
to quantify properties of operations that cannot be reduced to
static resources [20]. These observations have recently led to
the development of dynamical resource theories [20], [21],
[22], [23], [24], [25], [26], [27], [28], [29], [30], [31] and in
particular dynamical resource theories of entanglement [22],
[29], [30], [32], [33]. The distillation and dilution of the
entanglement of channels is an important primitive in such
theories for the same reasons as in the static case and has
been studied under relaxations of LOCC such as complete
PPT-preservation [11], [34], [35] in [22], [36], and [37] and
under separability preservation in [38] and [39]. See also [31],
[40], and [41] (as well as [42], which is still awaiting proof)
for fundamental limitations on the distillation and dilution of
channel resources and [43] for yield-cost relations in general
resource theories. In Sec. III-D, we provide bounds on the
e-single-shot entanglement cost of quantum channels under
LOCC which coincide in the zero-error limit.

An important subclass of LOCC is one-way LOCC in
which classical communication is only allowed in one direc-
tion. In Sec. IV, we introduce the coherent information of
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entanglement, which is monotonic under one-way LOCC,
and use it to bound the one-way e-single shot distillable
entanglement of both states and channels. We conclude with
a discussion and outlook in Sec. V.

II. NOTATION AND PRELIMINARIES

Unless stated otherwise, proofs are provided in App. B. In
this paper, we only consider finite-dimensional Hilbert spaces,
which we denote with capital Latin letters such as C. The
dimension of a Hilbert space C is denoted by |C|, and the set of
density matrices acting on it by D(C), with Pure(C) denoting
the subset of pure states. Density matrices are represented by
small Greek letters such as pC, where the superscript indicates
that p acts on C. For, e.g., a state pAB € D(AB) we will also
use the convention that p* = Trp [p*#] denotes the marginal
on system A. Whenever we consider a copy of a Hilbert space
A, we will denote it as A and we reserve X to denote a classical
system or register.

In the following, we will mainly be concerned with two
spatially separated parties, Alice and Bob. To make clear
which system is under the control of whom, we will use A and
A’ to denote Alice’s systems and B and B’ for Bob’s. Quantum
channels will be denoted by calligraphic large Latin letters
such as N (with the exemption of the identity channel, which
we denote by id) and the set of all quantum channels from A
to B by CPTP(A — B), which stands for completely positive
and trace-preserving. Completely positive linear maps will be
denoted by CP and a collection of CP maps {N,}"_, for which
> i Ny is a quantum channel will be called an instrument.
Since we can always store the classical outcome x of any
instrument in a classical system X, we will interchangeably
also write D, N, ® |xXxX for the instrument.

The set of quantum channels that is implementable with
local operations and classical communication will be denoted
by LOCC. Since with LOCC, Alice and Bob can always attach
and remove local auxiliary systems, for bipartite systems
AB, we will assume in the following w.l.o.g. that |A| = |B.
Whenever there exists an A € LOCC such that ' (p) = o, we

write p Loee, 0. The set of channels that can be implemented
with local operations and one-way classical communication
from Alice to Bob will be denoted by LOCC,. Moreover, we
will denote superchannels [44], i.e., linear maps between quan-
tum channels that can be implemented by concatenating the
channel they act on with two other channels implementing a
pre- and post-processing, with capital Greek letters such as ©.
We will be particularly concerned with LOCC superchannels,
i.e., superchannels that can be implemented by a pre- and post-
processing that are both in LOCC, see Fig. 1.

We utilize bold small Latin letters such as p for prob-
ability vectors, with p, the x-th component of p, and let
Prob(d) be the set of probability vectors of length d. The
subset that contains the d-dimensional probability vectors with
non-increasing entries will be denoted as Prob'(d) and for
p € Prob(d), pl € Probl(d) represents the vector that we obtain
by reordering the elements of p. For k € [d], where [d] is a
short-hand notation for {1,...,d}, the k-th Ky-Fan norm of
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Fig. 1. Left: LOCC superchannel converting a channel A/ to a channel M = &, o N o &, where both & and &, are in LOCC. Right: If A is replaced by a
state, the superchannel simplifies. Solid lines represent quantum systems and the dashed line the spacial separation between Alice and Bob.

p € Prob(d) is defined as

k
Pl = Z P)lr
x=1

This definition can be extended to positive semidefinite oper-
ators A by denoting with ||Al|4, the sum of the k largest
eigenvalues of A (i.e., the Ky-Fan norm of its eigenvalues).
For p, q € Prob(d), we write p > q if p majorizes q [45], i.e.,
if

(D

lIpll = llallg Yk € [d]. 2

If p,q have different dimensions, we extend the definition
by padding the shorter vector with zeros. By fixing an arbi-
trary orthonormal basis |x)¢ for every Hilbert space C, any
Y € Pure(AB) is then LOCC-equivalent to its standard form
>, \/p_xlxx)AB, where p € Prob*(JA|) contains the Schmidt
coefficients of i, which, w.l.o.g., we always assume to be
ordered non-increasingly. The number of non-zero Schmidt
coefficients of i, i.e., its Schmidt rank, is denoted by SR(¥)
and @, = ﬁ > lxx)*® represents the maximally entangled
state of dimension m, where w.l.o.g., we will always assume
that m = |A| = |B.

We use H(p) := —Tr(plogp) to denote the von-Neumann
entropy, and for p € D(ABE), let H(A|B), := H(p"?) — H(p®)
be the conditional von-Neumann entropy. For p,o € D(C)
and ||-||; the trace norm, the trace distance between p and o
is defined as % llo — |, and the relative entropy as D(p||o) :=
Tr(plogp) —Tr(plog o). The (trace) conversion distance under
LOCC is commonly defined as

T (pAB LOCC O_A,B,)

{% [£5 | ot TA'B'}. 3)

= min
TED(A'B')
On pure states ¢, ¢ € Pure(AB), one can analogously define
the star conversion distance [15] (see also [16]) as

T, (lﬁAB LOCC ¢AB)

1
{Ellr—qlll : r>p},

“4)

= min

reProb(|A])
where p, q € Prob*(JA|) are the Schmidt coefficients of ¥ and
¢, respectively, and ||p — qll; = D, |[px—q.l. This definition can
easily be extended to pure bipartite states that do not belong
to the same Hilbert space [15]: Using LOCC, one can always

add and remove separable auxiliary states such that the Hilbert
spaces match. For ¢ € Pure(AB), ¢ € Pure(A’B’), and d = |A| =
|B|, d’ =|A’| = |B’|, we thus define

LOCC '
T, (WAB LOCC, 4 B)
=T, (wAB o11x11AF 25 |11><11|AB®¢A’B’) .6

Importantly, the conversion distances discussed above are
topologically equivalent in the sense that [15, Lem. 3]

1 (l/’AB Locc ¢A,B,) < T(W‘B LocC ¢A,B,)

~T?2
S\/ZT*(l//AB Locc ¢A,B,)

2
and according to [15, Thm. 4], T, exhibits the following
closed-form expression that is derived via the concept of
approximate majorization [46]:
Theorem 1: Let ¢ € Pure(AB),¢ € Pure(A’B’), and p €
Pr0b¢(|A|),q € Pr0b¢(|A’|) be their corresponding Schmidt
coefficients. Then,

LOCC 4
T, (¢AB B ) _

The purified distance between two states p, o € D (AB) is
defined as [47], [48], [49]

P(p,0) := /1 -F2(p,0), @)
where F(p,0) = \/ﬁ\/E”l is the fidelity. For p,q €
Probi(|A|), P(r,q) := /1 - F2(r,q) is the classical version of
the purified distance, and F(r,q) := ) +/7xq.. Analogously
to what was done above with the trace distance, one can
define a conversion distance based on the purified distance:
For p € D(AB), 0 € D(A’B’), the purified conversion distance
is defined as

LOCC
P(p—>0') =

III. SINGLE-SHOT ENTANGLEMENT MANIPULATION WITH
LOCC

A. Pure State Entanglement Manipulation and the Star
Conversion Distance

(6)

max

Pl =l 5 -
kE[SR(wAB)]{ Plloo—llallw }

min
T€D(A'B)

®)

LOCC
{P(T,O') p— T

The star conversion distance can be used to define and
calculate an e-single-shot distillable entanglement, which we
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will do in the following. For any & € [0, 1] and ¢ € Pure(AB),
the e-single-shot distillable entanglement is defined as

Distill® (y*#)
= max{logm : T, (W‘B Loce, (Dm) < s}. 9)
meN

From the closed formula for 7', we get the following result.

Theorem 2: Let € € [0,1), ¥ € Pure(AB), d := SR(y*5),
and p € Prob*(JA|) be the Schmidt coefficients of yAZ. The
e-single-shot distillable entanglement of 5 is then given by

(10)
where ¢ € [d] is the integer satisfying |[pll¢-1) < € < [Ipllc)-

For any ¢ € [0,1] and ¢ € Pure(AB), the e-single-shot
entanglement cost is defined as

Cost® (y*?)
Locc

= min{logm Ty ((Dm — wAB) < s}. (11)

meN

From the closed formula for T, we get the following result.
Theorem 3: Let & € [0,1), € Pure(AB), d := SR(y*P),

and p € Prob*(|A]) be the Schmidt coefficients of yAZ. The

&-single-shot entanglement cost of 5 is then given by

Cost® (¢*?) = logm,

where m € [d] is the integer satisfying [|pllon-1) < 1—& < Pllon)-

As explained in detail in App. C, the above Theorems allow
us to efficiently compute both the e-single-shot distillable
entanglement and the e-single-shot entanglement cost for
multiple copies of a given pure state.

Theorem 4: Let n € N, ¢ € [0,1), and ¢ € Pure(AB).
This implies that both Distill® (y®") and Cost® (y®") can be
computed efficiently.

The main idea behind the proof is to use that whilst p®"
has a number of entries that is exponential in n, it only
has a polynomial number of distinct entries, which allows to
determine [|p®"|| ) and therefore Distill® (w‘g’”) and Cost® (tp‘g’”).
In App. C, we provide explicit algorithms to determine these
quantities.

Moreover, Thms. 2 and 3 also allow us to obtain the second-
order asymptotics of the entanglement cost and the distillable
entanglement: Let the Gaussian cumulative distribution func-
tion with mean value u and variance v be denoted by

(12)

D, (x) = (13)

! [ " g
e v
V2rv J-o
and the entropy variance V(p) of a probability distribution p
by
V(p) := ) _ pi(~log pi — H(P))’, (14)

where H(p) := — ), pilog p; is the Shannon entropy. As a
shorthand notation, we will also use ® to denote @y;. We
begin by stating the following Lemma, which is a consequence
of [16, Lem. 15] (see also [50, Lem. 16]).

Lemma 1: For any distribution p such that V(p) > 0, any
natural number n, and € € [0, 1), let

fue(@) := min {k : [p*llw > &} ,
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fre®) := min {k : [p*llg > &} . 15)

Then we have that

log f, .(p)—nH(p)
VnV(p)
_ i 108 fue(P)—nH(p)
VnV(p)

lim

n—oo

n—o0o

=07 (e). (16)

By combining this Lemma with Thm. 3, one immediately
obtains the following Proposition.

Proposition 1: For any pure state ¢ € Pure(AB) with
Schmidt vector p, V(p) > 0, and € € [0, 1), it holds that

Cost*(y®") = nH(p) — @' () /nV(p) + o(Vn).

With slightly more work, it is also possible to obtain the
second-order asymptotics of the distillable entanglement.

a7

Proposition 2: For any pure state € Pure(AB) with
Schmidt vector p, V(p) > 0, and € € [0, 1), it holds that

Distill*(y®") = nH(p) + ® (&) v/nV(p) + o( V).

The above two Propositions are the analogues of [16, Egs.
(136) and (137)], where the error £ was measured with P
instead of 7,. Since the considered distance measures are
topologically equivalent, one immediately recovers the asymp-
totic entanglement cost and distillable entanglement of pure
entangled states [2].

Recently, the phenomenon of entanglement catalysis [51]
has seen renewed interest, see for example the review article
[52]. In particular, the authors of [53] showed that for ¥, ¢ €
Pure(AB) with Schmidt coefficients p and q, respectively, ¢
can be converted to ¢ via an catalytic LOCC transformation
if and only if

(18)

H(p) = H(q). (19)

In [53], the authors consider a sequence of catalyst states that
remain unchanged in the process but are allowed to build
an asymptotically vanishing amount of correlations with the
target state. Note that this allows for the compact condition
above. If no error is allowed at any stage of the protocol,
the allowed conversions are characterized by a continuous
family of inequalities that can be expressed in terms of the
Rényi divergences [54], [55]. In the following, we consider
the framework of [53].

Motivated by the above discussion, we define the star
conversion distance under catalytic LOCC (CLOCC) as

T, (W‘B cLocc ¢AB)

1
= min {Enr—qnl : H(p) > H(r)} .

i 20
rePro{y(\AI) ( )

Denote by q'® the steepest e-approximation of q [46], i.e., a
state G € B,(q) := {q’ € Prob(A]) : 5 llg’ — qll; < &} which
satisfies that @® > q’ for all q' € B, (q). According to [46],
such a state exists and can be constructed explicitly.
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Lemma 2: Let ¢, ¢ € Pure(AB) with Schmidt coefficients p
and q, respectively. Then

CLOCC
T, ( I,DA B ¢A B) —

Analogously to the case without catalysis, we define the &-
single-shot catalytic entanglement cost as

Cost? (gbAB )

cLocc
= min{logm : T, (Cl)m Lo, gerB) < e},
meN
and provide a closed-form expression.

Theorem 5: Denote by p the vector containing the Schmidt
coefficients of ¢ € Pure(AB). Then

Cost® (wAB) =log (ZHE(P)—| ,

0if H(q) < H(p),
e H@®) = H(p)else.

ey

(22)

where
H®(p) = min H(r)=H (p* 23
(p) = min H(r) = H (p) (23)
is the s-smoothed Shannon entropy and p® denotes the
steepest g-approximation of p [46].
Next, we define the e-single-shot catalytic distillable entan-
glement

Distill? (y*?)

= max{logm : Ts (wAB % (Dm) < s},

meN

(24)

and show that one can evaluate it via an optimization over a
finite set.

Theorem 6: Denote by p the vector containing the Schmidt
coefficients of iy € Pure(AB). For ¢ € [0, 1),

Distill? () = max { logm : H® (u,) < H (p) }
me
and the optimization over m can be restricted to
1270 | < m < in”“’fi”“’J i

where h(x) = —xlog(x)—(1—x)log(1—x) is the binary entropy.

To conclude this section, we want to quickly mention a
generalization of entanglement distillation and dilution where
one replaces the maximally entangled states with an arbitrary
pure resource state. For any € € [0, 1] and ¥ € Pure(AB), ¢ €
Pure(A’B’) entangled, we define

Cost® (WAB‘(ZSA’B’)
:= min {m €Ny : Ty (¢®m Loce w) < s} (26)

(25)

and
Distill® (lpAqusA’B’)
LOCC g0
= max {meNo T\ — ¢ Ss}, 27
where we understand that ¢®° corresponds to a separable state.
Thanks to Thm. 1 and Algorithms 1 and 2, which provide

an efficient way to evaluate ||p®’” H @’ both of the above
quantities can be evaluated exactly. To compute Cost® (@),

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 71, NO. 7, JULY 2025

Algorithm 1 Efficient Evaluation of Ky-Fan Norms

Input: p = (p1,--- ,pg) € Probt(d), integers n,m > 1
Output: [p®"||,,

1 Compute the r := ("17") different terms p{"'py> - - - p/}

where n; +ng + -+ +ng =n;

2 Sort the r terms in non-increasing order resulting in the
vector (s1, S92, ,S,). Let v; be the number of times
that s; is repeated;

3 Let N:=0, P:=0;

4 foreach k € [r] do

5 Let N «— N + v, and P <+ P + v sg;
6 if m < N then

7 | return sp(m — N) + P;

8 end

9 end

Algorithm 2 Efficient Evaluation of Ky-Fan Norms via Binary
Search

Input: p = (p1, - --
Output: [[p®" | ()

,Dd) € Probl(d), integers n,m > 1

1 Compute the r := (") different terms p{"'py> - - - p/}*

where ny +ng + -+ + ng = n;

2 Sort the r terms in non-increasing order resulting in the
vector (s1,s2,- - ,S,). Let v; be the number of times
that s; is repeated;

3 Let No := 0, Py :=0, and Vk € [r], N := 3.7 v;, and
Py = Zf:l ViSi;

4leta=0,b=r;

5 while True do

6 Let c= [(a+b)/2];

7 if N. <m < N.;; then

8 | return scy1(m — N;) + P;

9 else if m < N, then

10 | b

1 else

12 | a—c+1;
13 end

14 end

one can use the following algorithm: Let m = 0 and check
Locc

if Ty |¢®" —— ¢ ) < & (via Thm. 1 and Algorithms 1 or
2). If yes, return m, if no, increase m by one and repeat. The
algorithm will terminate eventually: Let p,q be the Schmidt
coeflicients of ¢, ¢. A (crude) upper bound is for example

log <_s dl )
Cost® (wAB‘¢A B) < R/ (28)
log(q1)
This can be seen as follows: First, notice that
LOCC
T ®m — ®m _ .
x ((b —”ﬂ) rehax, | Ula®" gy = I1pll §
Since for k > SR(¥)
{1g%" ly —IIpllw } < 0 (29)
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and for k < SR(y) and m > [1og (ﬁw) /log(ql)—‘,

la®" |, < SRW)GY < p1 < lIpll, - (30)

occ
Ty | o®™" —L————>¢r will be zero for such m. This bound (which
is independent of &) thus provides a bound on the maximal
number of copies of ¢ that is needed in order to exactly create
a copy of ¢ via LOCC.

To compute Distill® (y|¢),

LocCC
T* w PN ¢®m

1 and check if

> g. If yes, return m — 1, if no, increase

set m =

m by one and repeat. The algorithm will terminate eventually,
too: Let p, q again be the Schmidt coefficients of i, ¢ and thus

Locc
T ®m — _ ®m
" (lﬁ —¢ ) (omax {IIpllw = 11a®" g }

>(Ipllsray =119 lisraw))

>1 - SRy 3D
This implies that
log (s )
Distill® (W‘B‘w‘ B) < | X0/ (32)
log(q1)

B. Single-Shot Entanglement Cost of Mixed States

According to [17, Def. 1], for any & € [0, 1], the e-single-
shot entanglement cost is defined as

Cost® (p*?)

= min{logm . P? ((Dm Lo, pAB) < s}. (33)

Note that at first glance, for pure states, this definition conflicts
with Eq. (11). However, as we will show later, the two
definitions coincide. In a bit of abuse of notation, we will thus
not differentiate between the two, e.g., by adding a subscript
to denote the distance according to which we determine the
allowed error in the transformation.

To calculate the e-single-shot entanglement cost, we will
rely on a convenient characterization of the purified conversion
distance: On bipartite states € Pure(AB), and for any k €
[IA]], let

Ep@*B) :=1-pll

where p contains the Schmidt coefficients of y48. Applying a
convex-roof extension, for mixed states p € D(AB), define

= i (1
= inf (1 - pr | Tra [w4”] H(k)) , (35)

where the infimums are over all pure-state decompositions
B =% puB [17], [56], [57], [58]. These quantities have
an operational interpretation in the sense that for y,¢ €

Pure(AB), y'8 — Loe ¢AB if and only if [8], [59],

(34)

Ew (o

Ew@*) 2 Eg(@"?) ¥ ke [1A]] . (36)
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Moreover, according to [57, Thm. 8.8 and Sec. B4] and [60,
Lem. 5], for p € D(AB) and m € N,

(q) % pA ) = E(m) (PAB) ,

where Ey (") is defined in Eq. (35) with k = m (see also
[61, Eq. (48)] for the case of pure states).

To provide formulas for the e-single-shot entanglement cost,
it is convenient to utilize the concept of classical extensions of
a bipartite density matrix p € D(AB): With any decomposition
(P PP xerig of p8, de., p*B = 3 g Pxp”, one associates a
classical-quantum-state (see [17, Eq. (3)])

=Y pdexaf @ pf”,

xe[k]

(37

(38)

where X is a classical system of dimension k. Such an
extension will be called a regular extension of pB if all pit8
are pure states.

We further denote by Hy,,x the conditional max-entropy, i.e.,

- AB (1A B
Hinax(AlB), := T?D%)logTr [m? (' e )], (39)

where IT148 is the projection onto the support of pAf =
Trc [p*#¢], and by HZ,, its smoothed version defined as

HipuAIB)y = min, Hos (A1B). (40)
where
1
ﬂsg(pA)z%TeD(A):§||TA—pA||158 (41)
For a classical extension
= > puaXa¥ @ pl? (42)
xe[k]
of a bipartite state p € D(AB), this implies that
- A
Hpax (AIX), = xefB?}f;o log Tr 1T/ |, 43)
where p? := Try [p4?], and
H . (AlX), = mi logTr[TIA |, (44
ax(AIX), wegjgﬂ)xemgx#o og Tr [IT}, ] (44)
with
A=) gulaXa @ Wl (45)
xe[k]
It was pointed out in [17] that
Cost® (p*F)
= inf {HowAX), : P (0.0"%) <5, (46)

where the infimum is over all regular extensions of p*8

This means that the &-single-shot entanglement cost can be
expressed in terms of a smoothed version of the conditional
max-entropy. As the main result of [17], it was further shown
in their Thm. 1 that the e-single-shot entanglement cost can
be lower and upper bounded by a slight modification of

H: . (take Eq. (40), but relax the requirement in Eq. (41)
that 7 is a density operator to the requirement that it is
positive semidefinite). In the following, we will show that
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(with our slight change in the smoothing), the e-single-shot
entanglement cost can be expressed exactly in terms of the
conditional max-entropy. To this end, we introduce some
notation and a Lemma first.

For every classical-quantum-state

P =Y plaxad @t (47)
xelk]
define
P =" palxXa @ pl", (48)
xe[k]
with ™ an m-pruned version of o* defined as
A ATTA
o™ = —H'”O—AH’" , (49)
Tr [oAT14 |

where I14 is a projection to a subspace spanned by m orthog-
onal eigenvectors corresponding to the m largest eigenvalues
of o4.!

Lemma 3: Let p € D(XA) be a classical-quantum-state as in
Eq. (47), and for any m € [|A]], let p™ be as defined in Eq.
(48). Then, for any € € [0, 1],

H o (A1X),

: Ly xa
i fosm 5 16751, 5

(50)

min
me[|Al]

IOng pr ||pf€‘||(m) 2l-e
x€[k]

This Lemma shows that H7, (A|X), can be directly evaluated
by calculating |A| trace distances, whilst a priori, it is defined
as an optimization problem over an g-ball. Whilst this might
be of independent interest, it allows us to prove the promised
Theorem.

Theorem 7: For p € D(AB), the e-single-shot entanglement

cost is given by

(AlX), 61y

Cost® (pAB ) = ;}I{}\f; H: ..
where the infimum is over all classical systems X and all
classical extensions p*48 of pA%. Moreover, the infimum is
attained for a classical extension with |X| = |AB|> and can also
be taken over all regular extensions of p5.

It is worth noticing that both in the above Theorem as well
as in [17, Thm. 1], the € in HZ,, stands for smoothing with
respect to the trace distance whilst the & in Cost® corresponds
to an error in conversion measured by the square of the
purified distance. This is in contrast to Eq. (46) where also
the conditional max-entropy is smoothed with respect to the
square of the purified distance.

C. Single-Shot Entanglement Manipulation Characterized by
Entropies

In this section, we show that the e-single-shot distillable
entanglement and the &-single-shot entanglement cost of pure

'Note that due to the possibility of degenerate eigenvalues, II,, and thus
o™ are not necessarily unique. However, for our purpose, this is irrelevant.
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states can be expressed exactly in terms of a smoothed min-
entropy and a smoothed max-entropy, respectively. We begin
with the e-single-shot entanglement cost as defined in Eq. (33):
For a pure state p*® = A8, the optimization over classical
extensions pX4% in Thm. 7 is trivial, since all of them are of
the form p*48 = 0¥ @ Y4B, This allows us to simplify the
expression for Cost® (y*%): Let

Hpax(p) := log Tr[I1,] 52)
be the max-entropy [18] and
HE (p*):= min Hpa(w) (53)
NE%S(I’A)

its e-smoothed version [19]. Via Egs. (40) and (43), we thus
obtain the following Corollary.

Corollary 1: Let ¢ € Pure(AB) and p* = Trg [y*%]. It then
holds that

Cost? (%) = H ().

This equips the smoothed max-entropy with an operational
interpretation in terms of the &-single-shot entanglement cost
of pure states. Moreover, by choosing X to be a trivial classical
system in Lem. 3, we obtain the following Corollary.

Corollary 2: Let p € D(A) and ¢ € [0, 1]. It then holds that

HE, (p*) = min {logm e ||(m) 1- 8} .

mel|A]]
Now notice that if ¥ € Pure(AB) and p* = Trp [J,I/AB] as in
Cor. 1, it holds that [[p*]| ) = Pl where p € Prob(lAl)
are the Schmidt coefficients of 2. We can thus rewrite Cor.
1 as
Corollary 3: Let € Pure(AB) and p € Prob*(JA|) be the
Schmidt coefficients of 8. It then holds that

Cost® (y*?) = m[ilz?ll {logm : [Ipllgmy = 1 — €} .
me

(54)

(55)

(56)

As claimed earlier, this also shows that the two definitions
of Cost® provided in Egs. (11) and (33) indeed coincide on
pure states (see Thm. 3), and Prop. 1 thus applies to both.
This is interesting, since in Eq. (11), € was bounding the star
conversion distance T, whilst, in Eq. (33), it was bounding
the square of the purified distance P?>. Moreover, we note that
the previous discussion also implies that the quantity f; (p)
in Lem. 1 has an operational interpretation in terms of the
smoothed max-entropy.
By comparing Cor. 1 and Thm. 5, we note that

Cost? (y**) = log [2#"®]
<log |'2H§‘W(P)'|

= Cost® (y**).

While this confirms our knowledge that catalysis does not
increase the e&-single-shot entanglement cost, more impor-
tantly, it allows us to gain insides into the question when
catalysis grants an advantage, i.e., when the inequality is
strict. Consider for example the case € = 0. If all non-
zero entries of p are equal (i.e., if y4® is separable or a
maximally entangled state of arbitrary dimension), we have
that Hyax(p) = H(p), and catalysis is useless. However, even
if Hnax(p) # H(p), due to the ceiling function, it is possible

(67
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that catalysis does not provide an advantage. On the contrary,
it is also easy to see that there exist 4% such that catalysis
provides an advantage. Interestingly, this depends not only on
the difference between H,.x(p) and H(p), but also the value
of 2#®_ While Hp.(p) — H(p) > 1 guarantees an advantage,
for 1 > Huax(p) — H(p) > 0, both having and not having
an advantage is possible. Considering that Hj, (p) is not
continuous in & adds another layer of intricacy.

Next, we turn to the e-single-shot distillable entanglement:
Let

Hiin(p) := —log|lplle (58)

(where ||p||l» denotes the operator norm of p, i.e.,
eigenvalue) be the min-entropy [18] and

Hﬁlin(pA) =

its largest

max, Huin(w") (59)

weB, ()
its e-smoothed version [19]. Analogously to Cor. 2, we next
provide a closed-form expression for H?, (p*) which might
be of independent interest.
Lemma 4: Let p € D(A) with |A| = d and let p € Prob(d)
contain the eigenvalues of p. Let further u® be the flat
distribution of dimension d. If 1 ||p —u®@ ||l < g, then

mm(p ) - 1Ogd

et
fe[d] IIplley — &

In the Lemma above, we have two cases. With the help of

the following Lemma, we will now see that this is indeed

necessary, i.e., the first case is not included in the second.
Lemma 5: Let q € Prob(n) and q # u®™. Then

la—u®], = 2max (||q||(k) - f)

(60)
otherwise

Hei(pt) = (61)

keln]

Using the notation of Lem. 4, we now assume that
1
0<3[p-u?] <e (62)

In case that p = u”, we find that

>m1nX—d,

63
yeld] - 7 ( )

min =
yeld] Iplly) — )’G[d] s —&

which shows that the two cases in Lem. 4 are needed. In case
that p # u'?, it follows from our assumption and Lem. 5 that

k
> - = 64
&> max (IIpH(k) d) (64)
and thus
. y
min > min — =d, (65)
veld] ||plleyy — & yeld] lplly) — (”P”(y) - ﬁ)

i.e., the two cases are thus needed too. Importantly, this implies
that in general, attaching an uncorrelated pure state %€ can
change the e-smoothed min-entropy of p# in the sense that

Hin(p") < Ho (0" @ 4©), (66)

a property which we would not expect of an entropy. To
resolve this, we define
I:Irgnin(pA) =

sup  Hpin ("),

WeB(pAYC)

(67)
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where it is understood that the supremum is also over all
auxiliary systems C and ¢ is an arbitrary pure state on this
system. From Lem. 4, we obtain the following Corollary.

Corollary 4: Let p € D(A) with |A] = d, € € [0, 1), and let
p € Prob(d) contain the eigenvalues of p. It then holds that

A" = (68)

=)
& et Iplly — &)
Combining this Lemma with the closed-form expression in
Thm. 2, we have the following entropic characterization of
the e-single-shot distillable entanglement.

Theorem 8: Let ¢ € Pure(AB) and ¢ € [0, 1). The e-single-
shot distillable entanglement of ¥4Z is then given by

Distill“ (") = log | 2" |,

where p* = Trp(y*?) is the reduced density matrix of yA8.
It is now again interesting to note that also in the case of -
single-shot entanglement distillation, there are cases in which
catalysis provides an advantage and cases in which it does
not. Consider for example two pure states Y48 and ¢*# with
Schmidt coefficients p = (0.75,0.15,0.1) and q = (0.8,0.2,0),
respectively. A straightforward calculation shows that

Distill /(%) = 0 < 1 = Distill}/1°(y*5), (69)

but

Distill'/1%(¢*8) = 0 = Distill!/'%(¢*5). (70)

At this point, we want to mention that [14] investigated a
variant of the &-single-shot distillable entanglement too: The
authors of [14] defined the fidelity of distillation as

F(o,m):= sup Tr(A(p)®,)

A€eLOCC

(71)

and their variant of the e-single-shot distillable entanglement
as

Eg)’s(p) :=logmax{m >2: F(p,m) > 1—g}. (72)

Comparing this definition to our definition in Eq. (9), we see
that they differ in the way in which the allowed error ¢ is
introduced: Whilst we bound the error using the star conver-
sion distance [15], in [14], it was demanded that 1 — F < &.
Their definition does therefore not coincide with the one we
used. Importantly, for pure states, there exists a closed-form
formula for Eg)’s(zp) too [14, Thm. 15, Cor. 16] which is
given in terms of a distillation norm [62]. In App. D, we
discuss in detail how this allows us to efficiently compute
Eg)’s(t//‘@”) in a manner that is very similar to how we can
compute Distill® (glr®”). To conclude the discussion concerning
the entanglement manipulation of quantum states, we want
to mention that from Refs. [16] and [61], also analogs of
our Thm. 3/Cor. 1 and Thm. 2 can be extracted, again with
definitions of the error that differ from ours. Our choices of
the conversion distance lead to particularly compact formulas.

D. Single-Shot Entanglement Cost of Channels

In the following section, we will bound the entanglement
that it costs to simulate an arbitrary channel between two
parties with a given precision. Since any quantum state can
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Quantum
Teleportation

U =

Fig. 2. Optimal simulation of a quantum channel N4~ if given access to
®,, and LOCC using quantum teleportation. Solid lines represent quantum
systems, double lines classical systems, and the dashed line the spacial
separation between Alice and Bob.

be identified with its corresponding replacement channel, this
can be seen as a generalization of the results presented in
the previous section. Moreover, quantum teleportation [3]
demonstrates that LOCC and one ebit can be used to simulate
one identity qubit channel. It will therefore become apparent
when we talk about optimal protocols that our results are
closely related to teleportation too, see Fig. 2.

As in the state case, we will start by defining how we
quantify the error of a simulation N’ of a given channel
N: For any channel A/ € CPTP(A — B) and a maximally
entangled state ®,,, we define the channel conversion fidelity
as

P ((Dm LOCC ./\/'A_)B)
F (@ [@] ), N4 7E ),

where the supremum is over all LOCC superchannels ® that
map the state @, to a channel in CPTP(A — B). Analogously
to the e-single-shot entanglement cost of a bipartite state
defined in Eq. (33), we use the channel conversion fidelity

to define the e-single-shot entanglement cost of the channel
NAHB as

:=sup min (73)

® yePure(4A)

Cost“(V) := inf {logm : P (cbm = N) <, (4)
me.
where
LOCC LOCC

P? ((Dm ——»N) =1-F? (CDm ———>./\/). (75)

To bound Cost®(N), we will use that the supremum and
minimum in the definition of the channel conversion fidelity
can be exchanged: This is the content of the following Lemma,
which can be shown with the help of [63, Prop. 8] and [64,
Lem. I1.3].

Locc

Lemma 6: Let F | @, — NA_’B) be defined as in Eq.
(73). It holds that

Locc
F ((Dm - NAHB)

= min _sup F (©[0,]"), N E )

yePure(AA) @

(76)

where the supremum is again over all LOCC superchannels ®
that map the state ®,, to a channel in CPTP(A — B).
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Having access to ®@,, and LOCC, Alice and Bob can use
quantum teleportation to simulate the identity channel i %
where |A’| = |B’| = m. Conversely, id" =% allows us to

LOCC . wlp . .
create ®@,,. Therefore, ®,, «—— id , i.e., the state @,, is
equivalent to the channel id" =8 In Egs. (73) and (76), we can
thus replace O [@,,] with ® id" =% | and take the supremums
over all LOCC superchannels that map the identity channel
id* =% to a channel in CPTP(A — B). Importantly, every such
superchannel can be expanded as

) [idA HB] — FBX=B o gh B gAoAX
— ]:B’X—)B ° gA—»B’X

=) Fatee",

xe[k]

(77)

where X is a classical system (that can be exchanged via
LOCC), &424% ¢ CPTP(A — A’X), and FBX-B ¢
CPTP(B'X — B) (see Fig. 3). In the last line, we utilized that
this can be seen as the average of an instrument {EJ’CHB' }y and
a channel ]-"g)_)B conditioned on its classical outcome x. From
this follows that the superchannels that we need to consider in
Egs. (73) and (76) are of the form shown in Fig. 2, highlighting
the close relation to quantum teleportation.

The Theorem below shows that the conversion fidelity is
closely related to the monotones from Eq. (35), which can be
extended to quantum channels in the usual manner, i.e.,

Ep (N*7B) := max Egy (NAHB(WM» :

i (78)
yePure(AA)

Using this definition, we get the following result, which is the
channel analog of Eq. (37).

Lemma 7: Let N' € CPTP(A — B) be a quantum channel.
It then holds that

1= E(m) (NA—?B)

<F (qnm Locg, NA*B)

< /1= Egy (N428) .

This allows us to provide the promised bounds on
Cost®(N4™8).

Theorem 9: Let N' € CPTP(A — B) be a quantum channel
and € € [0,1). Then

(79)

3 £
max inf H

WePure(AA) o XAB
< Cost®(N47B)
< max inf H?2(AIX),,

- max
yePure(AA) oXAB

AlX)o

(80)

where the infimums are over all classical systems X and all
classical extensions o*48 of o48 = NA=B(yA4). Again, the
infimums are attained for a regular/classical extension with
IX] = |AB.

In the limit of & approaching zero, this Theorem provides the
zero-error single-shot entanglement cost of a quantum channel.
With the help of Thm. 7, we can express the Theorem as

max _ Cost’ (./\/ A-B (lﬁAA))

yePure(AA)
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Fig. 3. Left: LOCC superchannel converting idd ¥ (center) to a channel A € CPTP(A — B). Right: Any such superchannel can be realized by the
following protocol: Alice applies a quantum instrument, sends the quantum output through the identity channel, and Bob applies a channel on its output that
is conditioned on the classical outcome of Alice’s instrument. Solid lines represent quantum systems, double lines classical systems, and the dashed line the

spacial separation between Alice and Bob.

<Cost*(N478)

< max Cost®? (NA_'B (gerA))

wePure(AA)

1)

This shows that Cost®(N4~8) is lower bounded by the cost of
the most expensive state that we can create with its help. This
is to be expected for a consistent definition, since otherwise
one might be able to build an entanglement perpetuum mobile.
It is however not obvious that this should also be an upper
bound since we intend to simulate a channel on an unknown
input state and potentially do not have access to another corre-
lated system (such as system A in Eq. (73)): Simply replacing
the input state with (an approximation of) the corresponding
output state of the channel we intend to simulate is thus not an
option. We conclude this section by noting that with the help of
postselection techniques [65], one can recover the asymptotic
entanglement cost of a quantum channel [66] from Thm. 9.

IV. ONE-WAY SINGLE-SHOT ENTANGLEMENT
MANIPULATION

A. State Distillation

In the following, we will explore a resource measure with
respect to one-way LOCC. While this measure may not exhibit
monotonicity under arbitrary LOCC, it can still be a valuable
tool for providing bounds on the distillable entanglement of
mixed bipartite states, as we will see in the following.

The most general one-way LOCC operation that Alice and
Bob can perform is for Alice to apply a quantum instrument
{Ex}xerns With £, € CP(A — A’) and Y |_, &, € CPTP(A —
A”), send the outcome x to Bob, who then applies a quantum
channel F() € CPTP(B — B’) that depends on the outcome
x received from Alice [67]. The overall operation can be
described by the quantum channel

= Z e o ;LT

x=1

NAB—>A'B’ . (82)

Definition 1: The coherent information of entanglement of
a state p € D(AB) is defined as

sup
E£eCPTP(A—AX)

E (") = 1(A)BX) (83)

&)’

where the supremum includes a supremum over all classical
systems X with arbitrary dimension and

I(A>B)p = _H(AIB),U (84)

is the coherent information [68].

As promised, we will now show that the coherent infor-
mation of entanglement is a resource measure with respect to
one-way LOCC.

Theorem 10: Let p € D(AB) with m = |A] = |B],
o € D(A’'B’), and N € LOCC,(AB — A’B’). The coherent
information of entanglement E_, is

1) monotonic under one-way LOCC, i.e.,
. (NAB—>A'B’ (pAB)) <E, (pAB) ’

2) non-negative, i.e., E_(0*%) > 0, with equality if p*8
separable,

3) strongly monotonic under one-way LOCC, i.e., for any
ensemble {py, 0%} that can be obtained from p*# using
one-way LOCC and subselection, it holds that

ZP» O—AB/

4) convex,
5) bounded by E_, (p*#) <log(m) = E_, (®y,),
6) and superadditive, i.e.,

EL (0" ®c"?)2 B (o) + EL (7).

The e-single-shot distillable entanglement under one-way
LOCC (and the error bounded by the trace distance) is defined
as

Distill®, (p*?)
occ
= max {logm . T (pAB Loa, (Dm) < s} .

A simple formula for the above expression is presently not

available. However, we can provide an upper bound.
Theorem 11: Let p € D(AB) and ¢ € (0,1/2). Then, the

one-way &-single-shot distillable entanglement is bounded by

1 AB l+e¢ g
)< B ) + 1—2gh(1+a) :
(86)

(85)

Distill®, (p"?

Authorized licensed use limited to: The Chinese University of Hong Kong CUHK(Shenzhen). Downloaded on June 27,2025 at 14:59:08 UTC from IEEE Xplore. Restrictions apply.



5340

where h(x) := —xlog x—(1—x)log(1—x) is the binary Shannon
entropy.

This result should be compared to [69, Lem. 4], where
also an upper bound on a variant of the one-way e-single-
shot distillable entanglement is provided (again with a slightly
different definition of the allowed error in terms of the fidelity).
The main difference is that in our bound, the optimization
over instruments (contained in E_, (pAB)) is independent of ¢,
whilst the corresponding optimization in their bound is not.
The bound provided in Thm. 11 recovers the exact asymptotic
solution given in [70, Thm. 13].

For lower bounds on the one-way e-single-shot distillable
entanglement, see again [69] as well as [71, Prop. 21]. Even
though [71] defined the conversion distance using the fidelity,
their bound holds for our definition too due to the following
Lemma.

Lemma 8: Let p € D(AB), and ®,, € D(A’B’) be the
maximally entangled state with m := |A’| = |B’|. Then,

OCC 0OCC
T (p Loca, (I)m) =pP? (p Lo, d)m)

sup Tr [(I)m/\/ (p)] ,
NeLoCC,

where the supremum is over all AV € LOCC{(AB — A’B’),

and P is the purified distance as given in Eq. (7).

=1- (87)

B. Channel Distillation

In Def. 1, we introduced the coherent information of entan-
glement of a quantum state and subsequently showed that
it is a measure of entanglement under one-way LOCC. The
following Definition contains the generalization to quantum
channels.

Definition 2: Let N' € CPTP(A — B) be a quantum channel.
Its coherent information of entanglement is then defined as

E, (N*8) = max E, (./\/A_’B (WAA» i

WePure(AA)

(88)

Similarly, one can define the coherent information of a quan-
tum channel V475 as

I(A)B)y := max _I(A)B)

yePure(AA)

NAB(ga) - (39)
Interestingly, E_, (N4~%) and I(A)B)x coincide.

Theorem 12: Let N' € CPTP(A — B) be a quantum channel.
It then holds that

E_, (N*78) = I(A)B) . (90)

Consider a channel N' € CPTP(A — B). The most general
bipartite state p € D(A3B3) to which this channel can be
converted with the help of LOCC; is given by

pA333 — 5A23—7A3Bs ONA—>B (O—AAz) ,

where £ is in LOCC;. Since we can purify o by enlarging
system A, and adapting £ accordingly, w.l.o.g., we will assume
that o is pure. For any natural number m, let |A3| = |Bs| = m
and we thus define the conversion distance

T (NAHB LOCC, CDm)

oD
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|
= — inf
2 £€LOCC,
yePure

)bt o B ()] 02)

1°

where a priori, the infimum also includes an infimum over |A;|.
Since the Schmidt rank of l//AA2 cannot exceed |A|, w.l.o.g., we
can fix |A;| = |A| (and adapt £ accordingly). Observe that the
equation above implies that (see Eq. (3))

T ( NA-B LOCC q)m)
— i A-B ((, AA) LOCC
= ‘//’gé{)rl}re T (N (a,bA ) - CDm) . (93)

The one-way e-single-shot distillable entanglement is then
defined as (cf. Eq. (89))

LOCC,

Distill?, (V) := max {logm . T (N —_— (Dm) < e}. (94)
Therefore, from Egs. (85) and (93), we get that

W,pePure

95)

Combining Thm. 11 and Thm. 12, we thus obtain
Theorem 13: Let N € CPTP(A — B) be a quantum channel.
It then holds that

Distill®, (\) < IAB)y + 5 (L) . (96)
1+¢

1-2¢ 1-2¢

V. DISCUSSION AND OUTLOOK

In this work, we studied entanglement distillation and dilu-
tion of states and channels in the single-shot regime [9], [10],
[13], [17], [22], [31], [36], [37], [38], [39], [40], [43], [72]. By
restricting the allowed error & with the recently introduced star
conversion distance [15], we determined surprisingly compact
closed-form expressions for the e-single-shot entanglement
cost and the e-single-shot distillable entanglement of pure
states, which allowed us to obtain second-order asymptotics
[16] and efficient methods to calculate these quantities on
multiple copies. Furthermore, we discussed generalizations of
g-single-shot entanglement distillation/dilution in which either
catalysis [51] is allowed or the maximally entangled states are
replaced by arbitrary pure entangled states. Since these results
are based on (approximate) majorization [45], [46], we expect
that similar results can be obtained in other majorization-based
resource theories such as coherence [73], [74], non-uniformity
[75], or quantum thermodynamics [76], [77], [78], [79], [80].

For mixed states, we expressed the e-single-shot entangle-
ment cost introduced in [17] in terms of a smoothed version
of the conditional max-entropy [18], [19] and showed that on
pure states, it coincides with the e-single-shot entanglement
cost based on the star conversion distance.

Furthermore, we provided closed-form expressions for the
smoothed min- and max-entropy [18], [19] and equipped them
with an operational interpretation in terms of the e-single-shot
distillable entanglement and entanglement cost of pure states,
respectively. Based on these results, we provided bounds on
the entanglement cost of quantum channels that coincide in
the zero-error limit. Concerning entanglement distillation, we
introduced the coherent information of entanglement and used
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it to upper bound both the one-way &-single-shot distillable -7 (pAB rocc O_A’B') . (99)
entanglement of states and channels.

Our work thus contributes to a better understanding of We, therefore, find with the help of [15, Lem. 3] that
how entanglement can be optimally manipulated and used to

implement a desired quantum channel and how this is related sz (wAB Loce ¢A’B’)
to entropic quantities. This is highly relevant to optimize 27"
technological applications in which entanglement plays a role,
which will lead to a better understanding of the relevance of - _Ti (WAB X |11Xl 17 @¢" B)
entanglement for quantum advantages.
<T(¢AB®|11X11|AB |11><11|AB®¢AB)
APPENDIX A
ADDITIONAL REMARKS =T (l//AB Loee, ¢A/B/)

In the Appendix, for completeness, we provide a few
additional comments. Technically Eq. (6) was not shown in =T (szB QIXI1AE |1 IX1118 @ p"'F )
[15], but it follows directly from what was shown: As expected

for a consistent definition, and because one can always append B wp LOCC B »
and remove separable states reversibly, < 42T, (YAB @ TIXTTAE — [11X11A8 ® ¢
LOCC  4p
7 (28 oA'B
(p or, (u/AB i ¢A'B’). (100)
=T (p" @ 1IX11AE 2255 j11x11pE @ oA ) | 7 .
(’0 @1t | W e ©7) Analogously to Eq. (97), and as expected, it also holds that

A technical proof is the following: p (p Ap LOCC A B,)

T(pAB®|11><11|AB’ O it e of"B’)
. —P(pAB®|11X11|AB |11><11|AB®0“), (101)
= inf {5||TAA’BB’—|11x11|f‘3®oﬂ’3’||1:

TeD(AA'BE) which follows from exactly the same arguments.

/p LOCC -
pAB®|]1X11|AB AABB}
APPENDIX B

< inf {% ”|11>(11|AB®TA’B’ —11X11[* 2@ ® }1 . PROOFS OF THE RESULTS IN THE MAIN TEXT

7€D(A'B)

In the following, we provide the proofs of the results

pAB ® |11)(11|A B |11X11|AB = } presented in the main text, which we repeat for readability.
Note that Thm. 1 was stated in [15] for the case AB = A’B’.
= { ||TA B _ SAB P roce TA’B’} The generalization to AB # A’B’ is trivial. For completeness,
Te‘“(A B) we provide it nevertheless.

Locc B Theorem 1: Let ¢ € Pure(AB),¢ € Pure(A’B’), and p €

=T (p"t — o8 . . .
(p o’ ) ©8) Pr0b¢(|A|),q € Pr0b¢(|A’|) be their corresponding Schmidt

and coeflicients. Then,
B A'BY _
T (,OAB®|11X11|AB |11X11|AB®0'AB) T, (W‘ - ¢ ) = ke[g%%ﬁ[g)]{”p”(k) - “q”(k)} . (102)
‘o Proof: We notice that the (by convention ordered) Schmidt
- % |95 — X112 g oV? | o o (by )
Tel\(AA BB') coefficients of
B A'B'
BTN O TAA,BB,% P @ [11X11] (103)
1 are given by
z reD(iArixfBB') %5 HTTAB TANBE _ gAF 1 e(llA ) p. (104)
AB®|11)(11|A/B/ LOCC ANBE where e(llA'D = (1,0,...,0) € Probi(IA’I). The Schmidt coefli-
P cients of

[T1X11[48 @ p*'F (105)

1 BB -
> inf %_ | Trap 455 — AT
TED(AA’BB') .
on the other hand, are given by
AB A'B A'BB
@ IIX1IAT 2255 Ty o
A @ X AB } e @ q. (106)

. 1 g g LOCC i
nf %5 [« -, p" —— P } The claim then follows from Eq. (5) and [15, Thm. 4].
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Theorem 2: Let & € [0,1), ¢ € Pure(AB), d := SR(y"?),
and p € Prob*(|A]) be the Schmidt coefficients of yAZ. The
g-single-shot distillable entanglement of 42 is then given by

k
Distill® wAB = min lo {—J ,
(™) keltdy E llpllw — &
where ¢ € [d] is the integer satisfying ||pll¢-1) < & < [Iplle)-
Proof: From Thm. 1, we find that for any m € N

(107)

T, (y** > @,) = max {IIpllwy = 1Pumll} - (108)
For m > d, this implies that
k
B - _—
Ty (' > ) = max {npu(k) m} . (109)
Next, consider the case m < d, i.e.,
min{k, m
T (147 > ) = ax {npu(k) - #} a0

Now assume that there exists an optimizer k* in the above
expression that satisfies k* > m. In this case, it must be equal
to d, since ||pl|) is strictly increasing for k € {m, ..., d}, whilst
% = 1 is constant. This implies that T, (y*% — ®@,,) = 0.
Assume on the contrary that there only exist optimizers k* <
m, and thus T, (¢*# > @,,) > 0 (otherwise k* = d would be
an optimizer too). In this case, we have that

min{k, m}
T B L, )= -
* (lﬁA m) Eélaa?]( %”p”(k) }

k
= - =, 111
ke% %||P||(k) m} (111)
since the maximum in the first line is reached for some k < m,
and itk k
M < (112)
m m

with equality for k < m.
In summary, we thus find that for all m € N, either
T. (v > ®@,) =0, or

k
T, (p'* - ®,) =%}I«{npu(k>—a} : (113)

Now let i be the largest m such that T, (¢*# - @,,) = 0 (and
note that 7 < d, since LOCC cannot increase the Schmidt rank
of any state). Remembering that by definition

Distill® (wAB) = max { logm : T, (l/IAB — CDm) < s},
this implies that
Distill® (y*#) > log (114)

with equality iff T, (1//AB - (D,;,+1) > &. Assuming that this is
not the case, i.e., that € > T, (1//AB — CDmH) > 0, it follows
from Eq. (113) that

Distill® (y*#)
k
= max {logm S pllw — — <e Vke [d]}
meN m

k
= max {logm plly — — <& Vke {f,...,d}}
meN m
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k
:max%logm :m<— Vke {{’,...,d}}
meN Ipllw — &
| ", )
=max jlogm : m< min ———
meN ke(t....d) |[pllgy — &
k
= min log {—J (115)
ke(l,....d) [Ipllwy — €
Moreover, by definition,
in(k.
A = max {m € d): Ipll — Tt vy e [d]} .
Since [Ipllay < 1, for k > m, lIpllay — = = [lpll =1 < 0

and thus

k
m = max {m € [d] : lIpllw — - <0Vke [m]}

k
= max {me[d]:llpll(k)—E sO\v’ke[d]é, (116)
from which follows that

k
max {Ilplkk) - %% <0<e. (117)

keld]

To conclude the proof, assume that Distill® (y*#) = log7n.
According to Eq. (114), this implies that

k
Ty (W2 - @pp) = -
« (P > D) max {||P||(k) P } >e,

and consequently

k
i = N : - —r<&p. 118
in = max {m €N : max {npu(k) m} < a} (118)
From this follows again that
Distill® (y*?) = log
k
= max {1ogm pllw — — <eVke [a’]} (119)
meN m

Continuing with the same steps as in Eq. (115) finishes the
proof.

Theorem 3: Let & € [0,1), ¢ € Pure(AB), d := SR(y*?),
and p € Prob'(JA|) be the Schmidt coefficients of y*. The
g-single-shot entanglement cost of 4% is then given by

Cost® (¢*?) = logm,

where m € [d] is the integer satisfying ||plln-1) < 1—& < [pllom)-
Proof: Let

(120)

k
byi=——— Vkelm]. (121)
“lipllay + &
Since for all k € [m — 1], it holds that
Ipllwy + & 2 lIpllwy = kpi 2 kpiy1, (122)
we find that
bt _ k+1  lplle +&
by k 1plle + pr+1 + &
k
_ (Ipllwy + &) + lIpllw + & 51 (123)
k(Ipllwy + &) + kpry1
and thus
by<by<--<by. (124)
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From Thm. 1, it follows that for any m € N

k
By _ —_— =
Tu (O — ¥*P) = max {m ”P“(k)} . (125)
In combination, it, therefore, holds that
Cost® (y*F) (126)
k
= min %logm = —lpllpy <& Yke [m]} (127)
meN m
—min%lo m : m>L \/ke[m]} (128)
ment | il + &
min {10 > M } (129)
= m . mz ————-
men | Ipllon + &
= 1 N > —
min {logm : |Ipllg > 1-¢€} . (130)

Noticing that ||plls) = 1 completes the proof.

The proof of Thm. 4 can be found in App. C.

Lemma 9: For any distribution p such that V(p) > 0, any
natural number n, and € € [0, 1), let

fue(P) := min {k : [p*llw > &} ,

fro(P) := min {k : [p¥|lw) > &} . (131)
Then we have that
. log f;:,s(p)_nH(p)
lim ————
Hm00 VnVip)
= i 208 /ne(P)—nH(p)
i AnV(p)
=0 (). (132)

Proof: According to [16, Lem. 15] (see also [50, Lem. 16]),
it holds that for any distribution p such that V(p) > 0,

kn(x)
lim [[p® o) = lim Y (p™)f = d(x),  (133)
n—oo n—oo l=1
where
ki) = [exp (H@™) +x V™) | (134)

In the following, we will use this to prove the Lemma.
For any ¢ > 0, let x = ®~!(¢ + 26). By Eq. (133), we have
for sufficiently large n that

D%l p = D) ~5 = 6 +6 > . (135)
By the definition of f, .(p) and k,(x), this implies that
log f,.(p) < logk,(x) < H(P®") + x /V(p®"). (136)
Taking n — co, we get
: log f.e(p)—nH(p) -1
limsup ——————— < x = ®" (¢ + 20). (137)

Since the above inequality holds for any ¢ > 0, we have

10g fn,s(p)_nH(p)
VnV(p)

Next, we prove the other direction by contradiction. Suppose

VnV(p)

lim sup <dl(e).

n—oo

(138)

lim inf <d e,

n—o00

(139)

5343
i.e., there exists a value r such that
1 n.e -nH _
liminf &S ®TH®) i (140
n—oo w/nV(p)
For any
0<6<® (&) -1, (141)

there thus exists a subsequence of n (denoted as n as well)

MR o fnH®) 1)
VnVip)
for sufficiently large n. This is equivalent to
fue®) <exp (nH() + (4 6) V(D))
< Lexp (nH(p) F(r+0) \/W)J F1. (143)

Since |[p®”||x) is non-decreasing in k, we have by the definition
of k, in Eq. (134) that

||P®n||(_f,1,6(p)) <P ik, (r+9)+ 1)

= “p®n”(kn(r+5)) + (P®n)(lkn(,+(;)+1)~ (144)

Taking n — oo on both sides and using Eq. (133) as well as
Eq. (141), we have

lim inf [[p® |l /...y < O(r + 6) < &. (145)
n—oo -

However, by the definition of f,.(p), we always have

IP*"ll¢,.pp > & which forms a contradiction to Eq. (145).

Since we are working in the asymptotic regime, the proof for
r .(p) works exactly analogously.

ne

Proposition 3: For any pure state ¢ € Pure(AB) with
Schmidt vector p, V(p) > 0, and ¢ € [0, 1), it holds that

Cost®(y®") = nH(p) — ®~' (&) y/nV(p) + o(Vn). (146
Proof: By Thm. 3, we have that
Cost®(y®") = log f;r | _.(P). (147)

The Proposition is thus simply a rewriting of Lem. 1 where
we used that (1 — &) = —®~ ().

Proposition 4: For any pure state ¢ € Pure(AB) with
Schmidt vector p, V(p) > 0, and € € [0, 1), it holds that

Distill?(W®") = nH(p) + "' (&) /nV(p) + o( Vn).

Proof: For any ¢ > 0, let x = (4 26). Using Eq. (133),
for any sufficiently large n, we have [[p®"||, ) = ©(x) =6 =
e+ 9 > € where k,(x) is defined in Eq. (134). Due to Thm. 2,
we find that

(148)

Distill‘g(wm)slog{ k() J

[IP®|k,x)) — €
Ky, (x)

g IP® i, xp) — €

= log ky(x) — 1og(IP®" ll,x) — &)

< nH(p) + x \/nV(p) — log (B(x) — 6 — &)

= nH(p) + x \/nV(p) — log (5). (149)

<lo
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Note that ®~!(-) is continuously differentiable and thus x =
O !(g +26) = D '(g) + O(5). Considering & = 1/n, we have

Distill®(y®") < nH(p) + @' (&) /nV(p) + o(Vn).  (150)

Next, we prove the converse direction. For n large enough,
we have

k
Distill*(y®") = min lo {—J
Y rete 08 IP*" lly — €

k
> min |log| 0>~
kel d][ g(Ilp®"||<k>—*’9)}
k
> min |1 — )1
= ket [Og(l— )]

= log fue(p) —log(l —&) — 1
> nH(p) + @' (e) y/nV(p) + o(Vn),
where the first inequality follows from log|x] > (logx) — 1,

the second from ||pllky < 1, and the last from Lem. 1. This
completes the proof.

(151)

Lemma 10: Let ¥, ¢ € Pure(AB) with Schmidt coefficients
p and q, respecitvely. Then

s cLocc 0\ )Oif H(q) < H(p),
T (‘”4 - ) B ga : H(§@®) = H(p)else.

Proof: The first case is obvious from Eq. (19). If H(q) >
H(p), let r* be a minimizer in Eq. (20) and let

e=T. ({ﬁAB cLocc ¢AB).

This implies that r* € B,(q), and thus @© > r* and
H(@®) < H(@I*) (because the Shannon entropy is Schur-
concave). It follows that §® is a minimizer too (by definition,
3 1la® - q|, < &), and we can thus restrict the optimization
without loss of generality to steepest e-approximations, i.e.,

T, (d’AB cLocc ¢AB)

=min {e € [0,1] : H@®) < H(p)} .

(152)

(153)

However, for & > &, it follows that q® € Bi(q) and thus
q® > @@ and H@®) < H@®). H(@®) is thus monotonically
decreasing in &, and by the construction of (1(8), also continuous
in £. Noting that H(§") = 0 < H(p) finishes the proof.

Theorem 5: Denote by p the vector containing the Schmidt
coefficients of y € Pure(AB). Then

Cost? (y**) = log 271, (154)

where
H?(p) = min H(r)

reB.(p

H ()

is the e-smoothed Shannon entropy and p® denotes the
steepest g-approximation of p [46].

Proof: We first note that log ’VZH (f’(s))-‘ is an upper bound on

the cost, since for m = ’72H (l—,m)"" T, ((I)m % WAB) =0if

(155)
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logm > H(p) (see Lem. 2), and if not, T, ((l)m croce W‘B)
0, where ¢ is such that

H(p®) = log PH(p{”)W > H (p®)

and thus ¢ < & (see the proof of Lem. 2).

To show that this is not only an upper bound, we first note
that H (p@) <H (p(g)) implies 6 > €. In the proof of Lem. 2,
we argued that H ([")(5)) <H (p(5>) implies ¢ > . However, we
cannot have ¢ = &, because then we find H (p*) = H (p*©).

Now assume that we have an integer m with m < {2” (pm)—‘
and consider two cases.

i) Case 2/(P”) € N. This implies that

logm < H (p) < H(p)

(156)

(157)

and according to Lem. 2, T, ((Dm % !//AB) is given
by ¢ such that
H ([_)(6))

and thus ¢ > .
ii) Case 27(»”) ¢ N. The assumption m < {2;1(13(5’)—‘ then

implies that m < PH (pm)J and therefore

=logm < H (p*) (158)

logm < log LZH('_’(S))J < log (ZH(’_’(E))) < H(p) (159)

and according to Lem. 2, T, ((I)m rore, (J/AB) is again
given by ¢ such that
H (p(é))
and thus 6 > &.
In summary, we showed that for m < (2*’ (1_’(5’)-|, it follows

CLOCC
that T, gd)m
0

the pro

=logm < H (p*) (160)

lﬁAB)
. To conclude, we note that
H (p') = H" (p)

because of Schur-convexity (see [46, Prop. 3]).
Theorem 6: Denote by p the vector containing the Schmidt
coefficients of iy € Pure(AB). For ¢ € [0, 1),

> g, which finishes the first part of

(161)

Distill® (gbAB) = rggﬁ)}; { logm : H® (u,) < H (p) }
and the optimization over m can be restricted to
|24 | <m < LQL"?Z”MJ ,

where h(x) = —xlog(x)—(1—-x)log(1—x) is the binary entropy.
Proof: Using Lem. 2, we find that

7, (g SO, ) - 0if logm < H(p),
* m 5 H( (‘”) — H(p)else.

(162)

Let m € N be such that H( “”) < H(p). I logm < H(p),

T, (5 S0, @AB) _ 0, if not, T, (W%W) iy

with § such that
H(a)) =

H(p) > H (a) (163)
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CLOCC
l//AB ,

and thus § < . In either case, T, @48 | < & and

such m_can thus be achieved. If m € N is however such that
H (ﬁf,f)) > H (p), we have

logm = H(u,,) > H (&) > H (p) (164)
and thus T, (z,bAB croce (I)AB) = § with ¢ such that
H (@) =H(p) < H (a?) (165)

and therefore 6 > &, which shows that such m cannot be
achieved.

For & = 0, we therefore get that Distill? (y4%) = log [ 2H® |.
Since Distill? (y*#) < Distill? (y*#), | 2® | is a lower bound
on the m over which we need to optimize. If m is an integer

such that m > 2H(m+h®J this implies that m > PR and
in combination with (see Refs. [81], [82])
logm — H (2?)
= |H(u,) - H (@)|
<h(e) + glogm (166)
we find
H°(u,) = H (ﬁf}‘:)) > (1 —¢&)logm — h(e) > H(p). (167)

Lemma 11: Let p € D(XA) be a classical-quantum-state as
in Eq. (47), and for any m € [|A]], let p™™ be as defined in Eq.
(48). Then, for any € € [0, 1],

mdx(A|X)P

— 3 . 1 (m) _ XA

= mrg[}};l‘] {logm 3 ||p o ||1 < s}

= mrg[}ﬁ] logm : Z Dx ||pf H(m) >1-¢ (168)

xelk]

Proof: If p™ % p*A, there exists an x € [|A|] such that
py # 0 and the rank of p{™ equals m, from which follows that
(see Eq. (43))

HmaX(A|X)p(”’) = lOg ni. (169)

Using the definition of Hf, (A|X), (see Eq. (40)), we thus

max

obtain
max (A|X)P
. 1 XA _ XA
- i, om0 5 =),

1
: . (m) XA
smr%] {Hmax(AIX)pw '3 [0 =™, < 5}

= min {logm: % o™ = p*], Ss}. (170)

me[lAl]

To show that indeed we have an equality in the above
equation, we notice that by deﬁmtlon p(m) and p? commute.
Denoting the eigenvalues of p? by {1,,} we get that the only
potentially non-zero eigenvalues of pi’”) are

{6 192 a7

yelm]

5345
From this follows that
pr -,
l
= ‘/lylx y|x/ pr ”(m)‘ + Z /lle
y=1 y=m+1
1
= 2 [”p;‘ ||(m) (1/ ||p§: ”(m) - 1) +1- ||p/; H(m)]
=1~ [ot], (72
and thus
1 m
Sl =p N =1=3 e ot A73)

xe[k]

This proves that the two optimization problems in the Lemma
have the same solution, i.e.,

. 1
i foem 3107 =1 5

— : . A _

= min Jlogm: %}}px lof [y 21— (174)
Now suppose by contradiction that
Hp(AIX), < min $logm : > peet | z1-8p (175

nellAl] o
and let m be the smallest natural number such that
> x|t ||(m) > 1 — &. Further, let

= guxal @ Wl € B, (o) (176)

be such that HZ

max (A |X )/’ =
assumption,

Hnax(AlX),,. Then, according to the

logm > Hpax(AlX), = log max Tr[H X]

x€[k]:q.#0

(177)

so that Tr [I14 ] < m for all x € [k] : g, # 0. In particular, this
means that for any x € [k] : g, # O, pr ”(m 2 Tr[ XHfJX]
since HAX has a rank strictly smaller than m. Therefore, with

A= Y xx¥ e, (178)
xe[k]:q,#0
we have
pr Hpﬁ “(mfl)

> Tr [p¥ATIX4]

=Tr [wXAl'IﬁA] + Tr [(,oxA - a)XA) HﬁA]

> 1-Tr[(p* - ) ¥4

>1-g, (179)
where we used the fact that IT¥* < /¥4 and Tr (p** — w*4)_ =

3llw™ —p*4||; < &. This is in contradiction to the definition of
m as the smallest natural number such that > p, H 0
1 — &, which completes the proof.

|| (m) 2
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Theorem 7: For p € D(AB), the e-single-shot entanglement
cost is given by

Cost® (p*?) = me (180)

max

(AlX)

where the infimum is over all classical systems X and all
classical extensions p*48 of pAZ. Moreover, the infimum is
attained for a classical extension with |X| = |JABJ? and can also
be taken over all regular extensions of p8

Proof: We begin by showing a useful mathematical identity.
For € € [0, 1], let

I := min

me[.IAI] {IOgm : lf,]x%‘ XX:PX ||P? ||(m) >1- e} ,

J : = min min

pX;B me[iAu glOgm : Xx:px o ”(m) > 1 ‘9}’ (181)

where the optimizations over p*4 run over all regular exten-
sions pX48 of pA8 with |X| = |AB|*. Using the same convention,
let

9= §logm tme [IAI],g}(gg(pr ”pi‘”(m) >1 —s§,

Y, : = %mgm cme (ALY pe oty 2 1- s} . (182)

Since max,xs Y py [p% H(m) > Y pe|ot H(m) > 1-g it
follows that 9, C 9 and thus min®) < min®, for all regular

extensions p¥48. We therefore find that
I'=min® < minminY, = J. (183)
pXAB

From the definition of I =: logm*, it further follows that there
exists a regular extension p*2 of p*® such that

Dbt 215

Now assume that I < J, i.e.,

(184)

oz " <1y i {bgm S peletln 21~ }

< i foem: .5t 1]

<logm*, (185)

which is a contradiction. We thus showed that 7 = J.
Next, we remember that according to Eq. (37)

) = Em (0"7) .

Now recall that @, Loce, p*8 if and only if p*® can be
decomposed into an ensemble of pure states with Schmidt rank
no larger than m (sufficiency follows from Eq. (36), necessity
from the fact that the Schmidt number cannot increase [49],
[56], [83]). Moreover, according to Carathéodory’s theorem,
one can restrict consideration to ensembles consisting of at
most |AB|?> pure states. Following along the proof of Eq. (37)
in [57, Sec. B4], it then becomes clear that the infimums

LOCC
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in the definition of E, (see Eq. (35)) are achieved for a
decomposition into at most |AB|*> pure states and we thus find

that
pAB)

= min (l - pr ot H<m>)

=1- “}(%Zl)x lo2] )

P (q) Locc

= Em (0**
(187)

where the optimizations are over all classical systems X and
all regular extensions p*4% of pA8, with the optimal values
attained for |X| = |ABJ*>. The g-single-shot entanglement cost
as defined in Eq. (33) can thus be expressed as

Cost® (p*?)
= min {logm s 2 e el = 1= }
= mip min, legm: Xx:px el 21_‘9}
= ;mnHmdx(A|X)p, (188)

where we used Lem. 3 in the last line.
To conclude the proof, we show that the infimum can also
be taken over all classical extensions. Since the set of regular

extensions p*4% is a subset of the set of classical extensions

~XAB
P s

1nf H;fm(A|X)p > 1nf H?

max (A1X)5. (189)
The proof of the converse is very similar to the proof of
Lem. 3: Let p*4® be a regular extension of pA? satisfying

Hf (AIX), = inf s HS (AlX), (which exists according to
the previous parts of the proof) and let m be the smallest
integer such that Y .y Px H ol m 2 1 — & Now assume by
contradiction that there exists a classical extension pX4% of
P8 such that H, (A|X); < HE, (AIX), = logm (see Lem. 3).
Denoting by

= Z qx|xXx|X ® wj? € B, ([)XA)

max(A|X)P
logm > Hpu(AlX)y =

(190)

a state satisfying H,.x(AlX),,, we find that

log max Tr[ITJ ] (191)
x€[|A[]:gx#0

and thus m > Tr[I12 | Yx € [JA]] : g« # 0. With ITX* defined
as in Eq. (178), this implies again that

pr Hpﬁ H (m—1)
X

> Tr I:pXAHzA]
T [ ] £ T [ (0 - ™) 1]
> 1— Tr[(pXA _ (,UXA)_HzA]

>1-¢, (192)

which is a contradiction to the assumption.
The proofs of Cor. 1, Cor. 2, and Cor. 3 were provided in
the main text.
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Lemma 12: Let p € D(A) with |A| = d and let p € Prob(d)
contain the eigenvalues of p. Let further u® be the flat
distribution of dimension d. If % ||p —u@ ||1 < g, then

HE. (™) = logd, (193)
otherwise .
HE. (o™ =1o min{—}. (194)
) =log i \ ol — &

Proof: Let w € B.(p") be optimal in the sense that
Hpin(w?) = HE, (o). We first show that without loss of
generality, we can assume that w and p commute. To this end,
let A € CPTP(A — A) be the completely dephasing channel

in the eigenbasis of p. This implies that A(p) = p and thus

1 1 1
5 1A@) = plly = 7 1Aw) = APl < 5 llw = pll; < &, (195)

where we made use of the data-processing inequality and the
choice of w. Hence, A(w) is also in B,(o*). Moreover, since
A is unital and the min-entropy is non-decreasing under such
channels [18],

Hpin(A(w)) 2 Hyin(w). (196)

This implies that also A(w) is optimal. Moreover, by construc-
tion, p and A(w) commute, which proofs our claim.

Next, we notice that this allows us to reduce our analysis
to probability vectors: First, we extend our definitions in the
usual manner, i.e., for p, q € Prob(d), let

Hin(p) = —log|[plle, 197

where ||pll. denotes the largest entry of p. Denoting by p the
probability vector containing the eigenvalues of p, we can thus
express Hﬁlm(pA) as

Heg(0™) = max Hpin(qQ).

(198)
q<B.:(p)

This allows us to use a result from approximate majorization
presented in [46] concerning the existence of the so-called
flattest s-approximation: There exists a vector p©® € B.(p)
that is minimal with respect to the majorization relation in the

sense that q > p*® for all q € B,(p). Since r > s implies that
Hmin(r) < Hmin(s)s (199)

we obtain that
HEi(0) = Hin(p®) = —1og |Ip®|co-

From now on, we assume without loss of generality that p =
p’.

First, we notice that for € = 0, the Lemma is trivially true,
since

(200)

HY(p) = —log|lplleo = —log py (201)
and [l Y lloll
Wy _ Zmrpe cyor_ Wl o)
y y y 1
We will thus assume from now on that € > 0.
If 1
&2 lp - ull, (203)

5347

p® is given by u', since the flat distribution is majorized by
all other distributions of equal dimension. This implies that
HE; (o) = logd. (204)
If

1
&< §||p—u<d>||1, (205)

there exist unique a, b € [0, 1] and &, [ € [d] such that [46, Eq.
9]

a if x € [k],
PP =1ps ifk<x<l, (206)
b ifxell...d
and i
p” = (p) . (207)

Using in addition that p*® corresponds to a flattening of p (see

[46, Fig. 1]), we concﬁfde that
Pr+1 < a < Dk (208)

Moreover, according to [46, Eq. (7) and comment below]) and
taking into account the factor of 2 in the definition of the error,

& = Iplly) - ka. (209)
In combination with Eq. (208), this implies that
Pl — kpk < & <Pl — kPrs1- (210)
Now for y € [d], let
-
t, = Iplly, = @211)
’ y
and define [ as the largest integer in [d] such that
1} = maxt,. 212
P ea 12

We will now consider three different cases:
(i) Case 1 << d: In this case, by definition of /, we have

pllgy — lpiy1 — &
O<ty—t =
<h—14 0+ 1)
Ipi=1pllgy + €
0O<y-t).=—/—mm——— 213
<th—t -1 (213)
and thus
lIpllyy = 11 < € < Ipllgy — Ipig1- (214)

Comparing with Eq. (210), we thus find that [/ = k.
(i) Case [ = 1: This implies that
Ipll) — €

> , (215)

lplly—e=t>n=
which is equivalent to
&< p1—p2 (216)

Comparing with Eq. (210), we find again that / = k.

(ii1) Case [ = d: Here, we find that
l-¢ l-ps—¢
=1 tj 1 = — 217
7 a2 a1 -1 217)
and thus
€ 2 |Ipllq) — dpa- (218)
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Comparing with Eq. (210), the only possibility is again
=k
Due to Eq. (209), we finally conclude that

— &
a =t = max Iplly) — & 219)
yeld] y
and thus (see Eq. (200)),
— &
HE..(p) = —log max {M}
yeld] y
=logmin{—> (220)
vetd [ |pllyy — &

Lemma 13: Let q € Prob(n) and q # u. Then

k
-1, =2 ().

Proof: Assume without loss of generality that q = q' and
let z € [n— 1] be such that ¢, > 1 and g, < 1. Observe that

0=Z(qx—;) =Z(qx—r—l)+ > (qx—;) (221)
x=1 x=1 x=z+1
and thus ) )
)2 ()
ax-—-)=> (--a (222)
x=1 ( n x=z+1 n
Moreover,
k ! Z ! (223)
max === ==
keln] = 1 n o 1 n
and thus
n - 1
la-ul, =3 lo-
x=1
Z n l
= (%‘;)4‘2(;—%)
x=1 x=z+1
: 1
=2 i
s 2 (01
=2 - = 224
max (Ilqll<k> ) (224)

Corollary 5: Let p € D(A) with |A| = d, € € [0,1), and let
p € Prob(d) contain the eigenvalues of p. It then holds that

78 A : 4
Hiin(0™) IOg?el[ldI}%||p||([) _J-
Proof: If € = 0, the Lemma follows directly from the
definition. We thus assume from here on that £ > 0 and let
1€ € Prob‘(|C]) be the probability vector of which the first
entry is equal to one. The eigenvalues of p? @€ are given by
p® 1€ and

(225)

lim ; lp@1€—u@D| =1.

ICl—>o0 2 (226)

According to Lem. 4, for a fixed system C that is large enough
(and remembering that £ < 1), this implies that

max  Hyin (wAC)

WEB(pARYC)

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 71, NO. 7, JULY 2025

4
=log min { ——r——
8 retdcn {Ilp ® 1% - 8%

4
= log min %—} ,
celdl (|plley — &

where we used that |[p ® ICII({;) =1 for £ > d. In case that |C|
is not large enough in the sense that

(227)

% [pe1€—ulY| <& (228)

(if this happens for any C), the discussion above the Lemma
(see Eq. (65)) shows that the supremum will be reached for
larger C. This finishes the proof.

Theorem 16: Let € Pure(AB) and ¢ € [0, 1). The e-single-
shot distillable entanglement of ¥4? is then given by

Distill*(y?) = log Lzﬁgmwﬂj ’

where p? = Trp(y*®) is the reduced density matrix of y45.
Proof: According to the first line of Eq. (115),

Distill® (y**)
k
= max {logm D plly —— <& Vke [d]}
meN m

=max(logm : m<
meN

— Vke [d]%
Ipllwy — &

. k
= max jlogm : m <min ———
meN €[d] ||p||(k) —&

. k
min —— |,
g Lce[d] lIpllw — aJ
which finishes the proof by invoking Cor. 4
Lemma 14: Let F | ®,, Loce, NA*B)

(73). It holds that
F (q)m LOCC J\/‘AHB)
= min supF (@[(I)m](l//AA),NA_’B(wAA)>

yePure(AA) @

(229)

be defined as in Eq.

(230)

where the supremum is again over all LOCC superchannels ®
that map the state @,, to a channel in CPTP(A — B).

Proof: We begin by noting that
Dip(plior) = =2log F(p, o), (231)

where D), denotes the sandwiched Rényi relative entropy of
order 1/2 [84], [85]. The data-processing inequality of Dl/z
follows directly from the analogous property of the fidelity
and that Dy, obeys the direct-sum property, i.e.,

Dip (Z piliXil @ pi| Y piliXil @ m)
i i

= ZPi[)uz(ﬂiHO'i)
i

(232)

too. According to (the proofs of) [63, Prop. 8] and [64, Lem.
I1.3], it therefore holds that

DipNA B IMA B0 ))
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is concave in p*', where ¢4 is a purification of p*" and
MA 2B NADB gre quantum channels. In short, their argument
is the following: For any convex combination p?" = > p,p‘f',
suppose o’ has a purification [¢#4"). Then

WAy = Pty @ lgit) (233)

is a purification of the average state p*’. Since all purifications
are related by an isometry, there exists an isometric channel
WA=PA such that WA=PA(gAA") = yPAY" Then we have

Dip (NA’HB(%?A[) H MYE@ ))

Dip (WA—>PANA’—>B(¢;XA’)‘ WA—»PAMA’—>B(¢:)XA’))
D (NA’HBWA—»PA (¢;\A’) HMA’—>BWA—>PA (¢;\A’)>
Dij (NA’—>B(¢’PAA’) H A =B (g PAY ))

> Dyo (Z piliXil” ® NV~

> piliXil” @ MY B >)

=Y piDijp (N 2B )IMA =B (g)) (234)
where the first equality follows from the isometric invariance
of the divergence, the second equality follows as WA=P4 com-
mutes with N4 =8 and M4 5, the inequality follows from
the data-processing inequality of D;, under the dephasing
channel Y, [iXil” - iXil”, and the last equality follows from
the direct-sum property of D ;.
We thus find that
inf _max _Dyz (0,10 [N E )

OeLOCC yePure(AA)

. =~ AA A—B/ ,AA
it 0 0 )

_ . 3 AA A— B 1AA
= max inf. Dya (O1@u1g)H A 04h)

= max inf Bip (O [NTEA), 235)
wePure(AA) ®ELOCC
where the first and last equalities follow because the objective
function is invariant with respect to the purification. The
second equality follows from the above argument showing
that the objective function is concave in p*, the fact that the
objective function is convex in ®, and that we are thus allowed
to apply Sion’s minimax theorem (clearly D(A) is compact and
both sets over which we optimize are convex) [86, Cor. 3.3].
Remembering that Dy ;(pllo) = —21log F(p, o) and thus, e.g.,
inf _ max D (10,1 [N E@A)

B®eLOCC yePure(AA)

- inf  max —2logF(@[CDm](gl/A’i),N’i_’B((ﬁA’i))

©eLOCC yePure(AA)

= inf  max —2log F(@[@,,,](MA),NA_)B(MA))

®eLOCC yePure(AA)
sup  min F(O[®, 1), N B y)
©cLOCC yePure(AA)

=-2log

5349

=-2log F(®,, — N*7F) (236)

completes the proof.
Lemma 15: Let N € CPTP(A — B) be a quantum channel.
It then holds that

1 _ E(m) (NA*)B)

< (0, 55 o)

< /1= Egy (NA2B) .

Proof: We begin by showing the upper bound. To this end,
let T be the set of all LOCC superchannels ® for which
Q[D,,] is a channel from~A to B and consider an arbitrary
W € Pure(AA). Since y*4 can be prepared locally, for any
® € T, there exists an M € LOCC(A’B’ — AB) such that

(237)

o, (1) = M (@4), (238)
see Fig. 4. This implies that
o R SR B ()
= sup (010 (41). 477 (421))
00 (). 04
-F (@m Loee, NAHB) : (239)

where we used Lem. 6 in the last line. Moreover, recalling
first that the purified conversion distance can be expressed in
terms of E, (see Eq. (37)) and then its definition provided
in Eq. (8), we note that

b (4 (04)
- p? ((Dl/:;B' LOCC \A-B (wAA))

i i g LOCC
— i Pz(’ AHB( A)):(DAB
i, {7 (A (1)) 07 55
=1- sup FZ(M(CD;‘;,'B’) ,NA=B (wM»
MELOCC(A’B'—AB)

LocCC

<1-F? ((Dm — 5 N A”B) ) (240)

Since this is true for any € Pure(AA), it also holds that

Em (NAHB) = max Eg (NA*)B (@ﬁAA))
yePure(AA)
occ
<1-F? (CDm L—»J\/’“B), (241)
which concludes the first part of the proof.
To complete the proof, we must show that
F ((Dm roce, NAHB) > 1 = Egmy (N*78). To this end,
let

N&ZE = 3 NON;

x€[n+1]

(242)

be an operator sum representation of N\ A-B_ where we assume
for x = n+ 1 that /\/,,AQB = 0. Consider a superchannel ®
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LOCC

B[P

LOCC

‘t:

Fig. 4. Figure for the proof of Lem. 7. For fixed w , every state 74

B that can be obtained with a circuit as shown on the left can also be obtained with a

circuit as shown on the right by including the local preparation of wAA into the LOCC protocol.

of the form given in Eq. (77) where we choose k = n+ 1,

(ljc)qB() = V,(-)V* to be isometries, and EA~F () = M ()M
with
ViNx for x € [n],
(243)
\/IB - er[n] N;PxNx forx=n+1,

where P, := V,V: € Pos(B) is a projection to an m-
dimensional subspace. Since

Y N:P.N.< ) NiN,=1",

x€[n] x€[n]

(244)

this ensures that {M,},en+1) is a valid instrument. Moreover,

let ¢ € Pure(AA) be fixed but arbitrary and pA = Try [zﬂ“].
Remembering that F(Py + Py,Q0 + Q1) = F(Py, Qo) +
F(Py, Q1) whenever Py, P1,Qp, Q1 = 0, see, e.g., [87, Thm.
3.25], we get that

F Z (l;)—>B 5A—>B (wAA J\/‘A—>B(¢AA
x€[n+1
z Z[ J( FOP 0 € (M), NIt
x€[n]
- Z \/Tr [Nf—»B(lﬁAA)}'g)ﬁB o 5)/543/(%/&)]
= 62[:] )Tr [pANJEVxMx]
- 62[:] Tr [p/‘N;PxNX] , (245)
x€(n]

where we used in the third line that ./\ff_’B(a,erA) is pure.
Next, we recall that for a positive semidefinite operator A,
lAlly denotes the sum of its m largest eigenvalues. Taking
in Eq. (245) P, to be the projection to the m-dimensional
eigen-subspace corresponding to the m largest eigenvalues of
N.pAN? and utilizing Lem. 6 thus gives

> min supZ ‘NX AN;

pED(A) (N, } el

(m)

=1 - max inf

s 246
peD(A) (N} ( )

-3 [ty

xe[k]

(m)

where the optimizations involving {N.
sum representations of N.

Next, we will show that the right-hand side of the above
equation can be expressed in terms of E(,. To this end, for a
fixed Y4 € Pure(AA), let

B _ \A-B (wA/‘I)
Now every unnormalized pure state decomposition of pA8 =
> &8 corresponds to an operator-sum representation N,
of N in the sense that &8 = NA—B (wAA = NN
That every operator-sum representation defines a pure state
decomposition in this way is obvious. Now let {&48} be
a pure state decomposition corresponding to any operator-
sum representation {N,} and let {/\{ﬁB} be an arbitrary pure
state decomposition. According to [88], this implies that
there exists a unitary U such that |y?%) > UplédB).
Due to the unitary freedom in operator-sum representations,
{M = UyN; } is an operator-sum representation of N too,

and y}* = MA*B (:,DAA) This implies that

+} are over all operator-

i I ML L G|

xe[k]

=inf [ 1= ) po|Tra [£°]

xe[k]

o |- (247)

where the second infimum is over all normalized pure state
decompositions {p,, £48} of pA8 = N4=B <zﬁAA) =Y pi&lB.
Moreover, remember that according to Eq. (35),

= inf (1 - Z P || Tea [027]] (m)) (248)

where the infimum is over all pure-state decompositions pA? =
> px¥48. In combination, this shows that

Eqn (N*7F)
(v (o)

= max E,
WePure(AA)

Em) (
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= max inf|1- HTr [Nf_)B( A)]H
wePure(AA) {Nx} er[k] 4 wA (m)
= ma inf ( 1 Z HNA*B( A) H (249)
peD(A) (N (m)
Inserting this into Eq. (246), we find that
F ((Dm Loce NA*B) > 1= Eg (NA7F), (250)

which finishes the proof.
Theorem 17: Let N' € CPTP(A — B) be a quantum channel
and € € [0,1). Then

inf H?

max max

yePure(AA) oXAB
< Cost®(NA8B)
< max inf HY2(AIX),,

max
WePure(AA) oXAB

AlX)o

(251)

where the infimums are over all classical systems X and all
classical extensions o¥48 of o428 = NA=B(yA4). Again, the
infimums are attained for a regular/classical extension with
IX] = |AB.

Proof: Notice that for every i € Pure(AA), it holds that

- £ (044
max  Eqn (NH? (W‘A)) < s}, (252)

< inf { logm :
yePure(AA)

meN

which implies that
omax int {logm 5 En (N7 (41)) < of
max _ Eqn (NA*B (W‘)) < s}. (253)

< inf {logm :
meN WePure(AA)

On the contrary, assuming that
max inf {logm : Em (NA_’B (;bAA» < s}
WePure(AA) meN
max  Eqn (J\/A*B (wAA)) < a} (254)

< inf {logm :
yePure(AA)

meN

leads to a contradiction: Let m* € N be such that

log m*
= inf {logm: max _ Eg, (/\/’A—}B (wAA)) < 8}. (255)
meN yePure(AA)

This implies that there exists an y € Pure(AA) such that
E@ (NA*B (XAA)) < € and Egy (NA_’B (XAA)) > ¢ for

m = m* — 1 (and thus all m < m*, since Eg > Eg41)).
Consequently,
log m*
> max _inf {logm : Eg (./\/';)B (lpAA» < g}
WePure(AA) meEN
e - (7 () 5
me.
= logm*, (256)
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resulting in the promised contradiction. We thus showed that

max _ inf {logm : Em (NA_’B (WAA)) < 8}

wePure(AA) meN
= gég{logm : max _ Egy (J\/'AHB (l,bAA)> < 8}. (257)

wePure(AA)

We now turn to the main part of the proof.
According to Lem. 7, we have
P2 ((D LOCC NA—)B) > E( )( A—)B) . (258)

Combining this with the definition of the entanglement cost
in Eq. (74) gives

Cost®(N)

> . A—BY < }

> rlnrelg{logm Em ( )<e

= inf{logm : omax  Egy ( ( ) <e¢
meN yePure(AA)

= max inf{logm : E(m)< ( )) <e¢

(i) yePure(AA) mEN

s oz

P? (qnm - NA*B(W“‘)) < &
( NA-B (WAA))
=  max me H:

e max
(ifi) yePure(AA) XA

where (i) follows from Eq. (257), (i) from Eq. (37), (iii) from
Thm. 7, and the infimum in the last line is over all classical
systems X and all regular extensions o-X48 of NA=B(yA4).

For the converse inequality, expressing the cost in terms of
the fidelity gives

= max Cost®
WePure(AA)

AlX)o (259)

Cost®(N)

- inlg{logm : (CD %N) > V1 —s}
me.

< inf {1ogm : F(d)m LOESN) > 1 —s/z}

(i) meN

< inf {logm 2 Egy (W) < 8/2}

(i) meN

~ . Cont? (SR
WePure(AA)

= max inf H;fq/zﬁ((AlX)a , (260)
yePure(AA) XAB

where (i) follows from V1 —-& < 1 — g/2, (ii) from Lem.
7, the last two lines follow from the same steps as in Eq.
(259), and the infimum is again over all classical systems X
and all regular extensions oX48 of NA=B(yA4). The fact that
the infimums are achieved and can be taken over all classical
extensions follows from the analogous statements in Thm. 7.

Theorem 24: Let p € D(AB) with m = |A] = |B],
o € D(A’'B’), and N € LOCC{(AB — A’B’). The coherent
information of entanglement E_, is

1) monotonic under one-way LOCC, i.e.,

E_, (NAB—)A’B’ (pAB)) <E_ (,OAB) ,
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2) non-negative, i.e., E_(0"%) > 0, with equality if p*Z i
separable,

3) strongly monotonic under one-way LOCC, i.e., for any
ensemble {py, 0%} that can be obtained from p*# using
one-way LOCC and subselection, it holds that

Zp> (e3),

4) convex,
5) bounded by E_, (0"8) < E_, (®,,) = log(m),
6) superadditive, i.e.,

EL (0" ©0"") > £ (%) + E, (7).

Proof: 1. First observe that since N’ € LOCC{(AB — A’B’),
for any £L € CPTP(A’ — A’X) we have that £L o N €
LOCC(AB — A’B’X). Therefore,

E_, ( AB—A’B’ (pAB))

= sup I(AYB'X) .
LeCPTP(A’>A’X) ( )C N
< sup 1(A")B'X) M - (261)

MeLOCC,(AB—A’B’'X)

According to Eq. (82), every M € LOCC,(AB — A’B’X) can
be expressed as

MAB—)A’B’X = Z gf—)AX fB—)B , (262)
yeln]
with each £}~*X being a CP map such that Y . & €

CPTP(A — A’X), and each F(,) € CPTP(B — B’). Let further

be
gy = Tr [~ (p17)] (263)

and

oABX .

8 i(c/'A—)A/X (pAB) . (264)

dy Y
With these notations, we have

)= 2 e (@)

Yeln]

MABHA’B’X (265)

Remembering that
p(r?|c o)
=Tr ( Plog (TCD)) - Tr (TCD log (IC ® TD))
=Tr ( b log (TCD)) - Tr (TCDIC ® log (TD))
= Tr( Plog ( D)) —Tr (TD log (TD))
=-H (TCD) +H (TD)

= —H(C|D), = I(C)D),, (266)

it follows from the joint convexity of the relative entropy, the
data processing inequality, and the inequality in Eq. (261) that
E, ( NAB-A'B ( pAB))

< sup
MELOCC(AB—~A’B'X)

_ supD( Z a 543' (O,,yq'BX) H

Yeln]

A’ B—)B’
ey a7

ye[n]

I(A")B'X) M)

)

Authorized licensed use limited to: The Chinese University of Hong Kong CUHK(Shenzhen). Downloaded on June 27,2025 at 14:59:08 UTC from IEEE Xplore. Restrictions apply.

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 71, NO. 7, JULY 2025

B—)B BX
Ssuquy ( )

Yeln]
<sup) gD (o.fg’BxHIA/ ®o-fx>
yeln]

= supZ qu(A')BX)(Ty,

yeln]

H]A ®]_-B—>B (o BX))

) Ty

(267)

where the supremums are over all decompositions described
above corresponding to an M € LOCC(AB — A’B'X’).

Let {r;} € D(C) be a set of states that are mutually
orthogonal and {r;} a probability distribution. It is well known
(and follows from a straightforward calculation) that this
implies that

H (Z rﬂ'i) = rH(r) =Y rilog(r).

i i

(268)

If pA'BX .= > xein] poY B |xXxX, ie., is a quantum-classical-
state in D(A’BX), this implies that

I(A)BX), = Y pA(A)B),, :
x€[n]

Let p2'BX = p%'B @ |xXx|. From Egs. (266) and (268), we thus
find that

(269)

I(A")BX), = (pBX) _H (pA’BX)
= Z pH Z Px log(px)
x€[n] x€[n]
- Z px A BX + Z Px IOg(Px)
x€[n) x€[n]
= Y p.d(A)B),,, (270)

x€[n)

which proves the claim.
From Eq. (267), and remembering the notation from Egs.
(263) and (264), it then follows that

E_, ( "AB—A'B’ (pAB))
<sup ) q,I(A")BX),,

yeln]
= sup/(A")BXY)

= sup /(A")BXY)

Zys[n] q}*(fi‘*'B"@IyXy\Y

Zyew g;&aA’X(pAB)®‘yXy|Y P (27 1y}

where in the last line, the supremum is over all classical
systems Y with arbitrary dimension n, all dimensions of X,
and all instruments {E}' 4%} o).

Now let Z := XY. Since E474%(p*) := Y EA_’A (e

yeln] )

[yXy|¥ € CPTP(A — A’Z) for any instrument {€A }ye[n], we
find that
E. (NAB—>A’B’ (pAB))
< sup 1(A")BZ) £y (272)

E£CPTP(A—A'Z)

where the supremum is also over all dimensions of the systems
A’ and Z. We will conclude the proof by showing that the
second line in the above equation equals E_, (p*%), i.., that
we can restrict the supremum without loss of generality to
the case A’ = A (compare to Def. 1): Observe first that the
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coherent information remains invariant under local isometries.
If |A’| < |A], this implies that the supremum over CPTP(A —
AZ) cannot be smaller than the supremum over CPTP(A —
A’Z) (since we can always use an isometric embedding).

On the other hand, suppose that |A’| > |A|. In general,
we notice that in Eq. (272) (and similarly in Eq. (83)), the
supremum can be restricted to quantum channels of the form

gA—)A/Z — Z g?—)A/ ® |.XX.X|Z,

x€[n]

(273)

where each £474" is a CP map with a single Kraus operator.
This follows from Eq. (266) and the data processing inequality
of the relative entropy: An arbitrary £474% € CPTP(A — A’Z)
can be written as

ENNT = NN @ xXad, (274)

x€[n],ye[m]

where each 5;‘;” is a CP map with a single Kraus operator
M., : A — A’. Introducing another classical system Z of
dimension m,

gAML N el el e yE,  (275)
xe[nl,yelm]
is an element of CPTP(A — A’ZZ) and
EATNZ = Try, ofANZZ, (276)
It thus follows that
1(A")BZZ) &,
- D(é(pAB)HIA’ ® Try oé(pAB))
ZD(TrZ/ og(pAB)”IA’ ® Try o Try: og(pAB)>
- D(S(pAB)H I @ Try o€ (o))
=1(A")BZ) £ 277)

Since the supremums include a supremum over the classical
system anyway, this proves our claim.

Now consider a channel as in Eq. (273), i.e., each £474'(-) =
M,(-)M7; is a CP map with a single Kraus operator M, : A —
A’. According to the polar decomposition, each M, can be
expressed as M, = V,N,, where each N, : A — A is an
element of a generalized measurement, and each V, : A — A’
is an isometry. Defining an isometry

=Y Vit e bt

X

VAZ-AZ (278)

and a channel

NAZAZ() 1= 3" NLON; @ Xl
x€[n]
it holds that EA7AZ = YAZ2A'Z o NFAZ2AZ \where VAAZ(.) =

V(-)V*. Using again that the coherent 1nf0rmat10n is invariant
under local isometries, we find that

(279)

1(A)BZ) g, = I(A)BZ) s (280)

which completes the proof of 1.
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2. Let

ENMX(pty = Tr (") 10XO1* ® |0XO[*. (281)

It then follows that

E. (pAB)

= sup
E£eCPTP(A—AX)

21(A>B)€(p)
= H (p” ® |0X0¥)
=0.

1(A)BX) 0

— H (I0X0"* ® p* ® [0X0[¥)
(282)

According to [89, Thm. 1] (see also the announcement in
[90] and [91] for a review),

1(A)B), = H(p™) — H(p"") (283)

is convex in p*2. This immediately implies that if p® is

separable, i.e.,
P2 pigt eyl (284)

then [92]

A)B

Zp, H@P) - Hgl @y}) =0. (285

For any £ € CPTP(A — AX), £(p*B) is separable if p*® was
and thus

sup
E£eCPTP(A—AX)

E_ (0"?) = 1(A)BX), <0 (286)

Ep)
on separable states. Together with Eq. (282), this finishes the
proof of 2. It also follows immediately from the operational
interpretation of the coherent information detailed in [93].

3. Let p"® € D(AB) be a state. Any ensemble {py,a'ﬁlB/}
that can be obtained from it by means of one-way LOCC and
subselection is of the form

py=Tr (M;}_)A/
AT

y

®]_-B—>B' (pAB))’
1 Y N
= — M~ o FP (017),
Dy
i.e., Alice applies an instrument { M} e(,), with M, € CP(A —
A’) and }77_; M, € CPTP(A — A’), sends the outcome y to
Bob, who then, conditioned on y, applies a channel F, €
CPTP(B — B’) [67].
Now define a channel N € CPTP(AB — A’A;B’B,) as

N = ZMA"A ® Xyl ® F,

(287)

BB @ lyxyl™, (288)

where Ay is a classical system in Alice’s possession and B; a
classical system in Bob’s possession that are used to store the
outcome of our instrument.

Let C(A” — A’X|Ay) be the set of channels that can be
written as

gA’AAaA’AsX(TA’AA

= ZSA P Ty, (Xl ) @ 11X (289)
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where each &, € CPTP(A — A’X). Clearly, N' € LOCC;, and
CA" - A’X|Ay) c CPTP(A’A; — A’A X). Observing that

N@E*®) =) " poy® @yl @ Xy, (290)
-

it thus follows from monotonicity and Eq. (269) that

E. ( pAB)
2EL (N (o))

= sup
EECPTP(A’Ay—A’ A X)

I(A’A)B'B,X)

I(A’ADB'BX) ¢ 1)

= sup

ECE(A'>A'XIA,) £oNp)

= sup
{£)ECPTP(A’ > A’ X)}
’ ’
I(A A5>B BAX) Z> py“:(y)(o'?/kr)®|1X1|AY®|YX)’|BS

= sup
{E4)€CPTP(A’ > A’ X)}

, ’
D PIAANBX) g (e
Y

> E£eCPTP(A’—A’X))

= > pEL (7).
>

which finishes the proof.
4. Convexity is inherited from the convexity of / (A)B) [89,
Thm. 1]: For p*% = to*8 4+ (1 — )74% and 1 € [0, 1],

E( pAB)

= sup
E£eCPTP(A—AX)

I(A)B'X) g

(291)

1(A)BX) £

= sup I(A)BX _
E€CPTP(A—AX) ( )ZE(UH(I NEM
< sup

t1(AYBX) ., .+ (1 —nDI(AYBX
56CPTP(A—>AX)( () )5(‘” (1=0i(A) )5(r)>

<t sup I(A)BX)

£ECPTP(A—AX)
+(1-0

E(o)

sup
E£eCPTP(A—AX)

=1E, (c*?) + (1 - nE (*P).
5. Let ®,, € D(AB) be the maximally entangled state with
m := |A| = |B|. This implies that
E, ((DAB)
> 1(A)BX),,
= H (@) - H (@)

m

[(A>BX)5(T)

(292)

= log(m). (293)

Moreover, for any state p € D(AB) and any channel £ €
CPTP(A — AX) with m = |A| = |B|, we have that £(p) is

quantum-classical and we can thus apply Eq. (269) to find
that

E. ( pAB)

= sup 5
E£€CPTP(A—AX) £

Y pd(AB) .,

1(A)BX)

< sup
{pr.04B)
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= sup
{peoiB) 7

< sup prlog(m)

{px.0iB) x

pi[H (o) = H (07")]

= log(m). (294)
In combination, this proves that
E_, () = log(m). (295)

6. From the additivity of the von Neumann entropy and Eq.
(266), it follows that

HAXBE) e = 1B) o + TAOB) e (296)
This implies that
E (p** @ P
= su I(AA"YBB'X .
SECPTP(A,BHAA'X) ( )S(pAB®(r/\ w)
= su I(AAYBB' XX’ .
SECPTP(AA&AA/XX/) ( )g(pAB®D_A By
z su I(AAYBB' XX’ o
EECPTP(IA)_UAX) ( )E(pAB)®g (A8
E’eCPTP(A'—A’X")
= sup [1 AYBX
EeCPTP(A—AX) ( )S(pAB)
E'eCPTP(A’—-A’X")
+I(AYB'X') g/(m*’w)]
= - (0"%) + E= (o). (297)

Theorem 25: Let p € D(AB) and & € (0,1/2). Then, the
one-way e-single-shot distillable entanglement is bounded by

1+¢ &
E_ ("B h ,
(p )+1—28 (1+8)
(298)

where A(x) := —xlog x—(1—x)log(1—x) is the binary Shannon
entropy.

Proof: Let m € N be such that Distill®, (0*#) = logm, and
thus

Distill?, (p*f) <

1-2¢

LOCC,  aip
T (pAB — @23) <e. (299)
LOCC,  4ip
This means that p*® —— 4% for some state o € D(A’B’)
that is e-close to ®A'B". Therefore, from the monotonicity of
E_, under one-way LOCC we get that

E- (o) 2 EL (0"7) .

Next, we use the fact that o4'% is e-close to ®,, to show
that the right-hand side of the equation above cannot be
much smaller than log(m). Indeed, combining the continuity
of I(A")B'), := —H(A'|B"), (see [94, Lem. 2]), with the fact
that I(A")B")e, = logm (this follows directly from Eq. (266)),
gives

(300)

E_ (")
> 1(A")B),

> I(A")B)o,, — 2elogm — (1 + £)h (L)
1+¢

= (1 - 2¢)log(m) — (1 + &)h (i) . (301)

14+¢
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The proof is concluded by combining this inequality with Eq.
(300).

Lemma 16: Let p € D(AB), and @, € D(A’B’) be the
maximally entangled state with m := |A’| = |B’|. Then,

LOCC, , [ Locc
T\p——Qpn | =P \p— D

sup Tr[®,N ()] ,
N€eLOCC;
where the supremum is over all N' € LOCC{(AB — A’B’),
and P is the purified distance as given in Eq. (7).

Proof: Let G € LOCC(A’B" — A’B’) be the twirling map
introduced in [95] acting on any w € D(A’B’) as

=1- (302)

G (w) :=/ dU (U@ U)w(U ® U)* (303)
U(m)

where dU denotes the uniform probability distribution on the
unitary group proportional to the Haar measure. It was also
shown in [95] that

G () =1-Tr[®pw) 7+ Tr[@pw] Dy , (304)

where 7 € D(A’B’) is given by 7 = (I — ®,,)/(m* — 1). From
this follows that for all w € D(A’B’)

1 1
711G (@) = @l = (1-Tr[®,w] )5 I = ®ll;

=1-Tr[®,w] , (305)
where the last equality follows from the fact
I m?
-0, =|———-—5—D. =2 306
||T ”1 ‘mz -1 mz —1 . ( )

From the data processing inequality and the fact that @, is
invariant under the twirling map G, it follows that for all A €
LOCC (AB — A’B’) and all p € D(AB)

1 1
3 IV (0) = @l > 5 16 o N (p) = @ylly (307)

Since Go is also an LOCC; channel (G can be implemented
with shared randomness) it follows from the inequality above
that the conversion distance can be expressed as

LOCC, . 1
T () = f - -0
(,0 — m) NE%.,I]OCQ 2 ”g ON(p) m”]

Eq. 305) > =1- sup Tr[®,N(p)] .
N€eLOCC,

(308)

This completes the proof.
Theorem 28: Let N' € CPTP(A — B) be a quantum channel.
It then holds that

E_, (N*7) = I(A)B) . (309)

Proof: From its definition (see Def. 1) we know that for all
p € D(AB), it holds that E_,(p"8) > I(A)B),. Combining this
with the definition in Eq. (88) gives
EH /\/—A_)B > max [(A)YB) nrios( i
( ) wePure(AA) A )N ()

= I(A)B), . (310)

To obtain the reverse inequality, observe that

max £ (N (44))

WePure(AA)
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=  sup  I(A)BX)

EeCPTP(A—-AX)
WePure(AA)

< sup I(A)BX)
O reDAAx)

= sup Y pd(AYB)ies(ui
) eDAAX) yopm '

gAHAX®_/\/’A4»E(¢AA—)

NA-B (O.AAX)

= max_I(A)B)ri-s( 4
TeD(AA) (AIB) s (i)

i I(A)B)y (311)
where (i) follows by replacing £474X(y*%) with arbitrary
o € D(AAX), (ii) follows from expanding X as 44X =
> epy P @ |xXxl¥, and in (iii), we used that in Eq. (89),
we can replace the maximum over all pure states in Pure(4A)
with a maximum over all mixed states in D(AA) because the
coherent information is convex.
Thm. 13 was proven in the main text.

APPENDIX C
COMPUTABILITY

In the following, we will provide the proof of Thm. 4 pre-
sented in the main text as well as additional related results. To
this end, we begin by showing that ”p®" H (& can be computed

efficiently. Due to Thms. 2 and 3 which express Distill® (y*5)
and Cost® (wAB) in terms of the Ky-Fan norm, this will then
allow us to derive the promised results. Moreover, we will
provide explicit algorithms that can be used to compute all
relevant quantities.

Lemma 17: Let n,k,d > 1 be integers and p € Probl(d).
Algorithm 1 can be used to efficiently compute ||p®” || "

Proof: Note that the n-fold tensor product p®* has r :=
(";fl_l) different terms p}'p5*--- pl), where the n; are non-
negative integers such that ny + n, + -+ + ng; = n (see
multinomial coefficient), which is a polynomial in n for fixed
d. Bach term p' i’ - piy' repeats (, " )= ;o times.
First, we sort these r terms in non-increasing order to obtain
the ordered vector (si,s»,---,s,). Let v; be the number of

times that s; repeats. From this, we get that

(p®n)l:( S1 5,00, Si 5, Sy ) (312)
V| times v; times v, times

Let Ny := 0, Ny := Zi;l v;, and Py = Zf;l v;s;. Then we have
that ||p®"||v,) = Px and for any m € [Ng, Niy1],

P lomy = Skg1(m — Ni) + Py

= Sk+1(m — Ngy1) + Py (313)

Therefore, a complete algorithm is given in Algorithm 1.

At this point, let us mention that in Algorithm 1, essentially,
we first create an ordered vector and then search it. The search
part, i.e., determining which interval m belongs to, can be
accomplished with (one of the variations of) binary search,
see Algorithm 2. This reduces the required search time, but as
a trade-off, one needs to compute and store all values of N
and Py.

In summary, we showed how Hp®"

& can be computed
efficiently. To compute Distill® (z//®”), we must determine the
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integer m satisfying [Ip®"||pn-1) < & < [[p*"llony (see Thm. 2, also
for notation). That this can be done efficiently is the content
of the following Proposition.

Proposition 5: For any p € Probl(d), integer n > 1, and
€ € [0,1), the integer £(p®", &) := min{m : |[p*"|ln > &} can
be computed efficiently by Algorithms 3 and 4.

Algorithm 3 Efficient Evaluation of the Threshold

Input: p = (p1,--+ ,pa) € Prob! (d), integer n > 1,
e€[0,1)

Output: /(p®",¢)

1 Compute the r := (”j‘_ﬁl) different terms p7*ps?
where ny +ng + -+ +ng = n;

2 Sort the r terms in non-increasing order resulting in the
vector (81,82, ,S,). Let v; be the number of times
that s; is repeated;

n
...pdd

3 Let N:=0, P:=0;
4 foreach k < [r] do
5 Let N «— N + v, and P <+ P + v sg;
6 if ¢ < P then
7 ‘ return {ikp +NJ +1;
end
9 end

Algorithm 4 Efficient Evaluation of the Threshold via Binary
Search

Input: p = (p1,-- ,pa) € Prob! (d), integer n > 1,
e€[0,1)
Output: /(p®",¢)

1 Compute the r := ("jﬁ;l) different terms pi'py? - - - pl*
where ny +ns + - +ng = n;

2 Sort the r terms in non-increasing order resulting in the
vector (1,82, ,8,). Let v; be the number of times
that s; is repeated;

3 Let Ny :=0, Py :=0, and Vk € [r], N}, := Zle v; and
P, = Zle Vi 845

4leta=0,b=r;

5 while True do

6 Let c = [(a+b)/2];

7 if P. <& < P.y; then
8 ‘ return {% + NCJ + 1;
9 else if ¢ < P, then

10 | b

11 else

12 | a—c+1;

13 end

14 end

Proof: The Proposition/Algorithm 3/Algorithm 4 are essen-
tially variations of Lem. 17/Algorithm 1/Algorithm 2 and we
will thus employ the notation used there. The principal idea
is again that the elements of p® repeat many times. After
calculating again the ordered vector (si,s$2,-:-,s,) and the
number of times v; that s; repeats, we do a “rough” search
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and determine the integer j such that P; < & < Py, that is,
determine which interval ¢ := £(p®", &) falls into (remember
that ||p®*|lv,) = Px)- This can be done efficiently and implies
that N; < £ < Nj; . Moreover, according to Eq. (313), we
know that for any m in this interval,

IP® lmy = sj41(m — N;) + P;

= sjp1(m—Njp1) + Pjp, (314)
and thus
E— Pj+1
t=|———+Njy |+ 1 (315)
Sj+1

This is exactly what Algorithm 3 returns. Algorithm 4 is again
the variant employing binary search.

After we showed how to determine ¢ = £(p®", £), accord-
ing to Thm. 2, what remains to do in order to compute
Distill® (y®") is to solve the optimization problem

k
min log| — |.
reto i 08 UP@"”(k) - SJ

That this can be done efficiently is a consequence of the
following Proposition.

(316)

Proposition 6: For any p € Prob‘(d), integer n > 1, and
g €[0,1), let £ = £(p®*, ). Then

k

_ (317)
Ip®lk) — &

JSmin :=k€[rgi}}d,l]f(k) with  f(k) :=

can be efficiently computed by Algorithm 5.

Proof: If € = d", the minimum is taken at £. Otherwise, for
any ke{(,--- ,d" — 1},
k+1 k
IP®lk+1y —& Py — &
Pk, — &
AP lges1) — &)UP gy — &)

Let g(k) := [[p*"|lgy—k(p®");, — £ and thus

flk+1) = f(k) =

(318)

glk+ 1) = g(k) = (k + D@4, — 0™iy0) 2 0. (319)

This means that g(k) is non-decreasing in k. Now consider
three cases: If g(€) > 0, then g(k) > O forall k € {¢,--- ,d"—1}.
This implies that f(k) is non-decreasing in k € {{,--- ,d" —
1} (remember that by definition of ¢, [[p®|lg) — & > 0). The
minimum of f(k) is taken at £. If g(d"—1) < 0, then f(k) is non-
increasing and the minimum of f(k) is taken at 4". It remains
to consider the case that there is a k* € {{+1,--- ,d"—2} such
that g(k* — 1) < 0 < g(k*). In this case, it holds that for any
k<k"—1, gk) <0, and thus f(k 4+ 1) < f(k). Moreover, for
any k > k*, g(k) > 0 and thus f(k + 1) > f(k). That is, f(k)
is decreasing in k for k € {{,--- ,k*} and non-decreasing in k
for k € {k*,---,d"}. So the minimum of f(k) is taken at k*,
which can be located via the bisection method. This takes at
most log(d") = nlogd steps.

Theorem 4: Let n € N, ¢ € [0,1), and ¢ € Pure(AB).
This implies that both Distill® (®") and Cost® (¢®") can be
computed efficiently.
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Algorithm 5 Efficient Evaluation of the Distillable Entangle-
ment
Input: p = (pi, - -
e€l0,1)
Olltpllt: fmin

,pa) € Prob(d), integer n > 1,

1 Use Algorithm 3 to compute ¢;

2 if { = d" then

3 ‘ return f;, = f‘%;

4 end

5 Use Algorithm 1 to compute g(¢);

6 if g(¢) > 0 then

7 | return finin = f(¢) using Algorithm 1;
8 end

9 Use Algorithm 1 to compute g(d™ — 1);
10 if g(d™ — 1) < 0 then

11 ‘ return f;, = f(d") = ldjg;

12 end

1Bleta=Fland b=d" —1;

14 while b > a+ 1 do

15 Let c= [(a+0)/2];
16 if g(c) > 0 then

17 | b—q

18 else

19 | a—q

20 end

21 end

22 return fu;, = f(b) using Algorithm 1,

Proof: That Distill® (z,b®”) can be computed efficiently fol-
lows from Thm. 2, Prop. 6, and the observation that

min lo u
ke(l....d") g Ip®"llwy — €

) { . k J
=1lo min ————— |.
® Leeleran Tl — &
Determining Cost® (zﬁ®”) is even easier: According to Thm.
3, we only need to determine the integer m € [d] satisfying
IPllgn—1y < 1 — & < |Ipllgmy. It is straightforward to see that this
can be achieved by running a slight variation of Algorithm
3 which is presented in Algorithm 6. Of course, a similar
adaptation is possible for Algorithm 4.

(320)

APPENDIX D
CLOSED-FORM FORMULA FOR REF. [14]

In this Appendix, we provide an efficient method to eval-
vate the fidelity of distillation defined in Eq. (71) as well
as Eg)’g(w‘@"). For an arbitrary pure state ) € Pure(AB),
let p = (p1,---,pu) be its Schmidt vector (ordered non-
increasingly according to our convention). Moreover, let /p =
(+/P1,- -, A/Pla)- The fidelity of distillation is then given by

[14] 1 )

where the distillation norm can be expressed as [62]

[IRV4 R [P

Algorithm 6 Efficient Evaluation of the Entanglement Cost

Input: p = (p1,--+ ,pa) € Prob! (d), integer n > 1,
e€[0,1)
Output: m

Compute the r := ("} /") different terms p}*ph? - - p/}

where ny +ng + - +ng = n;

2 Sort the r terms in non-increasing order resulting in the
vector (s1, 82, ,8,). Let v; be the number of times
that s; is repeated;

—

3 Let N:=0, P:=0;
4 foreach k € [r] do
5 Let N «— N + v, and P <+ P + v sy;
6 if 1 — ¢ < P then
7 return log P’fik’ + NW;
end

9 end

= VP on—ty + VKA = 1P llon—k)) (322)
with L= |

k* = arg min — 2ok (323)
1<k<m k

and |[p®"[l) := 0. To determine the fidelity of distillation, we
thus need to find k* first.

bet L= Ip®]
h(k) = w (324)
Then for any k € [m — 1],
1D sy + k(PE)},_, — 1
hk +1)—hk) = m 325
(k + 1) = h(k) Ay (325)
Defining
1k) = 1P sy + k@), — 1
= (k + DIP® lonto =KD m—t1y — 1, (326)

we have
1k + 1) = 1(k) = (k + D@ _,_, — @)} ) =0. (327)

So #(k) is non-decreasing in k € [m — 1]. Analogously to the
proof of Prop. 6, we can now consider three cases: If #(1) >
0, this implies that A(k) is non-decreasing in {1,---,m} and
k* = 1. If tim — 1) < 0, h(k) is non-increasing and we get

k* = m. Otherwise, there exists a kK’ € {2,--- ,m — 2} such that
t(k" = 1) < 0 < #(k’) and h(k) is again decreasing in k for k €
{1,---,k’} and non-increasing for k € {k’, - -- , m}. This implies

that k* = kK’ which can be located via the bisection method.
This takes at most log(d") = nlogd steps. The corresponding
Algorithm is provided as Algorithm 7. Once k* is determined,
we can use Algorithm 1 to compute

F®",m)

1
— /p®n
2
(II(\/ﬁ)@’"II(m_k*)Jr \/k*(l—llp®”ll<m-k*>)) . (328)

2

m [m]

1
m

Authorized licensed use limited to: The Chinese University of Hong Kong CUHK(Shenzhen). Downloaded on June 27,2025 at 14:59:08 UTC from IEEE Xplore. Restrictions apply.



5358

Algorithm 7 Efficient Determination of k*

Input: p = (p1,--- ,pa) € Prob'(d), integer
n>1m2>2
Output: k* necessary to determine F'(1)®™, m)

Use Algorithm 1 to compute #(1);
if t(1) > 0 then

| return k* = 1;
end

B W N =

Use Algorithm 1 to compute ¢(m — 1);
if t(m — 1) <0 then

| return k* = m;
end

w N & wn

9leta=1and b=m —1;
10 while b > a + 1 do

1 Let c= [(a+b)/2];
12 if t(c) > 0 then

13 | b

14 else

15 | a—c

16 end

17 end

18 return £* = b;

Algorithm 8 Efficient Evaluation of the Distillable Entangle-
ment of [14]

Input: p = (p1,--- ,pa) € Prob! (d), integer n > 1,
e€[0,1)
Output: ES)’E(z/J@")
1 if F(y®", 2) <1 —¢ then
2 | return 0;
3 end
i

4 if F(1p®" log hllfs)QJ) > 1 — ¢ then

5 ‘ return log log {%J,

{(ngJ ;

6 end

7 Let a =2 and b = log
8 while b > a + 1 do

9 Let ¢ = |(a+b)/2];

10 it F(1®" ¢) < 1 — ¢ then
11 | be—c

12 else

13 | a—c

14 end

15 end

16 return loga

According to [61, Lem. 1], the maximal achievable fidelity
between a state obtained by applying LOCC to any initial state
p € D(AB) with a maximally entangled state of dimension
m > |A| is given by V/|A|/m. This implies that

An
A > F®",m),

(329)

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 71, NO. 7, JULY 2025

and thus ES(y®) < log L(ll/ﬂ:)z

J. From this follows that
Algorithm 8 efficiently computes ES)‘S(w@’").
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