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Abstract: The asymptotic equipartition property (AEP) states that in the limit of a large
number of independent and identically distributed (i.i.d.) random experiments, the out-
put sequence is virtually certain to come from the typical set, each member of which is
almost equally likely. This property is a form of the law of large numbers and lies at the
heart of information theory. In this work, we prove a generalized quantum AEP beyond
the i.i.d. framework where the random samples are drawn from two sets of quantum
states. In particular, under suitable assumptions on the sets, we prove that all opera-
tionally relevant divergences converge to the quantum relative entropy between the sets.
More specifically, both the quantum hypothesis testing relative entropy (a smoothed
form of the min-relative entropy) and the smoothed max-relative entropy approach the
regularized relative entropy between the sets. Notably, the asymptotic limit has explicit
convergence guarantees and can be efficiently estimated through convex optimization
programs, despite the regularization, provided that the sets have efficient descriptions.
The generalized AEP directly implies a new quantum Stein’s lemma for conducting
quantum hypothesis testing between two sets of quantum states. Combined with the
accompanying work [IEEE TIT 72(4):2330-2342 (2026)], this addresses open questions
raised by Brandao et al. [IEEE TIT 66(8):5037-5054 (2020)] and Mosonyi et al. [IEEE
TIT 68(2):1032-1067 (2022)], which seek a Stein’s lemma with computational effi-
ciency. Moreover, we propose a new framework for quantum resource theory in which
state transformations are performed without requiring precise characterization of the
states being manipulated, making it more robust to imperfections. We demonstrate the
reversibility (also referred to as the second law) of such a theory and identify the regu-
larized relative entropy as the unique measure of the resource in this new framework.
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1. Introduction

1.1. Background. The asymptotic equipartition property (AEP) is a form of the law of
large numbers in information theory, stating that —% log p(X1, X2, -+, X,) is close
to the entropy H(X), where X; are independent, identically distributed (i.i.d.) ran-
dom variables and p(Xy, Xo,---, X;) is the probability of observing the sequence
X1, X2, -+, X,, [Cov99]. The AEP was first stated by Shannon in his seminal 1948
paper [Sha48], where he proved the result for i.i.d. processes and stated the result for
stationary ergodic processes. McMillan [McM53] and Breiman [Bre57] then proved the
AEP for ergodic finite alphabet sources. The result is now referred to as the AEP or
the Shannon—-McMillan—Breiman theorem. This property lies at the heart of information
theory, forming the mathematical foundation for applications such as data compression, '
channel coding [Sha48] and cryptography [HV93,VV95,Cac97].

The AEP can be represented in a more generic form in terms of entropic quantities:

lim lim ng(P@’"IIQ@”) = D(P||Q). ey
n

g—>0n—00

where P is a probability distribution, Q is a nonnegative function on a finite set and D
is a divergence of interest, ¢ is a smoothing parameter and D is the Kullback—Leibler
divergence, also called the relative entropy [KL51]. For instance, considering Q to be a
constant function equal to 1 and D be the min-relative entropy or max-relative entropy,
then the above equation reduce to the result by Shannon.

! The AEP has been proved to be almost equivalent to the source coding theorem by [VH97], which
reinforces the prominent role played by the AEP in information theory.
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The AEP has been generalized to quantum information theory, by replacing the
probability distribution with the density matrix of a quantum state and using quantum
divergences,

lim lim l]D>a(;0®"||<f®") = D(pllo), 2)

e—~>0n—oon
where p is the density matrix, o is a positive semidefinite operator. In particular, Hiai and
Petz [HP91] proved the case when D, is the quantum hypothesis testing relative entropy
and D is the Umegaki relative entropy. Ogawa and Nagaoka [NOOO] then strengthened
the result by removing the dependence on ¢ in the outer limit. These together formed
the well-known quantum Stein’s lemma in quantum information theory. Tomamichel
et al. [TCRO9] proved the case when p4p is a bipartite quantum state and osp =
I4 ® pp and D, is the quantum min-relative entropy or quantum max-relative entropy
[Dat09]. As the classical AEP plays an essential role in classical information theory, the
quantum AEP has also found plenty of applications, including quantum data compression
[Sch95], quantum state merging [Ber(09], quantum channel coding [DMHB 13], quantum
cryptography [Ren05] and quantum resource theory [FWTD19].

For many problems, the situation is not so simple and p®" and o ®" are not fully known
and do not necessarily possess the i.i.d. structure. All one knows is that they belong to
two sets of quantum states, <%, and %, respectively, making the existing quantum AEPs
not applicable. Such as scenario has been extensively studied in the classical information
theory and applied to practical problems (refer to [LMO02] and references therein) such
as classification with training sequences (e.g. speech recognition, signal detection and
digital communication) and detection of messages via unknown channels (e.g. radar
target detection, identification problem and watermark detection). This motivates us
to explore a more general notion of the quantum AEP by extending beyond the i.i.d.
structure of the source and beyond the singleton case. Specifically, we consider the
following limit:

o1 . .
lim —De ([ %,) =? with De(#11%,) := inf De(pnllon) 3)
n—oon PnE,
0n€PBn

where o7, is a set of quantum states and %, is a set of positive semidefinite operators
acting on H®", where ‘H is a finite-dimensional Hilbert space. This is a very general
framework that encompasses almost all existing studies of quantum AEP in the litera-
ture. For instance, if D, is the hypothesis testing relative entropy, then .47, is seen as a
composite null hypothesis and %, as a composite alternate hypothesis. Specific exam-
ples that were recently studied include composite hypothesis testing where .27, and %,
are convex mixtures of i.i.d. states [BBH21], as well as the generalized quantum Stein’s
lemma [BP10,HY25,Lam25], where <7, is an i.i.d. state (or the set of “almost power
states” [Lam25]) and %, is a set of quantum states.

1.2. Main results.

Generalized quantum AEP Under some structural assumptions on the sets <7, and %,
in particular the stability of the sets and their polars under tensor products, we prove
that the limit in Eq. (3) exists for both the hypothesis testing relative entropy Dy ¢ (a
smoothed form of the min-relative entropy) and the max-relative entropy Dpax ¢, Which
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represent two extreme cases in a family of quantum divergences. Both limits converge
to the quantum relative entropy between the sets. More specifically, we establish the
following:

Theorem 1 (Generalized AEP, informal). Let {.<7},},en and {5, }nen be two sequences
of sets of states such that each set is convex, compact, permutation invariant, and the
sequences as well as their polar sets are closed under tensor product. Then for any
e € (0, 1), it holds that

nD™ (/|| B) — O(n**logn) < Dy o (| B,) < nD™(|B) + On*logn).

(4)
nD®( | B) — O(n**logn) < Dumax.c(F||Bn) < nD®(||%B) + On*>logn),
(5)

where D® (/| %) = lim,_ %D(%Ilﬁn), which can be estimated with explicit
convergence guarantees and can be efficiently computed given that <ty and %, have

efficient descriptions.

A central ingredient to the proof of this result is the superadditivity of the measured
relative entropy between two sets of quantum states under the stability assumption of
the polar set,

DM(dec”%nHk) > DM('Q{m ”f@m) + DM(M(”%IC) (6)

This superadditivity result makes crucial use of the variational expression of the mea-
sured relative entropy [Pet08,BFT17]. We note that [RT24,RTT24] used a condition
that is similar to the stability assumption of the polar set to show additivity of the rela-
tive entropy of entanglement for various classes of states. We now proceed with some
remarks concerning Theorem 1:

o (Generality.) All assumptions, except for the one regarding polar sets, are standard in
most existing literature (e.g., [BP10,BHLP20,HY25,Lam?25]). The polar assumption,
while technical, is satisfied in many cases of interest (see Table 2 later). For instance,
it holds when the set is a singleton of i.i.d. state, as in the existing quantum AEP;
when the set consists of the identity operator tensored with all density operators,
which is relevant for conditional quantum entropies; or when it is the image of a
quantum channel or a set of quantum channels, a scenario that naturally arises in
quantum channel discrimination [FFF25a].

e (Relaxation.) Even in cases where the polar assumption is not directly satisfied, we
canrelax the original problem to meet the required conditions. This approach provides
an efficient approximation to the original problem, which may be difficult to solve
directly. We illustrate this approach in [FFF26] through applications in entanglement
manipulation and magic state distillation and anticipate that this approach has the
potential for more applications beyond the specific cases discussed therein.

e (Efficiency.) The leading order in the generalized AEP is characterized by a reg-
ularized quantity, which will be shown to be necessary in general through specific
examples. However, the asymptotic limit comes with explicit convergence guaran-
tees and can still be efficiently estimated via convex optimization programs, despite
the regularization, provided that <7, and %, have efficient descriptions. The detail
of this computational aspect is provided in the accompanying paper [FFF26].
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e (Explicit finite n estimate.) Our generalized AEP has a leading term that is inde-
pendent of ¢, corresponding to the strong converse property in information theory.
Moreover, while the leading order is characterized by a regularized quantity, we can
still provide an explicit estimate for finite 7, making its convergence controllable in
the finite block length regime. Even though the bound we obtain on the second order
term is O (n?/3 logn) instead of the usual O(4/n), this is a rare case where we can
explicitly bound the convergence rate for a regularized quantity.

e (Divergences.) The results apply to the two extreme cases of quantum divergence;
therefore, any divergence that lies between the hypothesis testing relative entropy
and the max-relative entropy, or is equivalent to these, will yield a similar result.

Quantum stein’s lemma with composite hypotheses Quantum hypothesis testing is a
pivotal concept in quantum information theory, forming the foundation for numerous
applications, including quantum channel coding, quantum illumination, and the opera-
tional interpretation of quantum divergences. A central task in hypothesis testing is to
discriminate between quantum states corresponding to the different hypotheses, with the
goal of determining which state is actually provided. In this work, we investigate quan-
tum hypothesis testing between two sets of quantum states, .27, and %,,. The fundamental
difficulty in analyzing such a hypothesis testing is that both hypotheses are composite
and extend beyond the i.i.d. structure. We need to control the type-1 error o (<, M)
within a constant threshold whenever the sample is drawn from .7,, in order to pre-
vent the extremely bad case from passing the test. The asymmetric setting then seeks
to determine the optimal exponent at which the type-II error probability (%4, M)
decays, known as the Stein’s exponent, while keeping the type-I error within a fixed
threshold €. Specifically, the goal is to evaluate

Be (|| By) := inf  {B(Bn, My) : a(y, Mp) < €}. )
0<M,<I
Theorem 2 (Quantum Stein’s lemma with composite hypotheses, informal.). Given the

same assumptions on { Ay nen and {PBylnen as stated in Theorem 1. Then for any
€ (0, 1),

. 1
Jim — log B (%) = D (/| B). ®)

This result extends the well-known quantum Stein’s lemma to a significantly broader set-
ting. Notably, by leveraging the generalized AEP in Theorem 25, the rate of convergence
in our version of Stein’s lemma can be explicitly quantified. Furthermore, the Stein’s
exponent can be efficiently computed via convex optimization programs, despite the
regularization involved, provided that .7, and %, have efficient descriptions. Combined
with the accompanying work [FFF26], this addresses open questions of considerable
interest in the community, particularly those seeking a Stein’s lemma with efficient
estimation, as discussed in [BHLP20, Section 3.5] and [MSW22, Section VI].

The discussion on the reduction to the classical case and the comparison with various
versions of the quantum Stein’s lemma is presented below:

e (Reduction to the classical case.) If {97, },en and {%,, },eN are classical probability
distributions, then the measured relative entropy coincides with the quantum relative
entropy. In this case, we can show that D (<7, | %,) is additive. Therefore, the Stein’s
exponent D (/|| A) can be replaced by the single-letter quantity D (< | %) with-
out regularization.
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o (Quantum Stein’s lemma.) Let <7, = {p®"} and %, = {0®"} be two singletons.
Then it is easy to check that these sets satisfy all the required assumptions. Therefore,
our quantum Stein’s lemma with composite hypotheses covers the quantum Stein’s
lemma [HP91,NOOOQ] as a special case.

o (Generalized quantum Stein’s lemma.) Theorem 2 is incomparable to the generalized
quantum Stein lemma of [BP10,HY25,Lam?25]. It is weaker in the sense that we
have the additional assumption on the stability of the polar sets under tensor product
for the alternate hypothesis 2, but it is stronger at least in two ways: it allows
for a composite null hypothesis <7, whereas the results of [BP10,HY25,Lam25]
are restricted to <7, = {p®"} (or the set of “almost power states” [Lam25]), and in
addition we can obtain efficient and controlled approximations of the Stein’s exponent
as presented in Theorem 1.

o (Composite quantum Stein’s lemma.) The composite quantum hypothesis testing
studied in [BBH21,MSW22] does not satisfy the stability assumption of the sets.
Therefore, it is not comparable to our result or the previous generalized quantum
Stein’s lemma [BP10,HY25,Lam?25].

o (Quantum Stein’s lemma for restricted measurements.) In [BHLP20, Theorem 16],
the authors proved a quantum Stein’s lemma for restricted measurements, assuming
that the measurements and the set of quantum states are compatible [Pia09]. In this
work, we do not impose constraints on the performed measurements. As a result,
the measurements and the set of quantum states in our result may not be compatible
in their context, making our result not directly comparable to theirs. It is also worth
noting that our Stein’s lemma possesses the strong converse property (i.e., its conver-
gence is independent of ¢), whereas the Stein’s lemma for restricted measurements
[BHLP20, Theorem 16] only establishes a weak converse property (i.e., it requires
taking ¢ — 0).

Second law of quantum resource theory The existing generalized quantum Stein’s
lemma is closely related to the second law of quantum resource theory, which states
that transformations between p®”* and ¢®™ can be performed reversibly [BP10,HY25,
Lam?25]. Based on the new quantum Stein’s lemma with composite hypotheses, we
propose an extended framework that enables state transformations without requiring
precise characterization of the states being manipulated. This approach enhances the
framework’s robustness to imperfections. Specifically, let .%, denote the set of free
states and RNG represent the set of asymptotically resource non-generating operations.
If it is possible to transform an unknown source state p, € <7, into a specific target state

om € Ay under RNG, we define m/n as an achievable rate. We show that the optimal

. . T RNG . .
achievable rate in the asymptotic limit, denoted as r (;z{ — %’) , is characterized by

the following theorem.

Theorem 3 (Second law of resource manipulation, informal.). Let {7, },eN, {Pn}neN
and { F, }nen be threes sequences of sets satisfying the same assumptions in Theorem 1
where <7, € D(H®") and B,  D(H®") are the sets of source states and the sets of
target states, respectively, and F, € D(H®") are the sets of free states. Then it holds
that
RNG D> (A ||.F)
g (”‘2{ - ‘@) ~ D (B|F) ©)
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Table 1. Overview of notational conventions

Notation Descriptions

Ha Hilbert space on system A

|A] Dimension of H 4

Z(A) Linear operators on H 4

A (A) Hermitian operators on H 4

H(A) Positive semidefinite operators on H 4

A (A) Positive definite operators on H 4

2(A) Density matrices on H 4

o, B,EC Set of linear operators

¢° Polar set 6° := {X : Tr[XY] < 1,VY € €} of €

(N Polar set restricted to positive semidefinite cone ° N %,

Co Polar set restricted to positive definite operators ¢’° N J.,

€* Reverse polar set 6* := {X : Tr[XY] > 1,VY € €} of €

Cr Reverse polar set restricted to positive semidefinite cone €* N 7%,
ol Reverse polar set restricted to positive definite operators ¢* N 74,

CPTP Completely positive and trace preserving maps

CP Completely positive maps

log(x) Logarithm of x in base two

As a consequence,
r|of RNG, Br (A RNG, o) =1. (10)

This result demonstrates the reversibility of the proposed framework, indicating that
transformations between <7, and %, can be performed without any loss. Moreover, the
transformation rate is entirely characterized by the regularized quantum relative entropy,
establishing it as the “unique” measure of resource within this new framework.

1.3. Organization. The organization of the remaining content is as follows. In Sect. 2,
we introduce necessary notation and preliminary results on convex optimization and
quantum divergences that will be used throughout this work. In Sect. 3, we present the
variational formula and superadditivity of the measured relative entropy between two
sets of quantum states, which serve as the main technical tools for proving our main
results. In Sect.4, we present our main result on the generalized AEP and its formal
proof. In Sect.5, we derive a quantum Stein’s lemma with composite hypotheses by
applying the generalized AEP. In Sect. 6, we introduce a new framework of quantum
resource theory and prove its reversibility. In Sect. 7, we give a conclusion of this work
with several open problems for further study.

2. Preliminaries

2.1. Notation. In this section we set the notation and define several quantities that will
be used throughout this work. Some frequently used notation are summarized in Table 1.
Note that we label different physical systems by capital Latin letters and use these labels
as subscripts to guide the reader by indicating which system a mathematical object
belongs to. We drop the subscripts when they are evident in the context of an expression
(or if we are not talking about a specific system).
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2.2. Polar set and support function. In the following, we introduce the definitions of the
polar set and support function, along with some fundamental results that will be used in
our discussions.

Definition 4 (Polar set and support function). Let € C 7 be a convex set. Its polar set
is defined by

C°={X Tr[XY]<1,VY €€} ={X : he(X) < 1} (11)
where A is the support function of %

hg(w) := sup Tr[wo]. (12)
oeb

Let €Y := ¢°NJ; and €7, := €° NI, be the intersections with positive semidefinite
operators and positive definite operators, respectively.
Similarly, the reverse polar set of ¢ is defined as:

¢ ={X Tr[XY] = 1,VY € €} ={X : hpy(X) = 1} (13)
where h is the reverse support function of %”:

hy(w) = ingﬂTr[a)a]. (14)

o€l

The support and reverse support functions are defined as convex programs. When &’
is contained in the cone of positive semidefinite operators, we have the following dual
representation.

Lemma 5 Let € C 7%, be a convex set contained in the cone of positive semidefinite
operators, and let o € ;. Then hy(w) = inf{t > 0 : w € 16}, where we set the
infimum to be +00 if {t > 0 : w € t€7} = ¥, and hy(w) = sup{t > 0 : w € t6}),
where we set the supremum to be 0 if {t > 0 : w € t€}} = 0.

Proof We write the proof for he, for i, the proof is similar. We start from “>" direction.
Lets > hg(w) > 0. We have hy(w/s) = hg(w)/s < 1. So w/s € € and therefore
w € s%;. This implies that s is a feasible solution for inf{t > 0 : w € t%;}, and we
get s > inf{t > 0 : w € t67}. As this holds for any s > hy(w), we get hy(w) >
inf{t > 0 : w € t%;}. Now we prove the “<” direction. Let z be any feasible solution
to inf{r > 0: w € t6;}. We have w = zX with X € €. Then hy(w) = zhy(X) <z
because X € €7 implies hy(X) < 1. As this holds for any feasible solution z, we have
hg(w) <inf{t > 0:w € t67}. O

Definition 6 (Stability.). Let H and H; be finite-dimensional Hilbert spaces. Consider
three sets .| C J€.(Hy), 95 € . (Hp), and o715 € J4.(H) @ Hz). We say that
{), o, <17} is closed under tensor product if for any X| € <7 and X, € %, we have
X1 ® X» € #». In short, we write .o/} @ @ C .
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The following lemma provides an equivalent condition for determining if the polar
sets of interest are closed under tensor product, which can be easier to validate for specific
examples.

Lemma 7 Let ‘H and H> be finite-dimensional Hilbert spaces. Consider three sets
A C I (Hy), o C . (Hp), and <A1y C 7, (H1 ® Ho). Their polar sets are closed
under tensor product if and only if their support functions are sub-multiplicative. That
is,

() ® (@) C (F2)5 = hy, (X1 ® X2) < hy | (XDhey,(X2), VX; € #(H).  (15)

Similarly, the reverse polar sets are closed under tensor product if and only if the reverse
support functions are super-multiplicative. That is,

(), ® (), C () <= hy (X1 ® X2) = h,y (X0h,, (X2), VX; € A (H).  (16)

Proof We focus on establishing Eq. (15), Eq. (16) is analogous. We start from “="
direction. Consider any X| € S (H1), X2 € J4.(Hy). Let t; and 1, be any feasible
solutions of the dual programs in Lemma 5 for ., (X1) and &g, (X2), respectively.
Then we have X € t1(#); and X, € t2(25)3. This implies X; ® X, € tit2(2); ®
(94); € tita(#12); and therefore 111, is also a feasible solution for the dual program
of hgn, (X1 ® X2). S0 hgy, (X1 ® X2) < t11p. As this holds for any feasible solutions
t1, 12, we have h 7, (X1 ® X2) < hg (X1)h g (X2). Now we prove the “«<” direction.
Forany Y| € (#); and Y, € (@4);, wehave 0 < hg (Y1) < 1and 0 < h g (Y2) < 1.
This implies that &4, (Y1 ® Y2) < 1 and therefore, Y1 ® Y» € (#/2)S. This shows
()3 ® ()2 C (2):. o

2.3. Quantum divergences. A functional D : & x £ — R is a quantum divergence
if it satisfies the data-processing inequality D(E(p)||E(0)) < D(p|lo) for any CPTP
map € and (p,0) € Z x ;. In the following, we will introduce several quantum
divergences and their fundamental properties, which will be used throughout this work.
Additionally, we will define quantum divergences between two sets of quantum states,
which will be the main quantity of interest in this work.

Definition 8 (Petz Rényi divergence [Pet86].). Leta € (0, 1)U (1, +00). Forany p € &
and o € J7, the Petz Rényi divergence is defined by

Lo logTr[p%0!7%], if (@ < land p L o) or (supp(p) < supp()),
Dpo(pllo) == .
+00, otherwise.
(17)

Definition 9 (Sandwiched Rényi divergence [MLDS+13, WWY14].). Let@ € (0, 1) U
(1, +00). For any p € & and 0 € J7,, the sandwiched Rényi divergence is defined by

Ds.a(pllo) = [ail log Tr [a%pa%} , if (e < land p L o) or (supp(p) < supp(o)), (18)

+00, otherwise.
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Definition 10 (Umegaki relative entropy [Ume54].). For any p € & and 0 € J77, the
Umegaki relative entropy is defined by

D(pllo) :=Tr[p(log p — logo)], (19)
if supp(p) € supp(o) and +oo otherwise.

When ¢ — 1, both Dp, and Ds, converge to the Umegaki relative entropy
[MLDS+13,WWY14],

lim Dpo(pllo) = lim Ds.o(pllo) = D(plio). (20)

When o — 0%, the Petz Rényi divergence converges to the min-relative entropy or the
Petz Rényi divergence of order O,

Olli_{lr(;+ Dy o (pllo) = Dmin(pllo) = Dro(pllo) := —log Tr[I1,0], 21

with IT, the projection on the support of p. When o« — oo, the sandwiched Rényi
divergence converges to the max-relative entropy [Dat09],

Jim Dso(pllo) = Dmax(pllo) := loginf {r eR : p <10}, (22)
if supp(p) < supp(o) and +oo otherwise. Let F(p,o0) = ||ﬁﬁ||1 +

VA =Tr p)(I1 — Tro) be the generalized fidelity and P(p, o) := /1 — F%(p, o) be
the purified distance. Let ¢ € (0, 1). Then the smoothed max-relative entropy is defined

by

Dmax,s(,@”a) = inf Dmax(p/”U), (23)
p':P(p',p)<e

where the infimum is taken over all subnormalized states that are e-close to the state p.

Definition 11 (Hypothesis testing relative entropy.). Let € € [0, 1]. For any p € 2 and
o € J7., the quantum hypothesis testing relative entropy is defined by Dy . (p|o) :=
—log Be(pllo) where

Pe(pllo) := min {Tr[oM] : Tr[p(I — M)] < ¢} . (24)

The following lemma combines [CMW 16, Lemma 5] and [QWW 18, Proposition 3].

Lemma 12 (One-shot relations.). Let o € (0, 1), a’ € (1, +00) and & € (0, 1). For any
0 € D and o € I, it holds that

« 1 o
log = < Dy (pllo) < Ds o (pllo) + ——— log
—1 & o' —1

Dyalpllo) + (25)

o 1—¢

Definition 13 (Measured relative entropy [Don86,HP91].). Forany p € Z ando € J7,
the measured relative entropy is defined by

Dy(pllo) := sup D(Pp mllPo.nr), (26)
(X.M)
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where D is the Kullback-Leibler divergence and the optimization is over finite sets X’
and positive operator valued measures M on X" such that M, > Oand .. M, =1,
Py, m is a measure on X defined via the relation P, p(x) = Tr[M, p] for any x € X.

A variational expression for Dy, is given by [BFT17, Lemma 1],

Dy(pllo) = sup Tr[plogw]+1 — Trlow]. 27

w€%+

Definition 14 (Measured Rényi divergence [BFT17].). Leta € (0, 1) U (1, 0o). For any
p € Z and o € J7,, the measured Rényi divergence is defined as

DM,a(p”U) = Sup Da(Pp,M”Pa,M)’ (28)
(X, M)

where Dy, is the classical Rényi divergence.

A variational expression for Dy o is given by [BFT17, Lemma 3],

inf aTr[pW]+(1—a)Tr[aW%], ifa e (0,1/2),

Wedsy
1 . [ L—l] .
_ inf  aTr|pW « |+(1 —a)Tr[cW], ifae[l/2,1),
Dyo(pllo) = o log { 2% P N ( ) Tr[o W] (1/2, 1)
sup aTr [pWT]+(1 — ) Tr[oW], ifae(1,00).
Weitiy

(29)

When @ — 1, the measured Rényi divergence converges to the measured relative
entropy. It is known that (e.g. [RSB25, Lemma 1]) Dy o is jointly convex for o € (0, 1]
and jointly quasi-convex for @ € (1, 00). For any £ € CPTP and o > 0, the data-
processing inequality holds (e.g. [RSB25, Lemma 4])

Dy o (E(P)IE(0)) = Dya(pllo). (30)

The following result establishes the ordering relations among various quantum rel-
ative entropies. While these relations are standard in quantum information theory, we
include proofs here for completeness.

Lemma 15 Let o € [1/2, 1). Forany p € 9 and o € ¢,
Dnin(pllo) < Dua(pllo) = Du(pllo) < D(pllo). (€2))

Proof The last two inequalities follow from the monotonicity in « of the classical Rényi
divergences and the data processing inequality for D. As Dy, , is monotone increasing

in «, it remains to show the first inequality for o = % By the variational formula in
[BFT17, Eq. (21)], we have

Dy.1pa(pllo) = —log inf Tr[pw '] Trlow], (32)
we 5

+
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which is the same as the Alberti’s theorem for quantum fidelity (see e.g. [Watl8§,
Corollary 3.20]). Consider a feasible solution w, = I1, + e(I — I1,) € J#., with
& > 0.1t gives Dy 12(pllo) > —log Tr[pwe_l] Tr[owe]. Since p has trace one, it gives
Tr[,oa)s_l] = Tr[p] = 1. Then we have

Dy 12(pllo) > —log Tr[owe] = —log[(1 — &) Tr 1,0 +¢]. (33)

As the above holds for any ¢ > 0, we take ¢ — 0% and get Dy12(pllo) >
—log Tr[I1,0] = Dmin(pllo), which completes the proof. A simpler alternative proof
for Dy, 1/2(pllo) = Dmin(pllo) is to consider the POVM {I1,, I —I1,} in the definition
of the measured Rényi divergence. This choice yields the achievable value Dyin(p]lo)
by direct calculation. O

Lemma 16 Let o € [1/2, 00). Forany p € 9 and o € 7, it hold

Dyo(pllo) = Dsa(pllo) = Dua(pllo) +2log| spec(o)l, (34)

where | spec(o)| is the number of mutually different eigenvalues of o.

Proof The first inequality is given by [BFT17, Theorem 6]. Now we prove the second
inequality. Let P, be a pinching map with respect to o. Then we have

Ds o (pllo) < Dso(Ps(p)llo) +2log | spec(o)] (35)
= Du.a(Po(p)llo) +21og | spec(o)] (36)
= Du,a(Po (p)Ps (o)) +21og | spec(o)] (37
< Dy.a(pllo) +2log | spec(a)| (38)

where the first line follows from [HT16, Lemma 3], the second line follows because
Ps(p) and o commute and therefore Ds o (Py (p)||0) = Dy.o (P (p)||0), the third line
follows by Py (0) = o and the last line follows from the data processing inequality. O

The following is a standard result from representation theory and is widely used in
quantum information theory; see, e.g., [Har05, Section 5], [BBH21, Lemma 2.4] and
[FF21, Lemma A.1].

Lemma 17 Let X be a permutation-invarant operator on £ (A®") with |A| = d. Then
| spec(X)| < (n+ D (n+d)* = poly(n).

In this work, we will focus on the study of quantum divergences between two sets of
quantum states.

Definition 18 (Quantum divergence between two sets of states.). Let D be a quantum
divergence between two quantum states. Then for any sets & € 2 and B C S, the
quantum divergence between these two sets of quantum states is defined by

D(o/ | %) = inf D(p|o). (39)
pe,z
0€Y
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Note that if D is lower semicontinuous (which is true for most quantum divergences
of interest and even quantum relative entropy in infinite dimensions [L.S23]), and .2 and
9B are compact sets, the infimum in the above expression is always attained and can thus
be replaced by a minimization [KZ05, Theorem 7.3.1]. From a geometric perspective,
this quantity characterizes the distance between two sets .7 and % under the “distance
metric” . In particular, if &7 = {p} is a singleton, we write D(p||A) := D({p}||B).
For two sequences of sets {7, },en and {%B), } N, the regularized divergence is defined
by

1
D> (/| 8) = lim ~D(%| %), (40)

whenever the limit on the right-hand side exists.

3. Variational Formula and Superadditivity

Unlike other quantum relative entropies, which are defined by closed-form expressions,
the measured relative entropy requires maximization over all possible quantum measure-
ments, making it inherently challenging to compute. This complexity is compounded in
the case of divergences between different sets of quantum states, where additional layers
of optimization transform it into a minimax problem. The following results address this
issue by providing variational formulas for Dy (<7 ||#) and Dy o (/|| %), reformulat-
ing them as more tractable convex optimization programs. Based on these variational
formulas, we establish their superadditivity, which serves as a key technical tool for the
main results of this work in the subsequent sections.

Lemma 19 Let of C 2 and B C F,. be two compact convex sets. Then it holds that

Dy( || %) = sup —hy(—logW), (41)
WeABs .

where the objective function on the right-hand side is concave in W.

Proof By the variational formula of the measured relative entropy in Eq. (27), we have

Dy (|| %) = inf sup Tr[plogW]+1—Tr[oW]. (42)
[OASH

Note that all o/, A, 7, are convex sets, with <7, % being compact. Moreover, the
objective function is linear in (p, o) and concave in W. So we can apply Sion’s minimax
theorem [Si058, Corollary 3.3] to exchange the infimum and supremum and get

Dy (|| %) = sup inf Tr[plog W]+ 1 — Trlo W] (43)
O E:

= sup inf Tr[plog W]+ 1 — sup Tr[o W]. 44)
We sy PET oceP
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By using the definition of the support function, we have

Dy(ANPB) = sup —hgy(—logW)+1—hg(W). 45)
Wediy

Next, we aim to simplify the objective function by moving the term 1 — k(W) into
the constraint. For this, let W INae a feasible solution in the alaove optimization and define
W = W/hg(W). Then h(W) = 1 and we will see that W achieves an objective value
no smaller than W. Indeed

~ho (= log W) = —hgy(—log W) —loghg(W) = —hgy(—log W) + 1 — hg(W)
(46)

where the inequality follows from the fact that log x < x — 1. Therefore, we can refor-
mulate

Dy(A|PB)= sup —hgy(—logW). 47)

Using the same argument as above, we relax the condition hz(W) = 1 to hg(W) <1
and get

Du(H| %) = sup —he(—logW). (43)
Weity
hag (W)<1

Finally, noting that h2(W) < 1 if and only if W € Z°, we have the expression in
Eq. (41). Note that —h(—log W) = inf ,c ./ Tr[p log W] is the pointwise infimum
of concave functions (since the matrix logarithm is operator concave), and therefore
—h o (—log W) is itself concave. O

Following the same argument, we can show the variational formula for the measured
Rényi divergence between two sets of quantum states.

Lemma 20 Let o C 9 and B C ., be two compact convex sets. Then it holds that

o
Do (| 5) =

log (%) (49)
a—1

with
inf hy (W) st W e M, VB, WaT <V, ifac0,1/2),

a

()= {inf hoy (V) st W e Aoy We 2, WS <V, ifaell/2, 1),

suph (V) stWeH,, WeB, WT >V>0, ifacl,+o),
w,V
(50)

where the right-hand side is a convex program.
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Proof We prove the result for o« € [1/2, 1) here. The other parameter ranges are similar,
and they are detailed in Appendix A for completeness. For any fixed p € o7 ando € 4,
we have by Eq. (29) that

Ovalpllo) = inf aTr [pwl—é] +(1—a)Tr[oW] (51)
We ity

= inf aTr[pV]+ (1 —a)TrlcW], (52)
W€y++
wi-a <y

where the second equality follows by introducing an additional variable V. Then we
have

sup Qy(,oHo) = sup inf  aTr[pV]+ (1 —a)Trlc W]. (53)
ped pesd W€=;/ﬁr+
oe#h oe#B wl-a<y

Due to the operator convexity of the function A — A”, for —1 < r < 0, all &/, #

and {(W,V) : W e ., Wl_é < V} are convex sets, with 7, 28 being compact.
Moreover, the objective function is linear in (p, o), and also linear in (W, V). So we
can apply Sion’s minimax theorem [Sio58, Corollary 3.3] to exchange the infimum and
supremum and get

sup O (pllo)= inf sup aTr[pV]+ (1 — ) Tr[o W] 54)
pesd We{ﬁJ, ped
oA wl-a<y oe%
= inf o sup Tr[pV]+ (1 — @) sup Tr[o W]. (55)
Weffﬁ pedd och
wl-a<v

By using the definition of the support function, we have

sup Q) (pllo) = inf  ahy (V) + (1 —a)hg(W) (56)
pel Wejlﬁﬁ
= wl-a<v
= inf  hy(V)*hg(W)' ™, (57)
WE,}iﬁ.+
wi-a <y

where the second line follows from the weighed arithmetic—geometric mean inequal-
ity ax + (1 — o)y < x%y!~ (with equality if and only if x = y) and the fact that
(W, V) is a feasible solution implies (KW, k'=1/2y) is also a feasible solution for
any k > 0. Therefore, we can choose k = (hy(V))*(hg(W))~%, which implies
h Q/(kl_l/ “V) = hg(kW) and therefore the equality of the weighed arithmetic—
geometric mean is achieved. Similarly, for any feasible solution (W, V) we can always
construct a new solution (W/hgz(W), Vhzg(W)/%~1) achieves the same objective
value. This implies
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sup OM(pllo) = inf (hy (V) = inf  (h (V)Y 58
peg O, (pllo) Wi, (hey (V) Wel%”++( o (V) (58)
oceAh wl-a <y wl-a <y

hag (W)=1 hg (W)<1

where the second equality follows by the same reasoning. Finally, noting that 1 z(W) <
1 if and only if W € %°, we have the asserted result in Eq. (50). It is easy to check that
the objective function % ., (V) is convex in V and the feasible set is also a convex set. O

The variational formula helps establish the following superadditivity of the diver-
gence between two sets of quantum states, which serves as a key technical tool for the
applications discussed in the subsequent sections.

Lemma 21 Let H;, H> be finite-dimensional Hilbert spaces. Consider convex and
compact sets &y  D(Hy), o5 S P(Ha), and /1y € P(H1 ® Ha) and also
B C I (Hy), B C H.(Ho), and PBo C . (H1 ® Hp). For o € (0, 1), assume
that (21); ® (#4); € (F2)] and (%1); ® ($2)3 € (P12)] then,

Do (@121 %12) = Do (A11151) + Do (21 52). (59)

For o > 1, Eq. (59) holds provided ()%, ® (25) C (12); and (1) ® (%)} <
(%12)7.

Proof Leta € [1/2, 1). Consider the convex program in Lemma 20 for Dy (<7 || %1)
and Dy o (95| %2). Let (Wy, V1) and (W2, V») be any feasible solutions for these pro-
grams, respectively. Then we will see that (W) @ W5, V| ® V,) is also a feasible solution
for Dy o (97121 %12) with a higher objective value. To see this, using the assumption, we
have that W € (%) and W, € (%,); implies that W; ® W, € (%12)]. Then by the
multiplicativity of the power function, we have

a—1 a—1 a—1
Wi@Wy) « =(Wp) o« (W)« <V ® Vs (60)

This confirms that (W) ® W», V1 ® V,) is a feasible solution for the optimization of
Do (12]|%12). By the assumption of (#)S ® () C (#2)S and Lemma 7, we
have h 7, (Vi ® V2) < hgy (Vi)h gy, (V2), which implies

o o o
loghg, (VI @ V2) > log h g (V1) + log h g (V2). (61)
a—1 a—1 a—1

As the above relation holds for any feasible solutions, we have the asserted result in
Eq. (59). The other ranges for « follow the same reasoning. O

Lemma 22 Let o C 9 and B C I, be two compact convex sets. Then

1in]1_ Dyo (%) = sup Dua(|B) = Du(A || B). (62)
a— ae(0,1)
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Proof Since Dy o is monotonically increasing in «, we have for any o > S,

Dy,o (| %) = inf Dy o(pllo) > inf Dy g(pllo) = Dups(|%).  (63)
ped ped
oA oA

So the divergence Dy o (27| %) is also monotonically increasing in «. This implies the
first equality in Eq. (62). Now we prove the second equality. Note that Dy o (ollo) is
lower semi-continous on .77, x ¢, for every o > 0 [MH23, Proposition III.11] and it
is montonic increasing in « for every (p, o) € Z x 9. Therefore, we can apply the
minimax theorem given by [MH11, Corollary A.2] and get

sup Do (%) = sup inf Dyu(pllo) (64)
ae(0,1) ae(0,1) PEL
=4
= inf sup Dyq(pllo) (65)
ped 4e(0,1)
oceXh
= inf Dy(pllo) (66)
ped
oceRB
= Dy (|| B), (67)

where the third line follows from the continuity of Dy, at « = 1 between a state and a
positive semidefinite operator (see e.g. [MH23]). O

Combining Lemma 21 and Lemma 22, we have the superadditivity for measured
relative entropy as follows.

Lemma 23 Let H 1, H> be finite-dimensional Hilbert spaces. Consider convex and com-
pact sets <) € P(Hy), o5 € D(Hp), and 1o € Z(H| ® Hz) and also B C
o (H1), B C A (Ha), and By € . (H1 @ Ha). Assume that ()] ® ()5 C
(22)3 and (%); & (%$2)S € (PB12)5. Then, it holds that

Dy(12(%12) = Du(1 (1) + Du( 2| %2). (68)

Remark 1 The above superadditivity is different than the result by Piani [Pia09, Theorem
1] under compatible assumptions. Here we do not put constrains on the performed
measurements. Therefore, the measurements and the set of quantum states may not be
compatible in the case here.

4. Generalized Quantum AEP

The asymptotic equipartition property (AEP) is a fundamental concept in information
theory that describes the behavior of sequences of random variables as the sequence
length increases [Cov99,HR11]. It essentially states that, for a large number of indepen-
dent and identically distributed (i.i.d.) random variables, the sequences exhibit regular
and predictable behavior when considered collectively, despite individual randomness.
This concept has been extended to quantum information theory, where the quantum ver-
sion of the AEP applies to quantum states and quantum entropy (e.g. [TCR09, Tom16]).
This extension is particularly useful in the study of quantum source coding and other
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Table 2. A list of sets that satisfy Assumption 24

Sets Mathematical descriptions

Singleton {(p®"} with p € P(H)

Conditional states {1y ® pn : pn € D(HEM))

Channel image (N® (o) 1 py € 2(H™)} with a quantum channel N

Recovery set {(Npn_cn (P,%g) : N e CPTP(B" : C")} with p € Z(AB)

Extensions set {wn € D(A"B™) : Trgn w, = p%n} with p4 € Z(A)

Incoherent states {on € 2(H®") : pp = A(pn)} with the completely dephasing channel A
Rains set {pn € S, (A"B") : ||pIBl'"B" 1 < 1} with the partial transpose T,
Nonpositive mana {pn € R AGAOER llonllw,1 < 1} with the Wigner trace norm|| - |lw. 1

quantum communication protocols. In this work, we further generalize the quantum
AEP beyond the i.i.d. framework by considering quantum states drawn from two sets
that satisfy the following assumptions.

Assumption 24 Consider a family of sets {.27, },,cn satisfying the following properties,

e (A.1) Each 7, is convex and compact;

e (A.2) Each .7, is permutation-invariant;

o (A3) ) Q@ W C Ak, forallm, k e N;

o (Ad) (F)2 ® ()3 C (i), forallm, k € N.

The first three assumptions are standard in much of the existing literature (e.g. [BP10,
BHLP20,HY25,Lam25]). The additional polar assumption (A.4) is also satisfied in many
cases of interest; see Table 2 below. Moreover, these assumptions imply the partial-trace
condition used in [BP10,Lam?25]; see Appendix B for details.

For instance, the assumptions hold when the set is a singleton of tensor product i.i.d.
states, as in the existing quantum AEP; when it consists of the identity operator tensored
with the set of all density operators, which is relevant for conditional quantum entropies;
or when it is the image of a quantum channel or a set of quantum channels, a scenario
that naturally arises in adversarial quantum channel discrimination. The assumptions are
also satisfied by the set of recovery states used in quantum state redistribution [BHOS15,
FR15,BT16,BFT17] and the extensions set used in Uhlmann’s theorem [Uhl76, MSR25,
FFF25b] and the set of incoherent states used in quantum coherence theory [BCP14,
WY16,RFWA18,DFW+18,FWL+18, HFW21].

It is also worth mentioning that even in cases where assumption (A.4) is not directly
met, we can relax the original set to fulfill the required conditions. For example, the
set of separable states does not satisfy the polar assumption, but we can relax it to the
Rains set [Rai01, ADMVWO02], which is widely used in entanglement theory and sat-
isfies all required assumptions. We can also relax the set of stabilizer states to those
with non-positive mana [WWS20], a technique used in fault-tolerant quantum comput-
ing. Exploiting this idea, we can obtain efficient and improved bounds for quantifying
quantum resources in several tasks of interest [FFF26].
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Now we proceed to present our main result in this work as follows.

Theorem 25 (Generalized AEP.) Let {y}nen and {5, }nen be two sequences of sets
satisfying Assumption 24 and <, < D(H®"), B, < H,(H®"). Let d = dim H.
Assume moreover that Dmax (%, || %,) < cn, for alln € N and a constant ¢ € R,. Then
for any ¢ € (0, 1), it holds that

.1 1
lim — Dy ¢ (%) = lim —Diax e (|| Bn) = D (|| B). (69)
n—oo n n—oon

In addition, D*° (o7 || #) can be estimated using the following bounds: for any m > 1,
we have

1 1
n_/lDM(JZ{m”%m) < D¥(H||P) < n—iD(ﬂmlle@m) (70)
with explicit convergence guarantees
1 1 1
— D(p || Bn) — — Daa( | Br) < —2(d* + d) log(m + d). )
m m m

If there is a constant C such that for any n > 1 and p, € ,,0, € By,
Dmax(pnllon) < Cn/4 and log Tr(o,) < Cn/4,2we can obtain explicit bounds of the
form:

—C'f(n, &) < Dye (|| Bn) —nD¥(A|| %) < C'f(n, 1 =), (72)

and

1 2
_C/f(nv 1 —2¢) — 10gg = Dmax,s(%”r@n) - nDOO(JZ{”%) = C’f(n, €) +10g 8_2’
(73)

1/3 1

;and C " only depends on C and the local dimension

where f(n, &) = n*/3logn log

2 For simplicity of exposition, we stated a rather strong condition that requires Dmax (on[lon) < Cn for
all p, € A, 05, € ABy. This condition is satisfied for example if o,, > A" I,, for some A > 0. A weaker but
more technical condition is sufficient for the statement to hold, see (x). This weaker condition only requires
the bound to hold for pairs pp, 0, achieving Dp o (%, |%,). As shown in [FFF25a], this weaker condition is
satisfied when the divergences correspond to optimized conditional entropies.
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Remark 2 (Approximating D°° (< || %) efficiently.) Eq. (70) provides converging upper
and lower bounds on D% (.27 || %) in terms of convex optimization programs as both D
and Dy are convex. In addition, if <7, and 9, are semidefinite representable (i.e.,
can be written as the feasible sets of a semidefinite program), then the upper bound
%D(%m || %) is a quantum relative entropy program [CS17,FF18] that can be solved

using interior point methods [FS23]. For the lower bound %DM(de%’m), we use
Lemma 19 to write

Dy( || Bm) = sup {—ho, (X) : W € (B)5,, X = —log W} (74)
W, X

= sup {—t+s5:1>0, We (B
W,X,t,s

9o X+sl €t(py), X = —logW}  (75)
where we used the fact that &, is monotone (i€., hgy, (X) < hy (Y)if X < Y)
since @, C S, and that hoy (X +sI) = hgy (X) +s as 4, C Z sothat hy (X) =
infg{hy (X+sI)—s: X+sI >0} =inf{t—s :7 > 0and X+sI € 1.7, X+sI > 0}.
If o, and %, are semidefinite representable, then, using semidefinite programming
duality, we know that the sets (%,,)S and {(¢,s,X) : ¢ > Oand X + s/ € 1(%,)3}
are semidefinite representable. The last constraint in (75) is convex since the matrix
logarithm is operator concave, and the whole maximization problem (75) can also be
solved using interior-point methods [FS23]. Further details on this computational aspect
are provided in the accompanying paper [FFF26].

The proof of Theorem 25 is provided in the following section.

4.1. Lemmas required to prove the generalized AEP. The proof of Theorem 25 requires
the following lemmas.

Lemma 26 (Subadditivity.) Let D be a quantum divergence that is additive or subaddi-
tive under tensor product of quantum states. Let {27y } ey and { B, }nenN be two sequences
of sets satisfying (A.1) and (A.3) in Assumption 24 and <7, € D(H®"), B, C H,.(H®"),
and D(,||%B,) < cn for alln € N and a constant ¢ € R,. Then for any m, k € N, it
holds that

D( sk | Bimsk) < D( A | ) + D( i | B ). (76)

Proof Note that the assumption D (o7, || %)) < cn ensures that all divergences considered
here are finite. For any p,, € ), 0y € B, pk € i and op € Py, we know that
Pm ® Pk € Dk and oy Q o € PByyii by the assumption (A.3). This gives

D( skl Brnsik) < D(om & prllom @ ox) < Do llom) + D(ok llow), (77
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where the second inequality follows by the additivity or subadditivity assumption of D.
As the above holds for any py,, o, ok, ok, we have

D( i l|Bmsx) < inf D(pm||am)+ lnf D(pkllok) = D(n | Byn) + D(k | B,

Pm €Y
Om 655’,” Uk Ej k
(78)
which completes the proof. O

Remark 3 Note that Dy 1/2(pllo) = Ds 1/2(pllo) = —log [F(,o||a)]2. Since the recov-
ery set satisfies Assumption 24, Lemmas 21 and 26 together imply that the fidelity of
recovery is multiplicative, as previously proven in [BT16].

By Fekete’s lemma [Fek23], if a sequence {a, },en satisfies ap4m < a, + apn, then
an /n converges. Therefore, if D satisfies the above assumptions, we have

1
D* (|| %) = inf1 —D( %) (79)
n>1ln

Lemma 27 (Continuity.) Let {7, }nen and { B, }nen be two sequences of sets such that
Ay S D(H®), B, C H(H®") and Duax (|| B,) < cn, for all n € N and a
constant ¢ € R,. If these sets satisfy (A.1), (A.3) in Assumption 24, it holds that

inf DY, (|12) = D®(A|| B). (80)

If these sets satisfy (A.1), (A.4) in Assumption 24, it holds that

sup Dﬁf’a(.;zf||%) = DX (A || B). (81)
ae(0,1)

Proof Note that the assumption on Dy, (<7, || %, ) ensures that all the divergences con-
sidered here are finite. Then the following chain of relations hold

1nf Dg%, (e ||#) = inf inf — Ds a (|| B) (82)
a>1n>1
1
= inf inf inf —Dgq(pnllon) (83)
a>1n>1p,ca, n
0,,6%’,,
= inf inf mf Dsa(anUn) (84)
n>1 p e, a>1
o, €PBy
. . 1
= inf inf —D(ppllon) (85)
n>1 p,eey, n
Gnezn
= 1nf D(«@( [EZ) (86)

n>1

Doo(ézflle@) 87)
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where the first and the last equalities follow from the assumptions (A.1) and (A.3) and
therefore the subadditivity of Ds 4 (27, (|%,) and D(97,|%,) from Lemma 26, and the
fourth equality uses the continuity of the sandwiched Rényi divergence at « = 1 between
a state and a positive semidefinite operator (see e.g. [LT15]).

Similarly, we have the following

1
sup Dy (%) = sup sup — Dy a (%) (88)
ae(0,1) ae(0,)n>11
1
=sup sup — Dy a(Fll %) (39)
n>1ae(0,1) 1
1
= sup — D(#, || %) (90)
n>1
= Dy (&%), 1)

where the first and the last equalities follow from the assumptions (A.1) and (A.4) and
therefore the superadditivity from Lemma 21 and Lemma 23, and the third equality uses
the continuity of Dy o (27, || %,) at o = 1 from Lemma 22. This completes the proof. O

Lemma 28 (Asymptotic equivalence.) Let { <ty },en and { B }neN be two sequences of
sets satisfying (A.1) and (A.2) in Assumption 24 and <#, < D(H®"), B, < H,(H®")
and Dyax (| %,) < cn, for alln € N and a constant ¢ € R,. Let d = dim(H) and
o € [1/2, 00). Then it holds that

1 1 1 1
;DM,a(ﬁfn”%n) = ;Ds,a(%”%n) = ;DM,a(fQ{n”'@n) + ;Z(dz +d)log(n +d).

92)
As a consequence, it holds that
Dy, (o | B) = Do, (o | B). (93)
Proof Since Dy o (pllo) < Dso(pllo), itis clear that
1 1
;DM,a(%II%’n) s ;Ds,a(%||¢%n)~ 94

Now we prove the second inequality. Let 7 be the twirling operation under permutation
group. Then for any p, € <, and o,, € %, we have 7 (p,)) € <, and 7 (0,,) € %, by
the permutation-invariant assumption (A.2) of {7, },en and {%, },en- This gives

Ds o (| ) < Dso (T (pn)IT (00)) 95)
< Driya (T (p) 7 (0n)) + 21og | spec(T (on))| (96)

< DuaT (I T@) +2log [+ ¥+ )| O

< Dua(pullon) +2log [+ 1 (a+ )], 98)
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where the second inequality follows from Lemma 16, the third inequality follows from
Lemma 17 and the fact that 7 (0,,) is permutation invariant, the last inequality follows
from the data-processing inequality of Dy;. As the above holds for any p, € <7, and
o, € $,, we have

1 1 2
DA B) < ~Dua(hll ) + ~log[(n+ D!+ )] (99)

Finally, noting that log[(n + 1)d(n + d)dz] < (d*+d) log(n + d), we have the result in
Eq. (92). Taking lim,,_, o, in Eq. (92), we have the relation in Eq. (93). m|

Lemma 29 (Finite estimation.) Let {,},eNn and {Bp}nen be two sequences of sets
satisfying Assumption 24 and <#, € D(H®"), B, C H#,(H®") and Dax (|| Bp) <
cn, for all n € N and a constant ¢ € R,. Then it holds that

1 1
— DG | B) < DZ(A N B) < — D( || B)- (100)
m m

Proof By the superadditivity of the measured relative entropy in Lemma 23 and the
subadditivity of the Umegaki relative entropy in Lemma 26 (by choosing o = 1), we
have

D (1%) = sup Dyl B, (o1
D®(A | B) =ni1nzf1% D( | Bo). (102)

This gives
Dyl F) = DF(ANB) = DX ANB) < DI Bp), (103)

where the equality follows from the asymptotic equivalence in Eq. (93) by choosing
oa=1 O

In order to obtain the explicit error bound, we use the following lemma.
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Lemma 30 Let {7, }en and { P, }nen be two sequences of sets satisfying Assumption 24
and <ty € D(H®Y), B, C A, (H®"). Let m > 2 and assume there is a constant C > 0
such that

c c
Vo € [1/2,1]: Dp3pp(p@)0\®) < oM and oy € By - logTr(op) < Zm,

(%)
where pix’ € i, 0" € B satisfy Do.a(pis”low”) = De.a( | Fn).
For 1 — (2+C)m <« < 1, we have
! 2d®+d)1 d
0 < D™( | B) — — Dys.o(n | Brn) < (1 — )2+ C)?m + (d* +d)log(m + )7
" m
(104)
andforl < a < l+m, e e
! 2(d* +d) 1 d
0 < — D o (| Brn) — DX(A || B) < (@ — )2+ C)’m + @ reylodes v
m
(105)

Proof We start by establishing (105). For that, we use the continuity of Dg o as @ — 1*
as stated in Lemma 40 (Appendix D). More specifically,

1 I .
_Ds,a(dm”%m): — inf Ds,a(pmllﬁm) (106)
m m py, €y

omEBm

1
< inf D(pmllom) + (@ — 1)(log n,,)> (107)
Pm ‘m
Ume—@m

D(p<”||o“>) + (@ — D(logn{P)? (108)

I /\

fora € (1, 1+ 1/1ogn,) where /1, = max(4, 22Pp.3/2(mllon) 4 2=2Dp.1/2(Pmllom) 4 1)
and (1) = max (4, 220r. 3200 | “"Ell))+2_2DP l/2(”"("””‘"5'1))+1) The assumption () gives
Dy, 3/2(,0(1)”0(1)) < m and —Dp, 1/2(,oml)|| (1)) < logTr(cr(l)) < m As a result,

,(,,1) < (3.26m/2)2, Wthh implies log nm <2log3+Cm < 2+ C)m. Finally, for

o€ (1, 1+ m), we have

A

%Ds,a(dm”f@m) ’%D(ﬂfmll«@m) +(@—1@2+C)’m (109)

IA

%DM@%H%’) + %2((12 +d)logm+d) + (@ — D2+ C)’m
(110)
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< D®(A || B) + %2(512 +d)logm+d) + (@ — D@2+ C)’m
(111)

using Lemma 28 then Lemma 29.
Now, we move to the approximation from below in (104). We have

1 1 1
D>™( || B) — ZDM,a(JZ{m”%m) = ZD(dm”%m) - ZDS,a(JZ{m”%m) (112)

1 1
+ _DS,a(vam”%m) - _DM,a(ﬂm”%m) (1 ]3)
m m

For the term %Ds,a(%m 1B — %DM,a(ﬁfm | %,,), we use Lemma 28 and obtain the
bound

(d? +d)log(m +d)
- )

1 1
—Ds,o (G| Bm) — — Do (G| Bn) = 2 (114)
m m

For the term %D(mfm | B — %Ds,a (| D), we use the continuity bound for o —

17 in Lemma 39 (Appendix D). For « € (1/2, 1), we use the relation between the
sandwiched and Petz Rényi divergences,

Ds o (A || B) > inf aDp o (omllom) — (1 —a)logTroy, (115)

Pm €y ,om €c%_)m

C
> Dpo(pP)0f) — (1 — @) (Dp,amf,,“)no,f,“)) + Z’”) (116)

C
> Do) — (1 — ) ((Iog 12 + D\ )|o\®) + Z’") ,

(117)

provided @ € (1 — 1/logn{®, 1) with \/n\¥ = max(4,1 + 2Dp32(00 low”) 4

2-Deap (oo ))). The first line above follows from [IRS16, Corollary 2.3], the sec-
ond line follows from the assumption () and the last line follows from Lemma 39 in

Appendix D. Again we have log n,(,f) < 2log3 + Cm. As aresult, we get

1 1
—Ds o (S| Fn) = — D( | B) — (1 = @) ((2log3+ Cm)?/m + C/2)  (118)

m m

1
> —D(Dp||Bm) — (1 — )2+ C)’m, (119)

m
for m > 2 and where we used Lemma 29. m|

Now we are ready to prove the generalized AEP in Theorem 25.
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4.2. Proof of the generalized AEP. We prove the results first for Dy . The results for
Dmax.e Will follow easily at the end. By using the relation of hypothesis testing relative
entropy and the sandwiched Rényi divergence (see Lemma 12), it holds that for any
e, Danda > 1,

log (120)

o
Dye(pllo) = Ds.a(pllo) + ——

1—¢

This implies

1 1 1
— Dy e (531 B) < =~ Ds (| ) + ~—— log azn
n n no—

1 1 -

We start by establishing the upper bound on the asymptotic statement (69) for Dy ¢.
Taking n to infinity, we have

1 1
lim sup — Dﬂg(ﬂ’ |%,) < limsup — Dsa(ﬂ’ |%,) = gf;(%ll%’). (122)

n—o0 n— o0

As the above relation holds for any & > 1, we can take the infimum of « on the right-hand
side and get

1
lim sup — DHS(% |%,) < 1nf Dy (|| B) = D™ (|| B), (123)

n— 00

where the equality follows from the continuity in Lemma 27.

We now establish the explicit upper bound (72). We start from (121) and first use
the subadditivity of Ds , (Lemma 26) and write for some m > 2 to be chosen later and
n=mn/m|+rwith0 <r <m:

o 1
Dy e (|| %Bn) < |n/m]Ds o (|| Bm) + Ds o (|| 5By) + p—" log - (124)
< |1/ mDs o (s | Br) + Cm + — - log - (125)
a R —
We now use Lemma 30 form > 2and o < 1+ (2+C)m to get
1 2(d? +d) 1 d
L Dy (| B) < DX | B) + (@ — 1)@+ C)om 4 24+ D Joglm +d),
m
(126)

2 N2
Let us now choose o« — 1 = é’ig?zg"’; and assume that m > max <d , (%) ) so that

the condition ¢ < 1 +
we have

(2+C)m is satisfied and log(m + d) < 2logm. With this choice,

Ds.o (T | Br) < mD™ (|| B) + 16d> logm. (127)

Getting back to (125), we get

202+ C)2m? 1

Dy (| By) < |n/m]mD™> (|| B) + |n/m]| 164> logm + Cm + log
8d2 logm 1—

(128)
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Note that if D*®° (/|| %) > 0, we have
[n/m|mD> (7| %) < nD> (/|| B) (129)
and otherwise,

ln/m]mD* (/| %) < nD* (/| %) — mD*(H||#) < nD®(H||#) + Cm,

(130)
using the condition % log Tr(o,) < C forany n > 1 and 0,, € %,,. As a result,
1642 22+ C)*m? 1
oo (Aol B) < nD® (18 + 09 10 m +20m + 22O 1o L
' 8d2logm 1—c¢
(131)
64d* V3
— n
We now choose m = ( @)y log . ) and get
1/3
Dy (|| By) < nD> (o | B) + C'n®*logn (log . ) ) (132)
—¢

for some constant C’ that only depends on d and C.

Now we prove the other direction starting first with the asymptotic statement (69).
Using the relation of hypothesis testing relative entropy and the Petz Rényi divergence
(see Lemma 12), it holds that for any ¢ € (0, 1) and @ € (0, 1),

o 1 o 1
log — > Dy(pllo) + log —, (133)
—1 e ’ —1 e

Dy c(pllo) = Dpo(pllo) +

o o

where the second inequality follows from the data-processing inequality of the Petz
Rényi divergence. Applying this to two sets of quantum states, we get

1 1 1l « 1
=Dy o (|| Bn) = — Do (|| Bn) + — log —. (134)
n n noa—1 €
Taking n to infinity, we get
1 1
liminf — Dy ¢ (%) > liminf — Dy o (9| %n) = Dy o (A | B). (135)
n—oo n n—oo n >

As the above relation holds for any o € (0, 1), we take the supremum of « and get

1
liminf — Dy ¢ (#,|%,) > sup Dy, (|| B) = Dy (/|| %B) = D (|| %) (136)
n—0o n ac0,1)

where the first equality follows from the continuity in Lemma 27 and the second equality
follows from the asymptotic equivalence in Lemma 28. Putting Eqgs. (123) and (136)
together, we have the asserted result in Eq. (69) about the hypothesis testing relative
entropy.

We now prove the explicit lower bound statement in (72). Starting from (134) and
using the superadditivity statement in Lemma 23 with n = m|n/m] + r, we have

o

1
Dy e (| By) = |n/m | Dyi,o(Zinl| Bm) + Dr,o (91| 5r) + plog~ (137

o —
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1
= n/m) Dy (| B) = Cm+ —— log (138)
o — 2
where we used the fact that Dy o (- |%,) > Dp o( || %)) > inf, cp —logTro, >
—Cr as per Lemma 15.

We now apply Lemma 30 form > 2 and o > 1 — to get

(2+C)m
2(d? +d)log(m + d)

iDI\,LOC(JAfm||f%’m) > D®(ANB) — (1 —a)2+C)’m +
m
(139)

2 2 2
Let us now choose 1 — a = (E;icl‘;fmz and assume that m > max <d, (%) ) so that

the condition ¢ > 1 —
we have

(2+C)m is satisfied and log(m + d) < 2logm. With this choice,

Do (Sin | Bm) = mD™ (/| B) — 16d* logm. (140)
Getting back to (137), we get
22+0)m? . 1
Dae (Aol B) > Ln/mimD™ (e | B) — Ln/m 164> logm + Cm — 22t M 1001
8d2logm &
(141)
Note that if D (27 || %) > 0, we have

[n/m|mD> (|| %) = nD* (A | B) —mD® (o || B) = nD> (A | &) —
(142)

because for all n > 1, D(#,11%,) = Dy o(#,|%,) = inf, e, —log Tr(o,) = —Chn.
Otherwise, if D (/|| %) < 0, then

[n/m]mD*> (< | B) = nD> (|| B) (143)
As a result,
d? 22+0)2m? . 1
Dy o (A By) > nD® (| B) — logm — 20m — 22X 10 L (ag
' 8d2logm g
. 1/3
We now choose m = (%) and get
1\ 1/3
Do (| By) = nD®( | B) — C'n*/* logn <log —) : (145)
£

for some constant C’ that only depends on d and C.
The analogous statements for Dy . follow directly from known relations between
Dax.e and Dy .. In fact, we have for any ¢ € (0, 1) and ¢’ € (0, 1 — ¢),

2
Dy (pllo) +log (1 —& — &) < Dmax.c(pllo) < Dy _1.2(pllo) +log <8—2) .
(146)
The upper bound is from [DKF+14, Proposition 4.1] and the lower bound from
[DMHBI13, Theorem 11]. Taking the infimum over p € <, and 0, € %,, and then

the limit as n — o0, we get the Dp,yx ¢ Statement in (69). Moreover, combining this
bound with &’ = 1 — 2¢ and (72) gives (73).
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Tester

1A

Guess

Fig. 1. An illustration of the quantum hypothesis testing between two sets of quantum states .27, and %B,,. A
tester draws samples from the sets and performs quantum measurement to determine which class the sample
belongs to. The null hypothesis is that the sample is from 27,, which typically represents the bad case, and the
alternative hypothesis is that the sample is from %,

5. Quantum Stein’s Lemma with Composite Hypotheses

Given many i.i.d. copies of a quantum system described by either the state p or o
(referred to as the null and alternative hypotheses, respectively), what is the optimal
measurement to determine the true state? In asymmetric hypothesis testing, the objective
is to minimize the probability of mistakenly identifying p as o, while keeping the
probability of identifying o as p below a small, fixed threshold. The well-known quantum
Stein’s lemma [HP91,NOOO] establishes that the asymptotic exponential rate at which
this error probability tends to zero is given by the quantum relative entropy between p
and o. This result was later extended to distinguish between an i.i.d. state and a set of
quantum states by Brandao and Plenio [BP10]. However, a gap in the original proof was
discovered [FGW21,BBG+23,BBG+24], which was recently resolved by [HY25], with
an alternative proof provided by [Lam25].

In this section, we propose a new generalization of the quantum Stein’s lemma that
distinguishes between two sets of quantum states beyond the i.i.d. framework. Our results
allows both a composite null hypothesis and composite alternate hypothesis.

5.1. Operational setting: quantum hypothesis testing between two sets of states. Let us
first introduce the operational setting for quantum hypothesis testing between two sets of
quantum states. In this setting, a tester draws samples from two sets of quantum states, .<7,
and %, and performs measurements to determine which set the sample belongs to. The
null hypothesis assumes that the sample comes from .7}, while the alternative hypothesis
assumes it is drawn from 2,,. An illustration of this task is provided in Fig. 1. Such a
setting provides a very general framework. For instance, it includes the standard quantum
Stein’s lemma when <7, and %, are two singletons of i.i.d. states [HP91,NOQO]. It also
encompasses the generalized quantum Stein’s lemma [HY?25,L.am25], where the null
hypothesis .o, is a singleton of i.i.d. states (or the set of “almost power states” [Lam25])
and 4, is a set of quantum states. Additionally, it covers the composite quantum Stein’s
lemma setting, as explored in [BBH21], which deals with mixtures of i.i.d. states in both
<, and AB,. This framework can further accommodate the correlated states setting, as
studied in [HMOO08,MO15], where <7, and 4, are particular sets of correlated states on
a finite spin chain.
As in standard hypothesis testing, the tester will make two types of errors:
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e Type-I error: The sample is from .o7,, but the tester incorrectly classifies it as from
%n £

e Type-Il error: The sample is from %,, but the tester incorrectly classifies it as from
o).

In general, we take the null hypothesis as the more challenging case and aim to
control the type-I error rate within a constant threshold. Under this constraint, the goal
is to minimize the type-II error as much as possible. To distinguish between two sets
<, and %,, we use a quantum measurement {M,,, I — M, }. Since we aim to control
the discrimination errors for any state within the given sets, regardless of which one is
drawn, the type-I error is defined by

a(ey, My) == sup Tr[p,(I — My,)], (147)
P €S,

and the type-II error is defined by
B(HBn, My) = sup Trlo,M,]. (148)

0n€PBn
The asymmetric setting then seeks to determine the optimal exponent at which the type-
Il error probability decays, known as the Stein’s exponent, while keeping the type-I error
within a fixed threshold ¢. Specifically, the goal is to evaluate:
IBS(JZ{"”,%”) = inf {,3(,93", M) 10[(,52{”, M,) < e}. (149)
0<Mm,<I

=Mn

5.2. Quantum stein’s lemma with composite hypotheses. Before presenting our quantum
Stein’s lemma with composite hypotheses, we first show that the operational quantity
Be (22, | %) in Eq. (149) is given by the hypothesis testing relative entropy between two
sets of quantum states <7, and %,,, as mathematically defined in Definition 18.

Lemma 31 Let &7 C 9 and B C . be two convex sets. For any ¢ € (0, 1), it holds
that

—log e (| %) = Dy,e (|| B). (150)

Proof 1t is worth noting that, unless both &/ and % are singletons, the result does
not follow trivially from their definitions. This is because the left-hand side represents
an operational quantity, while the right-hand side is a mathematical generalization. To
establish this result, it suffices to demonstrate that

B (|| #) = inf sup Tr[oM] : sup Tr[p(I — M)] <& = sup sup B:(pllo).
0=M=I | ;e ped ped oceR

(151)
This requires pulling the supremum over <7 in the condition and the supremum over %
in the objective function to the left-hand side of info<ps<;, which is a non-trivial task.
First observe that we can write:

pe(e/. %) = inf {sup TrloM]: sup Trlp((1—e)] —M)] <0f  (152)
0<M<I | ;c pedd
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= inf sup sup supTr[oM]+ zTr[p((1 —¢e) — M)] (153)
0=M=l;cp ped 7>0

since sup,. o TrloM]+z Tr[p((1—&)I —M)] = Tr[o M]if Tr[p((1—&)I —M)] < O and
+00 otherwise. By doing the change of variables p’ = zp € Cone(&) where Cone(%)
is the convex cone generated by <7, we can write:

Be (A, B) = inf sup  TrloM]+Tr[p' (1 — &)l — M)] (154)
0=M=I p’€ Cone()
oeAh
Define
fM,p' o) =TrloM]+Tr[p"((1 — &)1 — M)] (155)

which is linear in M for (o', o) fixed, and vice-versa. Furthermore the set {M : 0 <
M < I} is convex compact, and Cone(&?) x 4 is convex. So Sion’s minimax theorem
[Sio58, Corollary 3.3] applies and we can write

Be (A, B) = sup inf TrloM]+Tr[p' (1 —&)I — M)] (156)
p’e Cone() O0<M<I
oceh

= sup sup inf Trl[oM]+zTr[p((1 —e) — M)] (157)
ped z>0 0=M=I
oceR

=sup inf supTrl[oM]+zTr[p((1 —e)l — M)] (158)
pedd 0=M=<I ;>0
oceRB

= sup inf {Tr[oM]:Tr[p((1 —e)l — M)] <0} (159)
ped 0=M=I
oA

= sup Be(p.0) (160)
ped
oA

where in the third line we applied Sion’s minimax theorem again to interchange the
sup,. o with the info<pr<1. This completes the proof. An alternative proof is given in
Appendix C. O

Due to the above relation between the optimal type-II error B, (<7 || ) and the hypoth-
esis testing relative entropy Dy (27| %), we can now apply the generalized AEP in
Theorem 25 to derive a quantum Stein’s lemma as follows.

Theorem 32 (Quantum Stein’s lemma with composite hypotheses.) Let { %, },en and
(B, }nen be two sequences of sets satisfying Assumption 24 and <7, € D(H®"), %, <
H.(H®™) and Diax (94, %) < cn, foralln € N and a constant ¢ € R,. Then for any
e € (0, 1), it holds that

. 1
nll)lrolo—zlogﬂe(%lla%’n) = D™(H | B). (16l1)

Proof This is a direct consequence of Theorem 25 and Lemma 31. O
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Note that Theorem 32 is incomparable to the generalized quantum Stein lemma of
[BP10,HY?25,Lam?25]. It is weaker in the sense that we have the additional assumption
on the stability of the polar sets under tensor product (see (A.4) on Assumption 24)
for the alternative hypothesis %, but it is stronger in that it allows for more variants
of composite null hypothesis and in addition we can obtain efficient and controlled
approximations of the Stein exponent as presented in Theorem 25.

6. Second Law of Resource Manipulation with Partial Information

In this section, we introduce a new framework of quantum resource theory with partial
information and prove that such a theory is reversible under asymptotically resource non-
generating operations, identifying the regularized quantum relative entropy between two
sets as the “unique” measure of resource in this new framework.

6.1. Operational setting: resource manipulation with partial information. Quantum
resource theory is a framework that finds great success in studying different quan-
tum resource features in recent years (see e.g. [CG19] for an introduction). A standard
resource theory is built upon a set of free operations 2 and a set of free states % (in
contrast to resource states). Take the entanglement theory as an example, .# consists
of the separable (unentangled) states, and local operations and classical communication
(LOCC) is a standard choice of €. In principle, .% and 2 can be adaptively defined,
which give rise to a wide variety of meaningful resource theories, as long as they fol-
low a golden rule: any free operation can only map a free state to another free state,
ie. A(p) € F,Vp € F,YA € Q. Whether some resource state can be (approximately)
converted to another by certain free operations is a fundamental type of problem in
quantum information [FL20,FL22, TFG25].

Existing studies on quantum resource theory require precise characterization of the
source and the target states, and impose an i.i.d. structure, that is, considering transfor-
mation p®" to o®” and evaluating the rate of transformation m /n. A standard approach
to obtain a precise characterization of the state is quantum tomography, which is a
resource-intensive task. In practical scenarios, full knowledge of the source state may
be unavailable, and different copies of the sources can exhibit correlation by nature.
For instance, when establishing entangled photons over a remote distance in a quantum
network [FZL+23], the environmental noise affecting the states can vary over time for
different copies of the entangled state, making the precise description of the shared state
unclear.

Motivated by this, we propose a new framework of quantum resource theory in this
section that works with resource manipulation with partial information. A particular case
in quantum thermodynamics has been recently studied in [WT24]. More specifically,
we consider the transformation of an unknown quantum state p,, € Z(A®") to another
quantum state o, € Z(B®™). In this case, we do not have complete information about
the specific states p, and o,,. All we know is that the source state lies within a certain
set of quantum states .27, (for example, we may know the range of noise affecting the
source). Our goal is to design a resource manipulation protocol A such that regardless
of the specific state in .o, it universally transforms this state into a target state that
falls within the target range %,,. A comparison of this setting with the standard resource
manipulation is depicted in Fig. 2.
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Standard resource manipulation Resource manipulation with partial information

Fig. 2. Tllustration of the standard quantum resource manipulation (left) that transforms an i.i.d. state p®" to
another i.i.d. state ¢ ®™ and the quantum resource manipulation with partial information (right) that transforms
an unknown quantum state in .¢%, to a quantum state in the target range %,

6.2. Reversibility of resource manipulation. Let A(p, o) := % llo—o |1 be the trace dis-
tance between two quantum states. Consider transformation from a “black-box resource”
7, to another “black-box resource” %, via free operation class 2, and define the trans-
formation error by

A(%ﬂ%@ = inf sup inf  A(Au(pn). o). (162)

An€S p, ety Om € B
That is, there exists a free operation A, € 2, such that it universally transforms any

. ey Q,
state in p, € 47, to a quantum state o,, € %, within the error A (,;afn - B, ). Note

that the output state A, (p,) may vary depending on the input. Based on this notion of
error measure, we can introduce the asymptotic rate of transformation by

r(,;zfg 93) - sup{limsup"ﬂ; lim A(% LLN ,@m,,) =0}, (163)
n—oo N N—>x
which is the optimal achievable rate of transformation with vanishing error.

As the previous generalized quantum Stein’s lemma [BP10,HY25,Lam?25] is deeply
related to the reversibility of quantum resource manipulation, here we show an analogy
result in this new framework. We say a quantum resource theory with partial information
is reversible if the asymptotic rate satisfies,

r(%g%)-r<9§g,@7)=l, (164)

which means we can transform (or simulate) from <7 to 4 and then back from % to
o7/ without information loss. For this, we consider the asymptotically resource non-
generating operations RNG introduced in [BP10]. A quantum operation A is called 6-
resource nongenerating operation if for every free state w € .%, we have R(A (w)) < 6,
where

. 0+ ST
R(p) = { >0: eﬂ‘} 165
(p) mif s = T7s (165)

is the global robustness of p. Simple calculation tells that, log(R(0)+1) = Dpax (0 ||-%).
Then we denote the set of all §-resource nongenerating operations by RNG(§). An
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asymptotically resource nongenerating operation is a sequence of operations {A,},eN
such that A, € RNG($,) and lim;_, ~ 8, = 0. With this, the asymptotic rate of trans-
formation under RNG operations is given by

r (,;af AL 93) = sup {limsupﬂ : lim A (,gfn RNGCn), %mn> =0, lim §, :O}.
n—oo

n—oo N N—>00
(166)

The following result gives a precise characterization of this asymptotic rate, which
identifies the regularized quantum relative entropy between two sets as the “unique”
measure of a resource in the asymptotic limit. It also implies the reversibility (also
referred to as the second law) of the resource manipulation under RNG.

Theorem 33 Let {7, }peN, {PBhlnen and { Fy, }nen be threes sequences of sets satisfying
Assumption 24 where <, € Z(H®") and B, C Z(H®") are the sets of source states
and the sets of target states, respectively, and F, € 9 (H®") are the sets of free states,
which defines the operation class RNG. Let k := limsup,,_, % max,cq D(w|.%,) <
00 and D*®°(A|F) > 0. Then it holds that

RNG D (A ||.F)
A —— B) = —————. 167
4 ( ) D®(B|.F) (167)
As a consequence, if D*°(</||.F) > 0, it holds that
r(ﬂm@)r(@mﬂ)=1. (168)

Proof The proof applies the generalized AEP in Theorem 25 and follows a similar
argument in [BG15] and also a more detailed version in [Gou24, Chapter 11]. This
proof contains the converse and the achievable parts, and we will prove the converse
part first.

1) Proof of the converse part: Suppose by contradiction that
RNG D>(d || F)

o 28 %) i 1) 169

( " DR 17 (e

for some small positive . By definition, this means in particular that for sufficiently

small ¢ € (0, 1), there exists an achievable rate r such that
D> (A ||.F
(A ||.7) (170)
D> (A7)

That is, there exists a sequence {m, },cn C N such thatr = lim,,_, mT" and there exists
another sequence {8, },en € R, with a limit of zero such that for every n € N,

G,
A <4af,, RNGG) %%,,) <e. (171
This means that there exists A, € RNG(3,) such that for any p, € <7,

ANy (on), Um,,) <é, (172)
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for some o, € %y, . By using the continuity in [Gou24, Theorem 10.2.2], we have
€
DA (o)1 Fn,) = Do, | )| < e+ (L0 (1), (1T3)
where ¢, := max,cgy D(w||.%,,) and h(x) is the binary Shannon entropy. This gives
ar ar £
D@, 1 Fn,) = Do) | Fn) +me+ (L0 (1) (174)
Since D(B, | Fm,) < D(om, | Fm,) by definition, we get

DB, | Fin) = D) F) + e+ (L )b (). (175)

Now, let w, € .%, be the optimizer satisfying D(p, ||w,) = D(pn|-%,). Then we have

DNy (o) | Fm,) = . H;ig D(An(o) 1 Tm,,) (176)
< D(An(p) | An(wp)) + 121151 DmaX(An(wn)”Tm”) 77

Ty €7 mp
< D(pull®n) + Dmax(An (@) |- Fm,,) (178)

where the first inequality follows from the triangle inequality D(p|loc) < D(p|lw) +
Dax (w]|o) (see e.g. [Gou24, Theorem 6.3.3]), and the second inequality follows from
the data-processing inequality of quantum relative entropy. Since w,, is a free state and
A, € RNG(6,), the global robustness of A, (w,) cannot exceed 3, by definition and in
particular Diax (Ap (wn)l|-Fm,) < log(l +8,). Therefore,

D(An (o) Fm,) < D(pnllFn) +log(1 + 8p), (179)
where we use the optimality assumption of w, here. Taking this into Eq. (175), we get
D( B, | Fm) < D(pull Fu) +1og(1 +8,) + & + (1 +)h (%) . (180)
e
As this holds for any p, € 7,, we have

D(B, | Fn,) < Dl Fy) +10g(L+8:) + e+ (L4 00h (=) . (18D

Noting that lim,,_, o m,/n = r and lim,,_, « micm < k, we have
n

n

1 1
lim — D(By, |- Fm,) < lim DAty + ke (182)
n—00 my, n—-oo my n
That is,
1
D®(B||.F) < ~D®(A|.F) +«ke. (183)
r

However, since r > gzg;‘;”f; +4 for sufficiently small ¢ € (0, 1), we get a contradiction

that

1
D®(B|.F) < ;Doo(d||ﬁ) +ke < D®(B|.F), (184)
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by taking a small enough ¢ € (—o00,8D*(Z|.%)/x) N (0, 1). This concludes the
converse part.
2) Proof of the achievable part: For any

D* (A7)

s 185
D~(2|.7) (183)

we aim to show that r is an achievable rate. For this, we fix ¢ € (0, 1) and denote
my = [nr] so that lim,_, o m,/n = r. Let M,, be the optimal test for B, (<, ||.%,).
That is, for any § > 0 (will be determined later) and sufficiently large n, we have from
the generalized AEP in Theorem 25,

, and  sup Trlw,M,] <27 "PTFIH=0  (186)

W, €Fy

sup Tr[p,(I — M,)] <
Pn €y

| ™

Leto, ando, be the optimizers satisfying

Dmax,s/Z(@mn ||§5mn) = Dmax,s/2((7n>:n ”jmn) = Dmax(ay/n,, ”ym ) (187)

where A(O”;l, oy) <¢e/2 3 Define the sequence of maps
Ay (X) = Tr[MnX]cr,;n +Tr[(I — Mp)X]om,, (188)

where w,,, € Fp, is a free state. Then we can check that these operations give the
expected transformation within the error threshold, and they are indeed asymptotically
resource nongenerating operations. For this, we can first check that for any p, € 9%,

AAn(pn). 075) < AAu(pn). 0y ) + Aoy, 0) (189)
= (1 = T[Mupa) D@, 05y ) + Aoy, ) (190)
<, (191)

where the first inequality follows from the triangle inequality of the trace distance, the
equality follows by evaluating A, (p,) using the definition and the second inequality
follows by Eq. (186) and the fact that A(w,,,, a,’nn) < 1. As this holds for any p, € <7,
we have

sup inf  A(Au(on), Om,) < €. (192)

o €2y Omn €FPmy,

Then we check A,, € RNG(§,) with §,, = 278 and therefore lim,,_ o0 8, = 0 (note that
8 will be determined later). We have the following

. 1
D*(A|.F) = lim _Dmax,e/Z(%mn”ymn) (193)
n—oo m,
1
= lim — Dmax(0,,, [|-%m,) (194)
n—0o00 my,
. n 1 P
= lim — —Dax (0, |- Fm,) (195)
n—o0o my, n
1 1
= lim - Duas(0p, |- 7,), (196)
y n—oon

3 Here we use trace distance for the definition of the smoothed max-relative entropy for convenience.
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where the first line follows from the generalized AEP in Theorem 25, the second line
follows by the optimality assumption of ar/nn in Eq. (187) and the last equality follows
D* (A |.F)

since lim,_. oo m,/n = r. Since r < D= BNT)° there exists § > 0 such that r <
(D (A ||.F) — 28)/ D> (A F), or equivalently,
rD®(AB|.F) < D*®(A||.F) — 26. 197)
Taking this into Eq. (196), we have for sufficiently large n,
Dinax (0, [|-Fm,) < n(D®(||.7) — 28). (198)

That is, the global robustness of o,, satisfies

R(U;/yl,l) < 2)1(D°O(S<{||g’\)*25) —1. (199)

To show that A, € RNG(S,), let , € .%#, and denote by 1, := Tr[M,n,] and r,,, :=
R(o,/nn). From the convexity of global robustness we get

R(An(n)) < taR(0,, )+ (1 = 13) R(wm,) (200)
= tulm, (201)
<ty(rm, +1) (202)
< tnzn(Dw(gdHy)fZS) (203)
<27 (204)
=34, (205)

where the second line follows because wy,, € %, ant therefore R(wp,) = 0, the
fourth line follows by Eq. (199) and the fifth line follows as #, < 2~ *P™(Z1F)=8) py
Eq. (186). This concludes that A, € RNG(§,) and therefore concludes the proof of the
achievable part. O

7. Discussion

The significance of this work is multifaceted. First, we established a very general quan-
tum AEP with explicit convergence guarantees and computational efficiency. Given that
the AEP is central to information theory and is evident in its broad applications in
both classical and quantum information theory, we expect that our generalized quantum
AEP plays a similar role and advances the study of quantum information science fur-
ther. Second, our quantum Stein’s lemma with composite hypotheses, combined with
the accompanying work [FFF26], addresses open questions raised by Brandao et al.
[BHLP20, Section 3.5] and Mosonyi et al. [MSW22, Section VI], which seek a Stein’s
lemma with computational efficiency. We also proposed a new framework for quantum
resource theory in which state transformations are performed without requiring precise
characterization of the states being manipulated, making it more robust to imperfec-
tions. Finally, we believe that the technical tools established in this work—including the
variational formula, superadditivity for measured relative entropy between two sets of
states—are of independent interest and are likely to have further applications.

Many problems remain open for future investigation. While we have obtained explicit
bounds on the second-order term for the generalized AEP of order O (n?/3 logn), such
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bounds are not tight in general. Can one bound the second-order term by O (4/n) as in the
AEP? Sharpening the second-order term would provide a more comprehensive under-
standing of the convergence behavior and enhance its accuracy in practical applications.
We proved the asymptotic reversibility of quantum resource theory under asymptotic
resource non-generating operations. But the systematic study of other different opera-
tional classes and settings are left for future exploration.
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Appendices

In Sect. A we present the variational formula for the measured relative entropy with
different parameters «. In Sect. B, we discuss the connection of our assumptions with
the partial trace assumption. In Sect.C we provide an alternative proof for Lemma 31.
Some useful properties are presented in Sect. D.

A. Variational Formula for Dy, (/|| %)

Proof of Lemma 20 The case for o € [1/2, 1) has been proved in the main text. Now
we prove the other two cases. Let & € (0, 1/2). For any fixed p € &/ and 0 € 4, we
have by Eq. (29) that

Ova(pllo) = inf aTr[pW]+ (1 —a)TrleWaT] (206)
WE;%/I.);.-F

= inf aTr[pW]+ (1 —a)TrlocV], 207)
W%yﬁq.

Wa-T<Vy
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where the second equality follows by introducing an additional variable V. Then we
have

sup QN (pllo) = sup inf  aTr[pW]+ (1 —a)Tr[cV]. (208)
ped pedd WEQ%H
och oce#B Wa-T<y

Note that all &/,  and (W, V) : W € J,,, Wa-t < V} are convex sets, with .o/, #
being compact. Moreover, the objective function is linear in (p, o), and also linear in
(W, V). So we can apply Sion’s minimax theorem [Si058, Corollary 3.3] to exchange
the infimum and supremum and get

sup O (pllo)=inf  sup aTr[pW]+ (1 —a)Tr[oV] (209)
ped WeHir peo
oeR Wae-T<V 0eX
= inf o sup Tr[pW]+ (1 —«) sup Tr[o V]. (210)
W‘ijﬁ* pedd och
Wa-T<y

By using the definition of the support function, we have

sup QM(pllo) = inf  ahy (W) + (1 —a)hg(V) (211)
pedd W%yf**
oA Wa-T<V
= inf (W) *hg(V)' ™Y, (212)
WE(%+
WaT <y

where the second line follows from the weighed arithmetic—geometric mean inequality
ax+(1—a)y < x%y! =2 (with equality if and only if x = y) and the fact that (W, V) is
a feasible solution implies (kW, ka-T V) is also a feasible solution for any k > 0. There-
fore, we can choose k = (h . (W)/ h,@(W))""1 , whichimplies & o, (kW) = h{g(kaafl V)
and therefore the equality of the weighed arithmetic—geometric mean is achieved.
Similarly, for any feasible solution (W, V) we can always construct a new solution

(Wh %(V)FTQ, V/h#(V)) achieves the same objective value. This implies

sup Oy (pllo) = inf  (hy(W)* = inf  (hy (W), (213)
pedd W%%ﬂ—+ W%ﬁd-w
oceh Wa—1<V Wa—1 <V

hag (V)=1 hg (V)1

where the second equality follows by the same reasoning. Finally, noting thath (V) < 1

if and only if V € 2°, we have the asserted result in Eq. (50). It is easy to check that

the objective function 4 (W) is convex in W and the feasible set is also a convex set.
Let o € (1, +00). For any fixed p € &/ and o € %, we have by Eq. (29) that

Ova(pllo) == sup aTr[pW“T‘]]+(1—a)Tr[aW] 214)
WG;%H-

=  sup  aTrlpV]+( —a)TrloW], 15)
We Ayt

a—1
W a >V=>0
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where the second equality follows by introducing an additional variable V. Then we
have

ingf OM(pllo) = in; sup  aTr[pV]+ (1 —a) Tr[o W]. (216)
W a >V=>0

Note that all .o/, 4 and {(W, V) : W € J., Waa;l > V > 0} are convex sets, with
</, % being compact. Moreover, the objective function is linear in (p, o), and also linear
in (W, V). So we can apply Sion’s minimax theorem [Sio58, Corollary 3.3] to exchange
the infimum and supremum and get

inf OM(pllo) = sup inf aTrpV]+ (1 — ) TrloW] 217)
pest We Ay PES
oA a—1 oA
W@ >V>0
= sup o inf Tr[pV]+ (1 —«) inf Trloc W]. (218)
Weos ped =
WaT_] >V=>0
Recall that h.(X) := inf ,c Tr[Xp], we have
inf Qg (pllo) = sup  ah (V) + (1 —a)hgy(W) (219)
ped WeHor
oA a—1
W a >V=>0
= sup b, (V)T (W), (220)
Weiit
W >v=0

where the second line follows from the weighed arithmetic—geometric mean inequality
ax + (1 —a)y < x*y! = (with equality if and only if x = y) and the fact that (W, V) is
a feasible solution implies (kW, kaa;1 V) is also a feasible solution for any k > 0. There-
fore, we can choose k = (h,(V)/h4(W))¥, which implies h,(kW) = ﬁﬁ(k%l V)
and therefore the equality of the weighed arithmetic—geometric mean is achieved.
Similarly, for any feasible solution (W, V) we can always construct a new solution

(W/hz(W),Vh L@(W)ITTQ) achieves the same objective value. This implies

inf OY(pllo) = sup (b, (V)= sup (h, (V)" (221)
ﬂegg We Ay We Ay
7€ W > V=0 W >v=0

huy (W)=1 hy (W)=T

where the second equality follows by the same reasoning. Finally, noting that 4 (W) >
lif and only if W € #* := {X € 54 : Tr[XY] > 1,VY € %A}, we have the asserted
result in Eq. (50). It is easy to check that the objective function 4, (V) is concave in V
and the feasible set is also a convex set. |

B. On the Partial Trace Assumption

In this section, we show that conditions in Assumption 24 imply that the sets under
consideration are actually closed under partial trace. We thank an anonymous reviewer
for pointing out this connection and for suggesting the proof presented below.

We first consider the case where all sets consist of normalized states.



Generalized Quantum Asymptotic Equipartition Page 41 of 49 208

Lemma 34 Let H 1 and H; be finite-dimensional Hilbert spaces, and consider compact
convex sets of quantum states <y € P(H1), < C P(Hp), and <17 € D(H1 @ Ha). If

()] ® (@h); S (F12)3, (222)
then the sets <7 are closed under partial trace, in the sense that p1y € <712 implies that
p1:=Trppp e, p2:=Trpn e . (223)

Proof Since o is composed of states only, we have I, € (@A);. Given some R| €
(21);, we thus obtain that Ry ® I» € (#/12);. Hence, for all p12 € 22,

1 = Tr[pi2(R1 ® )] = Tr[p1 R1]. (224)

Since Ry € (1) = @/ N . (H,) is arbitrary, we deduce that

p1 € (()3)°

(o N A (HY))°

& (2 U A(H1)°)

€0 (Co(e U{0}) U (—5(H1)))

= ¢o (& U (—H(H1)))

= o/ — Hi(H1) (225)
= {X1 :Jo1 € & such that X; < o1}

Here, the equality in the third line follows from [Sch71, Ch. 1V, § 1.5, Corollary 2],
while that in the fourth line follows from [Sch71, Ch. IV, § 1.5, Theorem]; we also used
H.(H1)° = —H.(H1). In the fifth line we observed that 0 € —J77{(H,), while the
equality in the sixth line can be verified directly using the compactness of .<7]. Since p;
is a normalized state, the fact that p; < o] for some o] € .27 implies that p; = 0] € 4.
Exchanging the first and second systems completes the proof. O

The above lemma uses the fact that the <7 sets are composed of normalized states.
In general, however, we also consider arbitrary sets of positive semidefinite operators in
the second argument. We show that nothing substantial changes in this case, in the sense
that closure under partial trace still holds after a trivial modification of the underlying
sets. To this end, we start by showing that, without loss of generality, any set % that goes
into the second argument of a one-shot divergence can be taken to be closed under the
operation of subtracting positive semidefinite operators (as long as one does not leave
the PSD cone).

Given A C ., define

B = (B — M) = (B~ )N (226)

Lemma 35 Given some set 8 C ., define %' as in Eq. (226). Then, for any set of
states </ and any ¢ € [0, 1], we have

Dy e (| %) = Dy (| A), (227)
Dmax,e(VQ{”v@/) = Dmax,a(d”«@l (228)

Proof Both divergences are operator anti-monotone in the second argument. O
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The above operation turns out to leave the positive polar unchanged, as we now show.

Lemma 36 Let B C . be an arbitrary compact convex set of positive semidefinite
operators. Then, adopting the definition in Eq. (226), we have

(#); = (#)3) = (B). (229)
Proof Start by noting that
(B — H)° = (B)S. (230)

Indeed, on the one hand, since & C % — J,, we obtain (# — J,)° C %°. Moreover,
(% — 7¢,)° must contain only positive semidefinite operators; otherwise, the trace against
an operator of the form B — A|vy )| would exceed 1 for any B € £, provided that |y)
is chosen suitably and  is sufficiently large. Hence (# — 747)° C (%);. On the other
hand, if R € (#)3, thenforall B € #and A > 0,

Tr[R(B — A)] < Tr[RB] < 1, (231)

so that R € (A — )°. We deduce that Eq. (230) holds.
Now, we have

(#)° = (B — H)NH)°
=& (B — H)° VA
=0 ((B); U (=)
= (B) — .. (232)

Here, in the second line we used once again [Sch71, Ch. IV, § 1.5, Corollary 2], and in
the third line we employed Eq. (230). Taking the positive part shows that

(B = (28))". (233)

Now, on the one hand, Z C %', implying that (%) 2 (#')}; on the other hand,
((%)j’r)/ D (#);. Chaining these two inclusions gives

(B); € ((B)3) = (B); < (B, (234)

which proves Eq. (229). O

Lemma 37 Given a family B = (%,), of compact convex sets B, < ., (H®") that
obeys any, or both, of the two assumptions

By @ Bin S Bram, (235)
(%) ® (Bm): S (Bram)s, (236)

for all n, m, the new family ' = (), defined via Eq. (226) also satisfies the same
assumptions.
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Proof Pick some R, € %, and R, € #,,,sothat0 < R, < B, € %, and0 < R, <
B,, € %,,. Then

0<Ry®Rn < By ® B € By @ Bin S Bpam, (237)

and therefore R, ® R, € £,,,,- Since R, and R, were completely arbitrary, we deduce
that

By ® By C (P @ Bp) € B, (238)

+m*

The statement about the polar tensor-product assumption follows directly from
Lemma 36. O

We are finally ready to show that Assumptions (A.3) and (A.4) together effectively
imply closure under partial traces.

Lemma 38 Let H| and Hj be finite-dimensional Hilbert spaces. Consider compact
convex sets of positive semidefinite operators B, < . (H1), By C 45 (Ho), and
P € (M1 @ Ho). If

(B3 ® (%) € (P2)5, (239)

then the associated sets %' defined as in Eq. (226) are closed under rescaled partial
trace, in the sense that, given two numbers Ay, Ay > 0 such that maxg, e, Tr By < X1
and maxp,c9, Tt By < Ay, if Ri2 € %’12, then

A TR € By, A'Tri Ry € B (240)

Proof We repeat the reasoning in the proof of Lemma 34. Since max g, e, Tr B2 < A2,
we have AZ_IIZ € (%,);. For any S| € (%)), we thus deduce that

181 ® L e (B1)® (%) C (%12)S. (241)

Using Lemma 36, this is also an element of (%{2)2. Hence, for any Ry € %’qz, we
obtain

12 Tr [R5 'S1 @ ) | = 27 TH RS, (242)
where R := Try R|;. This entails that
AR e ((2)2)° N = B, (243)

where the last equality follows from Eq. (225). Exchanging the first and second systems
gives the remaining inclusion. O
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C. Alternative Proof for Lemma 31

Here we give an alternative proof for Lemma 31, which follows the argument outlined
in [BP10, Section III]. Denote

f(, 0,e):=sup{TrloM]:0 <M < I, Tr[pM] <¢,Vp € &}. (244)
M

By using the definition of dual cone of a convex set, we get

f(,0,e)=sup{Te[oM]:0<M < 1,6l — M € &/*}, (245)
M

where &7* := {X : Tr[Xp] > 0, Vp € <7} is the dual cone of <. Then introducing the

Lagrange multipliers X > 0,Y > 0and Z € Cone(/), with Cone(/) being the cone
generated by <7, we get the Lagrangian of f (<7, o, ¢) as

Lo,e, M, X,Y,Z) =TrloM]+Tr[XM]+Tr[Y(I — M)]+Tr[el — M1Z (246)

=Tr[M(oc+X —-Y — Z2)]|+Tr[Y]+&Tr[Z]. (247)

Itis easy to see that M = (&/2)1 is a strictly feasible solution to the optimzation problem

in Eq. (245). Therefore, by Slater’s condition [BV04], f (<7, o, ¢) is equal to its dual
program, which is given by

f(el,0,8) = ;ng{Tr[Y] +eTr[Z]l:0 <Y+Z,Y >0,Z € Cone()}. (248)

Using that Tr[V;] = min {Ter[W] : W > 0, W > V} with V, being the positive part of
V, we have

f(d,0,€) = iI%f {Tr[(c — Z2):]+eTr[Z] : Z € Cone()} (249)
= ;g;;gfo {Tr[(o — xp)+] +ex}, (250)

where the second line follows by introducing Z = xp with p € « and the fact that
o/ C P is a set of normalized quantum states. Applying the above result to the case that
o/ = {p}, we get

f(p,0,8) =sup{Tr[cM]:0<M < I, Tr[pM] < ¢} = inf0 {Tr[(oc — xp)+] +&x}.
M x>

(251)
Taking this to Eq. (250), we have
f(,0,¢e)= piéléfa%s]lll/[p{Tr[aM] :0<M < I, Tr[pM] < ¢&}. (252)
Replacing M with I — M in Eqgs. (244) and (252), we get
i/rl}[f{ TrloM]:0 <M < I, Tr[p(I — M)] < &,VYp € o/} (253)
= sup i}r‘l/lf {TrloM]:0<M < I, Tr[p(I — M)] < ¢&}. (254)

pedd

In a simpler notation, this shows

Be(|{o'}) = sup Be(pllo). (255)
pedd
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Now we are ready to prove the asserted result. Note that both 8 and {M : 0 < M <
I,a(o/, M) < &} are convex with the later being compact. Moreover, the objective
function Tr[o M] is linear in both o and M. Therefore, we can apply Sion’s minimax
theorem [Si058, Corollary 3.3] to exchange the infimum and supremum and get

Be(A|B) = inf  sup TrloM] = sup inf TrloM]. (256)
0=M<I ,cp ce# O=M=I
a( \M)<e a(l \M)<e

Combining with Eq. (255), we have

Be (| #) = sup Be(|[{o}) = sup sup B:(p|lo). (257)
oA oceRB pedd

This completes the proof.

D. Useful Properties

We establish an explicit continuity for D, was ¢ — 1 with @ < 1. It is analogous to
[TCRO9, Lemma 8] and [DFR20, Lemma B.8] and the proof is almost the same.

Lemma 39 (Explicit continuity of Rényi divergences as o — 1 from below) Let p €

P(H) and 0 € H4(H). Let n = (max(4, 22Dp3p2(pllo) 4 p=2Dpapa(pllo) 4 1))2. For
a e (l—1/logn, 1), we have

0= D(pllo) = Dralpllo) = (1 = a)(log ). (258)
As a result, we also have
0= D(pllo) = Dsalpllo) = (1 =) ((ogm)? + D(pllo) +log Tr()) .~ (259)

Proof We show the result for classical distributions P, Q over X’ and then the result
follows immediately for the Petz Rényi divergence by applying it to the corresponding
Nussbaum-Szkota distributions [NS09] as was done in [DF19]. We follow the proof
from [TCRO9, Lemma 8]. Letting 8 = o — 1 < 0, we have

1 P(x)\*
Da(PIIQ)=ElogZP(X)< (x)) . (260)
xeX

Q(x)

Letting =1+ BlInt +rg(t), where rg(t) = P — BlInt — 1, we can write

+Zp(x),3( ;)) (261)

Dy (P Q) = Elog (1 +5 Z P(x)ln

We now use the fact that In(1 + y) < y. Thus,

1 P(x)
Dq (P||Q)zﬁn< ZP(x)ln oG )+ZP(x),3(Q( ))) (262)

P(x)
,31n2 ;P(x)rﬂ (Q(x)). (263)

= D(P|Q) +
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We now define sg(t) = 2(cosh(BInt) — 1) as in [TCRO9], but recall that we have
B < 0. Note that sg(t) = s_g(¢) so we also have that it is monotonically increasing
for t > 1 and concave in ¢ for 8 > —1/2 and ¢ > 3. In addition, we have rg(t) =
PN 4 (—BInt+1) —2 < PNl 4 =PIt 2 = 54(¢) forall t > 0. Note that we also
have sg(t) = sp(1/t) and sg(t?) = s24(t). As a result, sg(t) < s2p(1 + /1 + /T/1).
As a consequence, because we assumed o« > 1 — 1/log 16, we have 28 > —1/2 and
1+ 4/t +/T/1 > 3 and we can use the concavity of s,5 and get

1 [P(x) [0(x)
Z P(x)s2p (1 +. ) —+ —) (264)
ﬁlnz x€X:P(x)>0 Q(x) P(x)
1 P(x) [O)
= prler msw xeX;xbO e (1 ' Q) ' P(x))

Dy(P|1Q) = D(P|Q) +

(265)
- D(PIO) + ,3 1 Lo (1 +22D32(P11Q) +2_2D1/2(PHQ)) (266)
> D(P|Q)+ ﬁl T2 28 (V). (267)

Note that by Taylor’s theorem around z = 0, we have e +e % — 1 < z2(e* +e %). Asa
result ﬁsm(\/ﬁ) > ﬁ(z,s In /7)% cosh(2B1n /) = B(logn)? In2cosh(BInn) >
B(log n)*> where we used the fact that In 2 cosh(In 2) < 1, which proves that

Dy(P[Q) = D(P||Q) — (1 — ) (logn)*. (268)

To prove the bound on the sandwiched Rényi divergence, we use the relation proved
in [IRS16, Corollary 2.3] between the different divergences in the regime « € (0, 1):

Ds.a(pllo) = aDp o (pllo) + (1 — a)(log Tr(p) — log Tr(c)). (269)
This implies
Ds.o(pllo) = Doa(pllo) — (1 — @) Dy o (pllo) — (1 — @) log Tr(o) 270)
= D(pllo) — (1 = a) ((ogm)? + D(pllo) +1ogTr(@)) . (271)
Oa

For o > 1, we use [TCR09, Lemma 8], with a slightly different parametrization. The
proof is the same as Lemma 39.

Lemma 40 Let p € P(H) and o € . (H). Forany « € (1, 1+ 1/logn), we have
Dso(pllo) < D(pllo) + (@ — 1) (logn)?, (272)

where n = (max(4, 2P232(219) 4 2=Prap(Plo) 4 1))?.
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