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Abstract—We study the error exponents in quantum hypoth-
esis testing between two sets of quantum states, extending the
analysis beyond the independent and identically distributed case
to encompass composite correlated hypotheses. In particular, we
introduce and compare two natural extensions of the quantum
Hoeffding divergence and anti-divergence to sets of quantum
states, establishing their equivalence or quantitative relations.
In the error exponent regime, we generalize the quantum
Hoeffding bound to stable sequences of convex, compact sets
of quantum states, demonstrating that the optimal Type-I error
exponent, under an exponential constraint on the Type-II error,
is precisely characterized by the regularized quantum Hoeffding
divergence between the sets. In the strong converse exponent
regime, we provide a general lower bound on the exponent
in terms of the regularized quantum Hoeffding anti-divergence
and a matching upper bound when the null hypothesis is a
singleton with additional assumptions. The generality of these
results enables applications in various contexts, including (i)
refining the generalized quantum Stein’s lemma by [Fang, Fawzi
& Fawzi, 2024]; (ii) exhibiting counterexamples to the continuity
of the regularized Petz Rényi divergence and Hoeffding diver-
gence; (iii) obtaining error exponents for adversarial channel
discrimination and resource detection problems.

Index Terms—Hypothesis testing, Hoeffding bound, anti-
Hoeffding bound, Composite hypotheses, Correlated hypotheses

I. INTRODUCTION

Distinguishability is a central topic in information theory.
A fundamental framework is asymmetric hypothesis testing:
a sample x is drawn from either p ≡ {p(x)}x∈X or q ≡
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{q(x)}x∈X , and one chooses between the two hypotheses.
The goal is to minimize the Type-II error (deciding p when
the truth is q) while keeping the Type-I error (deciding q
when the truth is p) below a threshold. Chernoff–Stein’s
Lemma [1] states that, for any fixed bound on the Type-I
error, the optimal Type-II error decays exponentially with a
rate by the relative entropy.

A natural question is whether this generalizes to the quan-
tum setting. This has been extensively studied (see, e.g., [2]–
[10]). One considers discrimination between two hypotheses:
the system is in state ρn (null) or σn (alternative). The deci-
sion is made via a two-outcome POVM {Mn, I −Mn}. The
Type-I and Type-II errors are α(ρn,Mn) := Tr[ρn(I−Mn)]
and β(σn,Mn) := Tr[σnMn], respectively. In general, no
measurement makes both errors vanish simultaneously. One
therefore studies the asymptotics of α and β as n → ∞,
revealing a trade-off between them. This trade-off can be
analyzed in three operational regimes: (I) the Stein exponent
regime, focusing on the exponential decay of the Type-II
error under a fixed Type-I constraint; (II) the error exponent
regime, studying the decay of the Type-I error when the
Type-II error is forced to decay with a given exponent; and
(III) the strong converse exponent regime, characterizing the
convergence of the Type-I error to one when the Type-II error
decays at a given exponential rate.

While much of the existing literature has focused on i.i.d.
sources, practices often involve quantum states that are not
fully specified (i.e., composite hypotheses [10]–[15]) such
as in adversarial or black-box settings [8], [16] and exhibit
correlations that preclude a simple tensor product structure
(i.e., correlated hypotheses [10], [17]–[19]). In this context,
the task is to discriminate between two sets of correlated
quantum states. That is, a tester receives samples prepared
according to either the set An or Bn, and determines, via
{Mn, I −Mn}, from which set the samples originate.

As in standard hypothesis testing, two types of errors
can occur. Since we aim to control the errors for any state
within the given sets, regardless of which one is drawn,
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the (worst-case) Type-I error is defined by α(An,Mn) :=
supρn∈An

Tr[ρn(I−Mn)] and the (worst-case) Type-II error
is defined by β(Bn,Mn) := supσn∈Bn

Tr[σnMn]. A few
variants of quantum Stein’s lemma has been shown in this
worst-case setting under some structural assumptions on the
sets An and Bn [9], [20], [21]. In particular, the result in [9]
states that, for any fixed Type-I constraint, the optimal Type-
II error exponent for testing An against Bn is given by the
regularized relative entropy between the sets.

In this work, we refine the analysis of asymmetric hypothe-
sis testing for composite correlated hypotheses, as developed
in [9], [20], [21], by extending it to the error exponent and
strong converse exponent regimes.

Due to the uncertainty and correlation inherent in com-
posite correlated hypotheses, several significant challenges
arise when obtaining precise characterizations. First, dis-
crimination strategies must be state-agnostic, ensuring that
error probabilities are universally controlled for every state
within the respective sets, regardless of which specific state
is encountered. Second, the optimization problem exhibits
a minimax structure, forming a competing scenario that
requires simultaneous maximization over all possible states
in the sets and minimization over all possible quantum
measurements. Third, the non-i.i.d. structure significantly
complicates the asymptotic analysis, as standard techniques
relying on tensor product structures no longer directly apply.
Fourth, it becomes necessary to define suitable extensions
of the quantum Hoeffding divergence and anti-divergence to
sets of quantum states that both recover existing results for
i.i.d. sources and precisely capture the essential features of
the general composite correlated setting.

In the error exponent regime, we compare two natural
ways of extending the Hoeffding divergence from individual
states to sets of states. One viewpoint defines the relevant
quantity by looking at the most difficult pair of states drawn
from the two sets. The other first extends the underlying Petz
Rényi divergence to sets and then builds the corresponding
Hoeffding quantity from that extension. We show that these
two definitions agree for every finite blocklength, and that
their asymptotic versions remain closely related. Our main
result, Theorem 1, then shows that the optimal error expo-
nent is exactly characterized by the regularized Hoeffding
divergence from the first viewpoint.

In the strong converse regime, we similarly study two
extensions of the quantum Hoeffding anti-divergence to sets
of states. One is based on the largest anti-divergence attained
by a pair of states from the two sets, while the other is
obtained by first extending the sandwiched Rényi divergence
to sets and then forming the associated anti-divergence. We
show that these two constructions coincide both at finite
blocklength and in the asymptotic limit. Theorem 2 then
shows that the strong converse exponent is always bounded
below by the regularized Hoeffding anti-divergence, and that
this lower bound is exact when the null hypothesis consists
of a single state under additional assumptions.

As applications, we recover the quantum Stein’s lemma
for composite correlated hypotheses as established in [9], and
further strengthen it by providing explicit convergence rates
for the Type-I error. Note that the Stein exponent only indi-
cates whether the Type-I error decays, but does not quantify
how fast it decays. Besides this, we also provide a few more
explicit applications, including: (i) finding counterexamples
to the continuity of the regularized Petz Rényi divergence and
Hoeffding divergence; (ii) deriving error exponents for ad-
versarial quantum channel discrimination; and (iii) obtaining
error exponents for resource detection problems in coherence
theory and entanglement theory.

II. PRELIMINARIES

We adopt the following notational conventions. Finite-
dimensional Hilbert spaces are denoted by H, with |H|
indicating their dimension. The set of all linear operators on
H is denoted by L (H), while H (H) and H+(H) denote
the sets of Hermitian and positive semidefinite operators on
H, respectively. The set of density operators (i.e., positive
semidefinite operators with unit trace) on H is denoted by
D(H). Calligraphic letters such as A , B, and C are used to
represent sets of linear operators. Unless otherwise specified,
all logarithms are taken to base two and denoted by log(x).

A functional D : D × H+ → R is called a quan-
tum divergence if it satisfies the data-processing inequality.
For any ρ ∈ D and σ ∈ H+, the Umegaki relative
entropy is defined by [22] as D(ρ‖σ) := Tr[ρ(log ρ −
log σ)] if supp(ρ) ⊆ supp(σ) and +∞ otherwise. For
α ∈ (0, 1), the Petz Rényi divergence is defined [23]
as DP,α(ρ‖σ) := 1

α−1 logQα(ρ‖σ) with Qα(ρ‖σ) :=

Tr
[
ρασ1−α] if ρ 6⊥ σ and +∞ otherwise. For α > 1,

the sandwiched Rényi divergence is defined [24], [25] as
DS,α(ρ‖σ) := 1

α−1 log Tr
[
σ

1−α
2α ρσ

1−α
2α

]α
if supp(ρ) ⊆

supp(σ) and +∞ otherwise.

Definition 1. Let D be a quantum divergence between
two quantum states. Let H be a finite-dimensional Hilbert
space. Then for any sets A ,B ⊆ D(H), the quantum
divergence between these two sets is defined by D(A ‖B) :=
inf {D(ρ‖σ) : ρ ∈ A , σ ∈ B}. Let A = {An}n∈N and
B = {Bn}n∈N be two sequences of sets of quantum
states, where each An,Bn ⊆ D(H⊗n). The regular-
ized divergence between these sequences is defined by
D∞(A ‖B) := lim infn→∞

1
nD(An‖Bn). If the limit exists,

we define the regularized divergence as D∞(A ‖B) :=
limn→∞

1
nD(An‖Bn).

In many practical scenarios, the sequences of sets under
consideration are not arbitrary but possess a structure that is
compatible with tensor products. This property is known as
stability (or closeness) under tensor product.

Definition 2 (Stable sequence). Let A ⊆ H+(H1), B ⊆
H+(H2), and C ⊆H+(H1⊗H2). We say that {A ,B,C } is
stable under tensor product if, for any X1 ∈ A and X2 ∈ B,
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it holds that X1⊗X2 ∈ C . In short, we write A ⊗B ⊆ C .
A sequence of sets {Cn}n∈N with Cn ⊆H+(H⊗n) is called
stable under tensor product if Cn⊗Cm ⊆ Cn+m ∀n,m ∈ N.

III. HOEFFDING (ANTI-)DIVERGENCE FOR SETS

In this section, we develop extensions of the quantum
Hoeffding divergence and anti-divergence to sets of quantum
states. Two natural approaches arise for this purpose.

A. Quantum Hoeffding divergence

Let H be a finite-dimensional Hilbert space, r > 0 be
a real number, and n ∈ N. Let ρn, σn ∈ D(H⊗n) be two
quantum states. The quantum Hoeffding divergence is defined
as Hn,r(ρn‖σn) := supα∈(0,1)

α−1
α (nr −DP,α(ρn‖σn)).

Let An,Bn ⊆ D(H⊗n) be two sets of quantum states.
Two variants of the quantum Hoeffding divergence be-
tween these sets can be defined. The first extension treats
the Hoeffding divergence as a quantum divergence and
extends it to sets via Definition 1: Hn,r(An‖Bn) :=
inf {Hn,r(ρn‖σn) : ρn ∈ An, σn ∈ Bn}. The second ap-
proach leverages the explicit formula for the Hoeffd-
ing divergence in terms of the Petz Rényi divergences:
Hn,r(An‖Bn) := supα∈(0,1)

α−1
α (nr −DP,α(An‖Bn)),

where DP,α(An‖Bn) is defined as in Definition 1.
Moreover, let A = {An}n∈N and B = {Bn}n∈N

be two sequences of sets of quantum states, where
each An,Bn ⊆ D(H⊗n). The regularized quantum
Hoeffding divergences between these sequences are de-
fined as H∞r (A ‖B) := lim infn→∞

1
nHn,r(An‖Bn).

If the limits exist, we define the regularized diver-
gence as H∞r (A ‖B) := limn→∞

1
nHn,r(An‖Bn) and

H∞r (A ‖B) := supα∈(0,1)
α−1
α

(
r −D∞P,α(A ‖B)

)
, where

D∞P,α(A ‖B) is defined as in Definition 1.

Lemma 1. Let H be a finite-dimensional Hilbert space,
and r > 0 be a real number, n ∈ N. Let An,Bn ⊆
D(H⊗n) be two convex compact sets of quantum states. Then
Hn,r(An‖Bn) = Hn,r(An‖Bn). Let A = {An}n∈N and
B = {Bn}n∈N be two stable sequences of convex compact
sets of quantum states, where each An,Bn ⊆ D(H⊗n). For
any n ∈ N, 1

nHn,r(An‖Bn) ≥ H∞r (A ‖B) ≥ H∞r (A ‖B).

Establishing an equality H∞r (A ‖B) = H∞r (A ‖B) for
the regularizations appears to be challenging, as existing
minimax theorems typically require at least one of the spaces
to be compact—a condition that is not directly satisfied here.
Moreover, as shown in [26] that the Petz Rényi divergence
and the Hoeffding divergence between two sets can be non-
additive in general, which further complicates the situation.

B. Quantum Hoeffding anti-divergence

The quantum Hoeffding anti-divergence is defined
as H∗n,r(ρn‖σn) := supα>1

α−1
α (nr −DS,α(ρn‖σn)).

Let An,Bn ⊆ D(H⊗n) be two sets of quantum
states. Two variants of the quantum Hoeffding
anti-divergence between these sets are defined as

H∗n,r(An‖Bn) := sup
{
H∗n,r(ρn‖σn) : ρn ∈ An, σn ∈ Bn

}
and H∗n,r(An‖Bn) := supα>1

α−1
α (nr −DS,α(An‖Bn)),

where DS,α(An‖Bn) is defined as in Definition 1.
Moreover, let A = {An}n∈N and B = {Bn}n∈N be
two sequences of sets of quantum states, where each
An,Bn ⊆ D(H⊗n). The regularized quantum Hoeffding
anti-divergences between these sequences are defined
as H∗,∞r (A ‖B) := lim infn→∞

1
nH
∗
n,r(An‖Bn). If

the limits exist, we define the regularized divergence
as H∗,∞r (A ‖B) := limn→∞

1
nH
∗
n,r(An‖Bn) and

H∗,∞r (A ‖B) := supα>1
α−1
α

(
r −D∞S,α(A ‖B)

)
, where

D∞S,α(A ‖B) is defined as in Definition 1.

Lemma 2. Let H be a finite-dimensional Hilbert space, and
r > 0 be a real number, n ∈ N. Let An,Bn ⊆ D(H⊗n)
be two sets of quantum states. Then H∗n,r(An‖Bn) =
H∗n,r(An‖Bn). Let A = {An}n∈N and B = {Bn}n∈N be
two stable sequences of sets of quantum states, where each
An,Bn ⊆ D(H⊗n). Then H∗,∞r (A ‖B) = H∗,∞r (A ‖B).

Note that H∗n,r(An‖Bn) is defined as a supremum over the
feasible states, which makes its additivity property for stable
sequences unclear—even though we know the Hoeffding
anti-divergence for states is subadditive. Nevertheless, the
above result shows that the regularization H∗,∞r indeed exists
for stable sequences and coincides with H∗,∞r in general.

C. Optimal Type-I error probability

The error exponent and strong converse exponent
regimes study the optimal behavior of the Type-I
error provided that the Type-II error exponentially
decays. More explicitly, the optimal Type-I error
for hypothesis testing between two sets of quantum
states, An and Bn, is defined as αn,r(An‖Bn) :=
min0≤Mn≤I {α(An,Mn) : β(Bn,Mn) ≤ 2−nr}, where the
measurement Mn is chosen to minimize the worst-case
Type-I error α(An,Mn), subject to the constraint that the
Type-II error β(Bn,Mn) decays exponentially at a rate r. In
other words, the measurement must perform universally well
for all states in An and Bn. As a special case, αn,r(ρn‖σn)
is defined similarly for individual states ρn and σn.

The following result shows that the optimal Type-I error is
precisely determined by the most challenging pair of states
from these sets. This implies that there exists a universal
measurement that is independent of the specific states, whose
performance matches that of the optimal measurement for the
worst-case pair of states.

Lemma 3. Let H be a finite-dimensional Hilbert space, and
r > 0 be a real number, n ∈ N. Let An,Bn ⊆ D(H⊗n)
be two convex sets of quantum states. Then αn,r(An‖Bn) =
sup {αn,r(ρn‖σn) : ρn ∈ An, σn ∈ Bn}.

IV. ERROR EXPONENT

In this section, we establish the quantum Hoeffding bound
for composite correlated hypotheses. Notably, the result holds
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under minimal and standard assumptions, which are satisfied
by many frameworks of interest [9], [20], [21].

Assumption 1. Denote a sequence of sets of quantum states
C = {Cn}n∈N where each Cn ⊆ D(H⊗n). (C1) Convexity:
For any n ∈ N, the set Cn is convex; (C2) Compactness: For
any n ∈ N, the set Cn is compact; (C3) Stability under tensor
product: For any m,n ∈ N, it holds that Cm⊗Cn ⊆ Cm+n;
(C4) Finiteness: DP,α(A1‖B1) <∞ for α ∈ (0, 1).

Theorem 1. Let H be a finite-dimensional Hilbert space.
Let A = {An}n∈N and B = {Bn}n∈N be two sequences
of sets of quantum states, where each An,Bn ⊆ D(H⊗n).
Let 0 < r < D∞(A ‖B) be a real number.
• If A and B satisfy assumptions (C1) and (C2):

lim inf
n→∞

− 1

n
logαn,r(An‖Bn) ≥ H∞r (A ‖B).

• If A and B satisfy assumptions (C3) and (C4):

lim sup
n→∞

− 1

n
logαn,r(An‖Bn) ≤ H∞r (A ‖B).

Consequently, if A and B satisfy (C1), (C2), (C3) and
(C4), then the following limit exists and

lim
n→∞

− 1

n
logαn,r(An‖Bn) = H∞r (A ‖B).

This strengthens the previous result by Mosonyi et al. [13,
Eq. (II.65)] by establishing the tightness of the regularized
Hoeffding bound.

V. STRONG CONVERSE EXPONENT

We also extend the strong converse exponent to the broader
context of composite correlated hypotheses and show that the
strong converse exponent is lower bounded by a regularized
quantum Hoeffding anti-divergence between the sets in gen-
eral. We also provide a matching upper bound when the null
hypothesis is a singleton i.i.d. state.

For the upper bound, we need to introduce the per-
mutation invariance. Let UAn denote the natural unitary
representation of the permutation group Sn that permutes
the subsystems of An := A1A2 · · ·An. An linear operator
XAn ∈ L (An) is called permutation invariant if it satisfies
XAn = UAn(π)XAnUAn(π)

† for all π ∈ Sn. A set of
quantum state An is called permutation invariant if ρn ∈ An

implies that UAn(π)ρAnUAn(π)† ∈ An for all π ∈ Sn.
Let A be a system with |A| = d. For all n ∈ N there
exists a permutation invariant state ωnAn ∈ D(An), which we
call universal state, such that for all permutation invariant
states ρAn ∈ D(An), we have ρAn ≤ gn,d ω

n
An with

gn,d ≤ (n + 1)d
2−1. Such a universal state exists and has

been explicitly constructed in [14].

Assumption 2. Denote a sequence of sets of quantum states
C = {Cn}n∈N where each Cn ⊆ D(H⊗n). (C5) Permutation
invariance: For any n ∈ N, the set Cn is permutation
invariant; (C6) Universal state containment: For any n ∈ N,
the set Cn contains a universal state.

Theorem 2. Let H be a finite-dimensional Hilbert space.
Let A = {An}n∈N and B = {Bn}n∈N be two sequences
of sets of quantum states, where each An,Bn ⊆ D(H⊗n).
Let r > D∞(A ‖B) be a real number.
• Regardless of the structure of A and B, we have

lim inf
n→∞

− 1

n
log(1− αn,r(An‖Bn)) ≥ H∗,∞r (A ‖B).

• If An = {ρ⊗n} is a singleton i.i.d. state and B
satisfies assumptions (C1), (C5) and (C6), and moreover,
D∞S,α(A ‖B) exists and is differentiable for α ≥ 1, then

lim sup
n→∞

− 1

n
log(1− αn,r(An‖Bn)) ≤ H∗,∞r (A ‖B).

Consequently, with the same assumptions for the upper bound
and additionally assuming that B satisfies assumption (C3),
then the limit exists and is given by

lim
n→∞

− 1

n
log(1− αn,r(An‖Bn)) = H∗,∞r (A ‖B).

VI. APPLICATIONS

A. Refining quantum Stein’s lemma between two sets

The generalized quantum Stein’s lemma for hypothesis
testing between two sets of quantum states in [9, Theorem
32] can be both recovered and strengthened as follows.

Theorem 3. Let A = {An}n∈N and B = {Bn}n∈N
be two sequences of sets satisfying the same assumptions
in [9, Theorem 32]. For any 0 < r < D∞(A ‖B),
then lim infn→∞− 1

n logαn,r(An‖Bn) ≥ H∞r (A ‖B) > 0.
For any r > D∞(A ‖B), then lim infn→∞− 1

n log(1 −
αn,r(An‖Bn)) ≥ H∗,∞r (A ‖B) > 0.

These results show that any Type-II error exponent below
D∞(A ‖B) is achievable, with the Type-I error decaying at
least as fast as H∞r (A ‖B). Conversely, for Type-II error
exponents above D∞(A ‖B), the Type-I error converges
to one exponentially, at a rate at least H∗,∞r (A ‖B). Thus,
D∞(A ‖B) serves as a sharp threshold for the asymptotic
trade-off in hypothesis testing. Notably, the quantum Ho-
effding bound (Theorem 1) and strong converse exponent
(Theorem 2) hold under very general conditions, without
requiring the polar assumption from [9].

B. Discontiniuity of D∞P,α(A ‖B) at α = 1

In the i.i.d. setting, the error exponent is viewed as a
refinement of the Stein exponent, since the latter can be
recovered from the former via the continuity of the Rényi
divergence between two fixed states. In the same spirit, our
error exponent results would recover the Stein exponent if the
regularized Petz Rényi divergence were continuous at α = 1,
i.e., supα∈(0,1)D

∞
P,α(A ‖B) = D∞(A ‖B). However, such

continuity may fail in general. In particular, for any sequences
of sets A = {An}n∈N and B = {Bn}n∈N that satisfy
our error-exponent assumptions but violate the Stein lemma,
we must have a strict inequality supα∈(0,1)D

∞
P,α(A ‖B) <

Authorized licensed use limited to: Chinese University of Hong Kong CUHK(Shenzhen). Downloaded on September 01,2026 at 07:03:14 UTC from IEEE Xplore.  Restrictions apply. 



D∞(A ‖B), i.e., a discontinuity of D∞P,α(A ‖B) at α = 1.
Such examples can be found in [27].

We now give a more explicit example. Denote H(p) :=
−p log p−(1−p) log(1−p) as the binary entropy function and
D(p‖q) := p log p

q + (1− p) log 1−p
1−q as the classical relative

entropy. Denote the set of types with length n by Pn, which
is the set of all empirical distributions. Give P ∈ Pn, the
type class of P , denoted as Tn(P ), is the set of bit strings
whose empirical distribution is P . We choose two rational
numbers p1 = m1

m and p2 = m2

m such that p1 < p2 ∈ (0, p3).
Let Pj = (pj , 1− pj) be the binary distribution. Consider a
two-dimensional Hilbert space H spanned by {|0〉, |1〉} and
define the qubit state ρ(p) := p|0〉〈0| + (1 − p)|1〉〈1|. We
denote the uniform distribution over Tkm(Pj) in the space
H⊗km by ρj,km := 1

|Tkm(Pj)|
∑
xkm∈Tkm(Pj)

|xkm〉〈xkm| for
j = 1, 2, where |Tkm(Pj)| =

(
km
kmj

)
is the size of the

type class. In the following examples, we regard the Hilbert
space H⊗m as a one-copy system. We define the convex
mixiture, ρkm := λρ1,km+(1− λ)ρ2,km, with the choice of
λ ∈ (0, 1), such that mini∈{1,2}

1
2 log

2πmi(m−mi)
m ≥ H(λ).

Consider the set of states An := {ρk1m ⊗ · · · ⊗ ρklm :
k1, . . . , kl ≥ 1,

∑l
i=1 ki = n}, and Bn := {ρ(p3)⊗mn}.

Then sequences are stable under tensor product. But we have
supα∈(0,1)D

∞
P,α(A ‖B) < D∞(A ‖B). More examples can

be found in the full paper [26].

C. Adversarial quantum channel discrimination

Adversarial quantum channel discrimination was intro-
duced in [8]. A tester queries an untrusted device n times;
the device is guaranteed to be either a channel NA→B or
MA→B , but may behave adversarially and create correlations
across rounds. Let UA→BE and VA→BE be Stinespring
dilations of N and M, respectively, with E an environment
system. Denote all CPTP maps from X to Y as CPTP(X :Y ).

In round i, the adversary applies a CPTP map
PiRi−1Ei−1→AiRi ∈ CPTP(Ri−1Ei−1 :AiRi), (where R0E0

are trivial) and then sends Ai through U , producing BiEi.
After n rounds, the tester holds Bn := B1 · · ·Bn and the
resulting (possibly correlated) output state is ρ[{Pi}ni=1] :=
TrRnEn [

∏n
i=1(UAi→BiEi ◦ PiRi−1Ei−1→AiRi)]. If instead

the device implements M with internal maps Qi, the
tester receives σ[{Qi}ni=1] := TrRnEn [

∏n
i=1(VAi→BiEi ◦

QiRi−1Ei−1→AiRi)]. The tester performs a binary POVM
{Mn, I−Mn} on Bn. Due to the uncertainty of adversary’s
behavior, the tester’s knowledge is naturally modeled by the
two sets of achievable output states An := {ρ[{Pi}ni=1] :
Pi ∈ CPTP(Ri−1Ei−1 : AiRi), ∀i,∀Ri} or Bn :=
{σ[{Qi}ni=1] : Qi ∈ CPTP(Ri−1Ei−1 : AiRi), ∀i,∀Ri}.
A non-adaptive strategy by adversary is a standard subclass
that ignores the environments and does not update between
rounds. In this case the attainable sets by the tester reduce to
the image sets of tensor-power channels: A ′n := {N⊗n(ρn) :
ρn ∈ D(A⊗n)} and B′n := {M⊗n(σn) : σn ∈ D(A⊗n)}. It
was shown in [8] that the optimal Stein exponent (for both

adaptive and non-adaptive settings) is given by the regular-
ized minimum output channel divergence Dinf,∞(N‖M).

Here, we can check that {An}, {A ′n}, {Bn}, {B′n} are
all stable sequences of convex and compact sets of states
(the convexity of {An}, {Bn} is proved in [8]). There-
fore, our error exponent result directly applies to adversar-
ial quantum channel discrimination. In particular, for any
0 < r < Dinf,∞(N‖M), the optimal Type-I error exponent
under an exponential constraint on the Type-II error is
given by limn→∞− 1

n logαn,r(An‖Bn) = H∞r (A ‖B) and
limn→∞− 1

n logαn,r(A ′n‖B′n) = H∞r (A ′‖B′) > 0 where
we can ensure the strict positivity as the continuity of the
regularized Petz Rényi divergence holds in this case [8].

D. Error exponents in quantum resource detection

As Theorem 1 and 2 require minimal assumptions, they
can be readily applied to the detection problem in various
quantum resource theories (see e.g. [10]), where the sta-
bility of the set of free states is naturally satisfied [28],
[29], including entanglement [11], [30]–[32], coherence [33]–
[37], and magic [38]–[41]. We showcase coherence theory
and entanglement theory as two illustrative examples with
explicit expressions. In particular, let In be the set of
incoherent states on n subsystems. Then, in the resource
theory of coherence, our results yield explicit expressions
for the error exponent as limn→∞− 1

n logαn,r(ρ
⊗n‖In) =

supα∈(0,1)
α−1
α (r −DP,α(ρ‖I1)) and the strong con-

verse exponent as limn→∞− 1
n log(1 − αn,r(ρ

⊗n‖In)) =
supα>1

α−1
α (r −DS,α(ρ‖I1)). Similar expressions hold in

the resource theory of entanglement for maximally correlated
states in the full paper [26].

VII. DISCUSSION

We have established a framework for analyzing error
exponents in quantum hypothesis testing between two sets
of quantum states, extending beyond the conventional i.i.d.
setting to encompass composite correlated hypotheses. Com-
pared to recent advances on the Stein exponent [9], [20], [21],
our error exponent requires substantially weaker assumptions.
In particular, it does not rely on permutation invariance or
full-rank assumptions as in [20], [21], nor on the polar
assumption used in [9], which are essential in those works
for their proofs. The broad applicability of our framework
is demonstrated through concrete applications to adversarial
quantum channel discrimination and various quantum re-
source theories, highlighting its potential for further advances
across quantum information theory. A full version of this
paper is available at [26], which provides details and proofs
of all results.
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