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One-shot distillation with constant overhead
using catalysts

Kun Fang 1 & Zi-Wen Liu 2

Quantum resource distillation is a fundamental task in quantum information
science and technology. Minimizing the overhead of distillation is crucial for
the realization of quantum computation and other technologies. Here we
explicitly demonstrate how, for general quantum resources, suitably designed
quantum catalysts (i.e., auxiliary systems that remain unchanged before and
after the process) can lift the multi-shot or asymptotic average distilla-
tion overhead to the one-shot setting. This can enable one-shot distillation
with constant overhead, thereby overcoming the established logarithmic
lower bound. In particular, for magic state distillation, our catalysis method
paves a path for tackling the diverging batch size problem associated with
code-based low-overhead protocols by enabling arbitrary reduction of the
protocol size for any desired accuracy. Notably, this yields constant-overhead
magic state distillation with controllable protocol size. Furthermore, we
demonstrate a tunable spacetime trade-off between overhead and success
probability enabled by catalysts which offers significant versatility for practical
implementation. Finally, we extend catalysis techniques to dynamical quan-
tum resources and show that channel mutual information determines one-
shot catalytic channel transformation, thereby advancing our understanding
for both dynamical catalysis and information theory.

Quantum technologies hold the potential of offering revolutionary
advantages over classical methods in crucial technological tasks,
including computation and communication, driven by accurate
manipulation of various kinds of quantum resources, including quan-
tum entanglement1, quantum coherence2, and nonstabilizerness/
"magic”3. However, the fragile nature of quantum information
resources presents a formidable challenge, as themicroscopic systems
are highly susceptible to various sources of interference, such as
environmental noises and control imperfections4. These noise and
error effects can significantly undermine the effectiveness and security
of quantum computation and communication, thereby limiting the
scalability and applicability of quantum technologies. In addressing
these challenges, quantum resource distillation3,5—which entails con-
verting noisy quantum resources into a smaller amount of purer ones
with certain free operations—has emerged as a ubiquitously important

procedure. For instance,magic state distillation3,6–18 is ofmajor interest
in quantum computation as a leading scheme for the implementation
of logical non-Clifford gates, which constitutes the main bottleneck in
building fault-tolerant quantum computers. Other notable examples
include entanglement distillation5,19–21 and coherence distillation22–25,
which play key roles in quantum communication, networking and
cryptography.

Given the wide importance of resource distillation procedures,
optimizing their efficiency constitutes a vital problem for quantum
information technology. More specifically, the main goal is to reduce
the distillation overhead, i.e., the amount of noisy inputs needed to
produce certain desired outputs, for which the key figure of merit is
the exponent γ in the Oðlogγð1=εÞÞ asymptotic scaling with respect to
target error rate ε as ε → 0. Mainly for theoretical interest and simpli-
city, researchers have traditionally focused on the idealized infinite-
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shot setting where one considers an average notion of overhead over
an uncontrollably large amount of outputs. In particular, there have
been intensive efforts and advances that gradually reduce the average
overhead of magic state distillation since the earliest proposal
achieving γ ≈ 2.463. It was long conjectured and believed that γ cannot
be reduced to below one7; however, striking breakthroughs in recent
years have broken this barrier, achieving sublogarithmic average
overhead8,9 and culminating in recent results that eventually attain
(almost) constant average overhead14–16,18.

Nonetheless, in realistic scenarios, both the number of available
inputs and the desired outputs are always finite. This corresponds to
the one-shot regime, which is fundamentally distinct from the above
infinite-shot setting and directly captures resource-processing tasks in
practice. In this practical setting, the recent universal no-go theorems
for resource purification (which applies to virtually any type of
resource, including entanglement, coherence, asymmetry, thermal
nonequilibrium, andmagic)11,12 rigorously imply the existence of a γ ≥ 1
barrier, i.e., a logarithmic lower bound on distillation overhead.
Notably, although there exist protocols achieving sublogarithmic
averageoverhead in the asymptotic setting (asmentioned above), they
inevitably suffer from a common “batch size problem” from a practical
perspective: they usually involve a prohibitively large number of states
or dimensions (e.g., the Hastings–Haah sublogarithmic protocol8

works with a code that entails ≥ 258 input and ≥ 244 output states), and
the protocol volume must diverge rapidly as ε → 0, which incurs
enormous practical costs.

In this work, we introduce a distillation scheme utilizing the idea
of quantum catalysis, a phenomenon analogous to chemical catalysis
where catalysts can facilitate reactions by providing alternative path-
ways with lower activation energies, demonstrating how it helps cir-
cumvent the above limitations. In the realm of quantum information,
the catalysis phenomenon involves an auxiliary quantum system,
namely the catalyst, which participates in the transformation process,
enabling transformations that would otherwise be unachievable while
remaining unaltered before and after the process and thus can be
reused. Quantum catalysis was first discussed in the context of
entanglement transformation26 more than two decades ago. For
example, by the majorization criterion27,28, an entangled state
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manipulation, quantum catalysis has since been extensively studied
across various resource theories, including quantum coherence29,30,
thermodynamics31–33, purity34 and magic35–37. This area remains active
as evidenced by recent works32,38–42, with comprehensive reviews
available in refs. 43,44. While catalytic methods are widely useful,
recent studies have also revealed fundamental limitations of their
power, e.g., they cannot overcome bound entanglement45, and cannot
increase distillable entanglement46. These “negative” results highlight
that whether catalysis can introduce advantages for a certain task is a
nontrivial question47. Furthermore, existing literature on distillation
mostly focuses on the distillation rate, namely, how much pure target
resource canbe extracted fromafixed amount of noisy input resource.
This is conceptually dual to the overhead considered in this work,
where the aim is to minimize the amount of input for some given
target.

The main contribution of this work is to demonstrate the
effectiveness of catalytic methods in enhancing distillation effi-
ciency, particularly highlighting their striking capability to arbitrarily
reduce one-shot distillation overhead, which is unknown before.
This, in some sense, completes the picture of distillation overhead
optimization. Specifically, we establish a general and rigorous
ordering of resource overheads for one-shot (unassisted), multi-shot

average, and one-shot catalytic distillation settings, as illustrated in
Fig. 1, by showing how any multi-shot distillation protocol can be
converted into a one-shot catalytic protocol while maintaining the
overhead by designing suitable catalysts with reusability guarantees.
In particular, our catalytic approach can be applied tomake the batch
size of any protocol arbitrarily small (e.g., an n-to-m protocol can be
converted into a ⌈n/m⌉-to-1 protocol) for any accuracy. Through
magic state distillation, this provides a strategy for alleviating the
cost of fault-tolerant quantum computation. Furthermore, we
demonstrate that the failure probability and overhead, correspond-
ing to time and space costs respectively, can be flexibly traded for
each other with the help of catalysts. Notably, we prove that the
optimal constant for constant-overhead magic state distillation can
even be reduced to 1 at the price of sacrificing the success probability
by a constant factor, pushing the efficiency of distillation to its ulti-
mate limit. Lastly, we extend the catalytic technique to the channel
(dynamical) setting. As an application, we provide a one-shot
operational interpretation of channel mutual information, showing
that it determines the catalytic convertibility of quantum channels
and thereby resolving the channel version of a conjecture of
Wilming33. In Fig. 2, we illustrate the fundamental advantages of our
catalytic methods more clearly, including a comparison with pro-
minent existing distillation protocols. Furthermore, from a practical
perspective, our catalytic schemes offer substantial flexibility in
experiment and architecture design by enabling one to freely tailor
the qubit and time costs to suit specific hardware features or cap-
abilities. It is worth noting that our protocols consist of quite simple
operations and are thus expected to be particularly friendly for
experiments.

Results
Preliminaries: general resource theory and distillation overhead
To present our results in a rigorous and unifiedmanner, we shall adopt
the language of general resource theory, a framework that finds great
success in studying different quantum resource features in recent
years (background and setup can be found in e.g., refs. 10,11,48,49). A
standard resource theory is defined by a set of free operations O and a
set of free states F � D (the complement of which are resource
states), where D denotes the set of all density matrices. Taking the
magic theory as an example, F consists of stabilizer states, and Clif-
ford operations are a standard choice of O. Generally speaking,F and
O can be adaptively defined, leading to a wide variety of meaningful
resource theories, as long as they follow a golden rule: any free
operation can only map a free state to another free state,
i.e., EðρÞ 2 F, 8ρ 2 F, 8E 2 O.

The general goal of distillation tasks is to transform noisy
resources into pure ones by some protocol represented by a free
operation. In practice, we are also interested in protocols that only
produce desired outputs with a certain probability (e.g., protocols
based on error correction, which work upon passing the syndrome
measurements). To encompass such probabilistic cases, consider the
generalization of free operations O to the class of free subnormalized
quantum operations, i.e., completely positive and trace-nonincreasing
maps Osub : = fL j 8ρ 2 F, 9p≥0,ψ 2 F, s:t: LðρÞ=p � ψg. A free
probabilistic protocol that transforms ρ to γ with probability p is
modeled by a quantum operation EA!XBðρAÞ= 0j i 0h jX � LA!BðρAÞ+ 1j i
1h jX � GA!BðρAÞ, where L,G 2 Osub. Here, X is an external flag register
that keeps track of whether the protocol succeeds (0) or not (1); then
L 2 Osub represents the successful transformation such that
LA!BðρAÞ=pγB where p=Tr½LðρÞ�. The case where L is a completely
positive trace-preserving (CPTP) map and thus p = 1 corresponds to a
deterministic protocol.

As already emphasized in the introduction, previous research on
distillation overhead has focused on the asymptotic average overhead
in the infinite-shot limit for simplicity, whereas the one-shot setting
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with controllable output size is practically more relevant and con-
stitutes the main target in this work.

Now we lay down formal definitions of the different types of
overhead. Denote the space for the source and target states as S, and
the ancillary system that supports the catalyst as A. For any two
quantum states ρ,σ 2 DðSÞ, define their trace distance by
Δ(ρ, σ) ≔ ∥ρ − σ∥1/2 with ∥ ⋅ ∥1 being the trace norm. Denote
ρ�n�!ðε,pÞσ�m if there exists a resource transformation protocol L 2
Osub such that Lðρ�nÞ=p � ηm with ηm 2 DðSmÞ and Δðηm

i ,σÞ≤ ε for all
i∈ {1,⋯ ,m}, whereηm is some (not necessarily product) state in them-
copy space and ηm

i is the i-th marginal of ηm. Here we follow the con-
vention in distillation studies and focus on the error of each marginal
states3,7. Since pure targets are typically of interest, this is equivalent to
defining the error over the global states.

Definition 1. (Unassisted overhead). Let ρ, σ 2 DðSÞ be two arbitrary
quantumstates.Considering ρ and σ as theprimitive (source) state and
target state of distillation respectively, the (conventional unassisted
notions of) one-shot distillation overhead Cε,p and multi-shot average

distillation overhead Cε,p are defined as

Cε,pðρ, σÞ : = minfn : ρ�n�!ðε,pÞσg, ð1Þ

Cε,pðρ,σÞ : = minfdn=me : ρ�n�!ðε,pÞσ�mg, ð2Þ

respectively.
Furthermore, denote ρ�n � ω�!ðε,pÞσ � ω if there exists a trans-

formation protocolL 2 Osub and a catalystω 2 DðAÞ such thatLðρ�n �
ωÞ=p � ν with ν 2 DðSAÞ, Δ(νS, σS)≤ε and νA = ωA, where νA, νS are two
marginals of ν.

Definition 2. (One-shot catalytic distillation overhead). Let ρ, σ 2 DðSÞ
be two arbitrary quantum states. Considering ρ and σ as the primitive
(source) state and target state of distillation, respectively, the one-shot
catalytic distillation overhead eCε,p is defined as

eCε,pðρ,σÞ : = min n : ρ�n � ω�!ðε,pÞσ � ω, 9ω 2 D
� �

: ð3Þ

The standarddistillation setting of usual interest is to distill copies
of less noisy versions of some target pure state by consuming more
copies ofmore noisy versions of this target state, namely, σ is pure and
n≥m. For example, the typical task inmagic state distillation is to distill
less but better T states from noisy ones.

Previous results ondistillation overheadaremainly bounds on the
multi-shot average notion obtained by taking the asymptotic limit
n,m→∞which corresponds to the idealistic infinite-resource scenario.
In contrast, the one-shot setting captures the practical finite-resource
scenario. With the above notations, the no-go theorem of ref. 11 sets
the logarithmic fundamental limit Cε,pðρ,σÞ=Ωðlogð1=εÞÞ for ordinary
unassisted one-shot distillation overhead. Our aim here is to demon-
strate how the catalytic version eCε,p can break this barrier while
maintaining the one-shot nature.

Fig. 1 | Comparisonofdistillationoverhead logγð1=εÞ across different settings.A
fundamental no-go limit of γ ≥ 1 has been shown to exist for one-shot (unassisted)
distillation11,12. We show in this work that this limit can be surpassed with the aid of
quantum catalysts.

Fig. 2 | Illustration of the fundamental advantages of our catalytic scheme over
existing distillationmethods. aA distillation overhead versus batch size diagram.
Due to the no-go theorems in Refs. 11,12, for virtually any well-behaved resource
theory, at least one of the following must hold for non-catalytic protocols (where ϵ
denotes the target error rate): (i) the distillation overhead is at least logarithmic, i.e.,
Ωðlogð1=ϵÞÞ; (ii) the distillation cannot be one-shot, that is, the batch size (number of
outputs) must diverge as ϵ decreases (which we refer to as the “batch size pro-
blem''). Consequently, the lower-left region is fundamentally forbidden (high-
lighted in red). For the particularly important case of magic state distillation,
normal protocols achieve neither (i) nor (ii) and therefore fall in the upper-right
region; the logarithmic-overhead barrier7 was only recently overcome by e.g.,

Hastings--Haah8 and Wills--Hsieh--Yamasaki14, which are regarded as major break-
throughs, yet they necessarily suffer from the batch size problem. Our catalytic
strategyenablesone tobypass these barriers and simultaneously achieve (i) and (ii):
for example, our catalytic strategy can make the batch size of the constant-
overhead protocol14 arbitrarily small while preserving the constant overhead
(Applications in magic state distillation), and by allowing probabilistic success, we
can further achieve arbitrarily small overhead (Catalytic spacetime conversion:
trading success probability for reduced overhead). b For finite-output distillation
tasks, existing protocol methods require a superlinearly diverging amount of input
resources with respect to logð1=ϵÞ decreases, whereas our catalytic magic state
distillation schemes can achieve arbitrarily small ϵ with finite input resources.
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General theory: one-shot catalytic resource distillation
Now we introduce our main results. All proofs and technical analysis
are deferred to the Methods section. Here, we deal with the standard
distillation setting where more source states are consumed to distill
less pure target states, namely, σ is pure and n ≥m. Axiomatically, it is
assumed that appending free systems, discarding and permuting
subsystems, and classically controlled free operations are free, and no
other properties of the resource theory are needed, rendering the
framework highly flexible and applicable to most relevant theories.

Since a one-shot distillation protocol can be regarded as a multi-
shot distillation protocol with further conditions, it follows directly
that Cε,pðρ,σÞ≤Cε,pðρ, σÞ for any quantum states ρ and σ. Here we
adapt a catalysis technique originally proposed in ref. 50 for LOCC
(local operations with classical communication) transformations of
quantum entanglement (further explored in recent works such as
refs. 30,32,33,38–42) to our general transformation task, which
involves an unequal number of source and target states. This is
achieved by regrouping the source states into blocks and embedding
the target state into a larger space. Particularly,we show that anymulti-
shot distillation protocol from ρ⊗n to σ⊗m can effectively be turned into
a one-shot catalytic protocol from ρ⌈n/m⌉ ⊗ ω to σ ⊗ ω with the same
parameters. Here, the catalyst ω plays a crucial role by enabling new
transformation pathways that are otherwise unattainable and absorb-
ing part of the complexity of the transformation process. Although the
catalyst temporarily participates in the transformation, it is fully
restored afterward. As a result, we have the inequalityeCε,pðρ,σÞ≤Cε,pðρ,σÞ. In conclusion, the general relation of distillation
overhead across different settings is as follows:

Theorem 3. For any quantum states ρ and σ, target error ε∈ [0, 1] and
success probability p ∈ [0, 1], the following relation holds:eCε,pðρ,σÞ≤Cε,pðρ,σÞ≤Cε,pðρ, σÞ. In particular, any multi-shot distilla-
tion protocol can be turned into a one-shot catalytic distillation pro-
tocol with the same overhead, implying the first inequality.

It is worth noting that the catalyst technique has been studied in
the context of distillation before. However, previous works focused on
optimizing the output resource that can be extracted from some fixed
noisy input, for which known results are negative. For instance, it has
been shown that catalysts cannot overcome bound entanglement45

and cannot increase distillable entanglement46. In contrast, this work is
intended to initiate a different perspective by establishing the advan-
tages of catalysts in enhancing distillation overhead, where the aim is
to minimize the amount of noisy input required to achieve a desired
target. Theorem 3 establishes a foundational result in this new direc-
tion, demonstrating the hitherto unexplored potential of catalysts to
reduce the distillation overhead. In the sections that follow, we
demonstrate the effectiveness of catalysts in this regard through
concrete examples, particularly in the context of magic state distilla-
tion, highlighting their capability to surpass previously established
limits.

A key advantage of using a catalyst is its recoverability after the
transformation, allowing for repeated reuse. We now provide a theo-
retical guarantee that the catalyst can be reused indefinitely without
any degradation in its expected performance.

Theorem 4. For a deterministic one-shot catalytic resource distillation
procedure, after l ≥ 1 repeated uses of the catalystωA, we obtain a joint
state νS1S2 ���SlA such that the catalyst is exactly returned on its marginal
νA = ωA and the target states νS1 = νS2 = � � � = νSl with error ΔðνSi ,σSÞ≤ ε
for all i ∈ {1, ⋯ , l}.

An apparent subtlety is that the catalyst may exhibit correlations
with the remaining systems. However, when addressing distillation
tasks aimed at pure target states, which is typically the case of interest,
the correlation between the obtained target state and the remaining
systems is under control. This canbemade explicit by applying Lemma

8 from the Supplemental Material of ref. 46, which states that an error
threshold on the target state ΔðνS, ϕ

�� � ϕ
� ��

SÞ≤ ε ensures that the cor-
relation between the target state and the catalyst remains small, with
ΔðνSA, ϕ

�� � ϕ
� ��

S � νAÞ≤ ε+3
ffiffiffi
ε

p
. Consequently, any intermediate usage

of the target state and the catalyst will have a negligible impact on the
other systems. In the following, we give a further improved bound for
this fact through a simplified proof.

Lemma 5. Suppose ΔðνS, ϕ
�� � ϕ
� ��

SÞ≤ ε, then ΔðνSA, ϕ
�� � ϕ
� ��

S � νAÞ≤ 2
ffiffiffi
ε

p
.

We also note that the catalyst is guaranteed to remain effective in
deterministic protocols, while for probabilistic ones, there is a risk of
losing the validity of the catalyst when the transformation fails, which
arises from the probabilistic nature of multi-shot protocols. Never-
theless, it is guaranteed that the probability of losing the catalyst in the
converted one-shot catalytic protocol is no greater than p if the multi-
shot protocol fails with probability p. Moreover, the failure probability
is finite and can be significantly suppressed by e.g., concatenation, and
there are ways to make probabilistic distillation protocols
deterministic51. Finally, we stress that the magic state distillation pro-
tocols we apply later are already deterministic14, so the aforemen-
tioned risk is not present.

Applications in magic state distillation
As a potential resolution to the non-Clifford operation bottleneck of
fault-tolerant quantum computing, magic state distillation has been a
subject of extensive study since Bravyi and Kitaev’s proposal in 20053.
The primary focus is to reduce the resource overhead of magic state
distillation, with numerous improvements achieved over the
years3,7–9,14–18,52–55.

It was conjectured7 and long believed that the overhead expo-
nent γ cannot be reduced to below one. In the one-shot setting, this
can indeed be proven by applying the universal no-go theorem for
resource purification in ref. 11. Remarkably, Hastings and Haah first
found a code that achieves an average overhead of n=m=Oðlogγð1=εÞÞ
for γ ≈ 0.6788, and very recent progress further shows that the
exponent can be made arbitrarily close to 0 or even to equal 0,
namely achieving constant average overhead14–16. As explained,
despite these advances, the low overhead in these protocols comes
with the serious problem that they require uncontrollably large batch
sizes as ε tends to zero. By applying the catalytic conversion estab-
lished in Theorem 3, we can turn the low-overhead distillation pro-
tocols into one-shot counterparts that achieve arbitrary accuracy
with an arbitrary amount of (even only one) target states. This pro-
vides a way to circumvent the fundamental limit of Ωðlogð1=εÞÞ for
one-shot distillation11.

Corollary 6. There exist one-shot catalytic magic state distillation
protocols that achieve any given target error with certainty (i.e., suc-
cess probability 1) and constant overhead. In particular, by Theorem 4,
the catalyst can be reused indefinitely without degradation in its
performance.

As discussed, the correlation between the catalyst and the
obtained target state can bemade sufficiently small. A related result by
Rubboli and Tomamichel56 indicates that making such residual corre-
lations arbitrarily small requires a divergent amount of resources in the
catalyst if the resource theory has multiplicative maximum fidelity of
resource (i.e., bFðρ1 � ρ2Þ= bFðρ1Þ � bFðρ2Þ, where bFðρÞ : =maxσ2FFðρ,σÞ
with F being the normal state fidelity). However, the maximum fidelity
in magic theory (also named stabilizer fidelity) is known to be non-
multiplicative [57, Section 6.2]. It remains an interesting open question
whether, in magic theory, it is possible to find exotic catalysts with a
finite amount of magic that achieve vanishing residual correlations
or error.
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Catalytic spacetime conversion: trading success probability for
reduced overhead
In distillation tasks, the resource overhead essentially represents the
space requirement, characterizing the size of quantum systems that
need to be coherently manipulated in a single experiment. On the
other hand, the success probability is associated with the number of
experimental repetitions needed to accomplish the tasks and thus
determines the time cost. As the size of the qubits and coherent con-
trol is limited, especially in the near term, it is usually more feasible to
scale up an experiment by repeating the experiment multiple times
rather than conducting it with larger systems in fewer trials. By lever-
aging quantum catalysis, we enable a trade-off between space and
time, allowing the resource burden to be shifted from qubit overhead
to time.

More specifically, we show that if a transformation from ρ⊗n to σ⊗m

is achievablewith success probabilityp, then a catalytic transformation
from ρ⊗k to σ can also be achieved with success probability pm/⌈n/k⌉,
for any 1 ≤ k ≤ n/m, effectively trading time for space. Notably, by set-
ting k = 1, we obtain a one-shot catalytic distillation protocol with unit
overhead and success probability pm/n, in which case the overhead is
minimized to its extreme.

Theorem 7. Suppose there exists a distillation protocol transforming
ρ⊗n to σ⊗m with success probability p and target error ε. Then it
holds for any 1 ≤ k ≤ n/m that eCε,pmdn=ke�1 ðρ, σÞ≤ k. In parti-
cular, eCε,pm=nðρ,σÞ= 1.

It should be noted that trading success probability for overhead is
not always possible without the use of a catalyst, which underscores
the significance of Theorem 7. Consider an example task of entangle-
ment distillation where the goal is to transform a noisy entangled state
ρ (e.g., an isotropic state) into a Bell state ψwith success probability p0

and target error ε0. There exist nontrivial forbidden tuples ðp0, ε0Þ
according to the no-go theorems established in Refs. 11,58, which are
nevertheless achievable in the average case using the hashing
protocol59: ρ⊗mr can be transformed into ψ⊗m with arbitrarily small
target error and success probability 1 for certain r and m, where 1/r
corresponds to the hashing bound. This shows that achieving a multi-
copy transformation does not necessarily guarantee the feasibility of a
one-shot transformation by simply compromising the success prob-
ability, even when p0 is chosen to be close to zero. Yet, this trade-off
can always be achieved with the aid of a catalyst by our result.

As mentioned, very recent works14–16 demonstrated that magic
state distillation can be achieved with constant overhead in the
asymptotic limit but left the question of optimality of this constant
open for future investigation. In particular, the protocol in ref. 14
achieves p = 1 and n/m = O(1). By applying Theorem 7, we find that the
optimal constant can be ultimately reduced to 1 with the aid of a cat-
alyst, at the expense of compromising the success probability by a
constant factor.

Corollary 8. There exist one-shot catalytic magic state distillation
protocols that achieve any given target error with constant success
probability using only one copy of the source magic state (i.e., con-
stant overhead 1). In particular, by Theorem 4, the catalyst can be
reused indefinitely without degradation in its performance.

Channel catalytic transformation theory
The concept of catalytic transformation can also be extended to the
manipulation of quantum channels, which correspond to dynamical
resources that play a crucial role in, e.g., quantum communication and
quantum error correction12,60–67. In this section, we extend the catalysis
technique to the channel setting.

Let L(A → B) be the set of all linear maps from Hilbert space A to
Hilbert spaceB. Let CPTP(A→B) be the set of all quantumchannels (i.e.,
completely positive and trace-preserving maps) from A to B. Themost

general transformation of a quantum channel is described by a
superchannel, which is a linear map that maps quantum channels to
quantum channels and has a physical realization with pre- and post-
processing on the quantum channel upon which it acts. More specifi-
cally, Π is a superchannel61 if there exists a Hilbert space E with
∣E∣≤∣A0∣∣B0∣ and two CPTP maps Γpre 2 CPTPðB0 ! A0EÞ and
Γpost ∈ CPTP(A1E → B1) such that for all linear map Ψ ∈ L(A0 → A1), it
holds that Π½Ψ�= Γpost � ðΨ� IE Þ � Γpre.

Before addressing catalytic channelmanipulation, we first need to
clarify the definition of a reduced channel. It is known that if a bipartite
channel satisfies the non-signaling (NS) condition TrB2

�
N A1A2!B1B2

= TrB2
�N A1A2!B1B2

�Rπ
A2

where Rπ is a replacer channel
that sends any input to a fixed state π, then we can define a unique
channel such that TrB2

�N A1A2!B1B2
=N A1!B1

� TrA2
. This channel is

given by

N A1!B1
ð�Þ : =TrB2

N A1A2!B1B2
ðð�Þ � πA2

Þ: ð4Þ

By the NS assumption, it can be easily verified that the definition in (4)
is independent of the choice ofπ. Therefore, without loss of generality,
we can always take π to be the maximally mixed state of appropriate
dimension. See also discussions in ref. [68, General theory: one-shot
catalytic resource distillation]. More generally, if the channel
N A1A2!B1B2

does not satisfy the NS condition, we can still define a
linearmap via (4), which is clearly a quantum channel from A1→ B1. The
only difference is that the channel will depend on the choice of π.

Define the error between quantum channels N and M to be
ΔðN ,MÞ : = 1

2 k N �Mk� where k Ek� : = supk2NsupkXk1 ≤ 1 k
E � IkðX Þk1 denotes the diamond norm69. We formally characterize
catalytic channel transformations as follows.

Definition 9. Let N 2 CPTPðA ! BÞ and M 2 CPTPðA0 ! B0Þ be two
quantum channels. We say N can be catalytically transformed to M
with target error ε if there exists a free superchannel Π and a channel
C 2 CPTPðX ! Y Þ such that the output channel P : =Πn½N � Cn� 2
CPTPðA0X ! B0Y Þ satisfies

PX!Y = CX!Y , andΔðPA0X!B0Y ,MA0!B0 � CX!Y Þ≤ ε, ð5Þ

where PX!Y ð�Þ : =TrB0PA0X!B0Y ðð�Þ � πA0 Þ. Moreover, we say N can be
(asymptotically) catalytically transformed to M if there exists a
sequence of superchannels Πn and a sequence of catalyst channel Cn
such that N�n can be catalytically transformed to M�n with error εn
and limn!1εn =0.

The first condition in (5) implies that after the coding strategy Π,
the transmission scheme PX!Y ð�Þ functions the same as the channel C.
That is, the functioning of C is not affected by the coding, thus it serves
as a catalyst channel. The second condition in (5) implies that the
correlation between the source channel and the catalyst channel is
within a target error. This particularly implies that the reduced channel
PA0!B0 ð�Þ : =TrYPA0X!B0Y ðð�Þ � πX Þwill function approximately asM, in
the sense that ΔðPA0!B0 ,MA0!BÞ≤ ε (see Lemma 13 in “Methods”).

With the above definition, we are now ready to discuss quantum
channel simulation. By the well-known quantum reverse Shannon
theorem60, we know that channel manipulation under entanglement-
assisted or NS-assisted codes is reversible. This, in particular, implies
that N can be asymptotically transformed to M with unit rate if and
only if IðN Þ≥ IðMÞ, where IðN Þ : = supφRA

IðB : RÞN A!BðφRAÞ is the quan-
tum channel mutual information and I(B: R)ρ = S(ρB) + S(ρR) − S(ρBR)
with SðρÞ= � Trρ logρ, giving an operational meaning of channel
mutual information in the conventional i.i.d. setting.

Extending the catalysis technique for quantum states, we obtain
the following result, which shows that N can be catalytically trans-
formed to one M if and only if IðN Þ≥ IðMÞ given free entanglement
and catalyst channels, thereby addressing the channel version of the
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open question raised in ref. 33 regarding whether mutual information
determines the convertibility of quantum channels.

Theorem 10. Let N ,M 2 CPTPðA ! BÞ be two quantum channels.
Then N can be catalytically transformed to M with entanglement-
assisted or NS-assisted codes if and only if IðN Þ≥ IðMÞ.

This endows the channel mutual information with an operational
meaning in terms of catalytic transformation at the one-shot level,
enriching our understanding of quantum catalysis from a fundamental
information-theoretic perspective.

Discussion
In this work, we considered quantum resource distillation with the
assistance of catalysis and presented universal protocols with rigorous
efficiency and reusability guarantees that surpass known fundamental
limitations of one-shot distillation overhead. Our results highlight the
utility and power of catalytic methods in enabling flexible configura-
tion of different types of resources in quantum informationprocessing
tasks, which has strong practical appeal. Specifically, in the context of
magic state distillation, our methods provide a practically valuable
route for optimizing the cost of fault-tolerant quantum computing,
which addresses the overhead or batch size problems of existing
protocols.

There remain various subtle issues that may arise in practical
implementations, including noise and correlation effects on the cata-
lysts, which warrant further investigation and optimization. An impor-
tant step forward is to study thebenefits andchallenges in implementing
our catalytic distillation protocols with regard to specific experimental
setups. These protocols are anticipated to be highly experiment-friendly
due to the simplicity of required operations, specifically, classically
controlled operations and relabeling or possibly collective movements
that are e.g., natively efficient with the reconfigurable atom array plat-
form, which emerged as a promising candidate for experimental fault-
tolerant quantum computing recently70 with unique advantages in
overcoming the crucial non-Clifford operation barrier71.

Regarding the fundamental theory of catalytic distillation, an
important avenue for further study is to relax the requirement of exact
catalyst preservation and instead allow the catalyst to be returned only
approximately, in the spirit of entanglement embezzling72–75. We
expect that this more flexible setting would allow further improve-
ments of specific parameters of catalytic protocols, including the
overhead constant and the size of the catalyst for a given target error.

In addition, while the catalysts used in this work generally have a size
comparable to the system in multi-shot protocols, necessitating
coherent manipulations of large quantum systems, the prospect of
designing smaller, more efficient catalysts remains a valuable possi-
bility. Conversely, the fundamental bounds on the catalyst size under
certain target parameters are also compelling problems to further
investigate (see Applications in magic state distillation for relevant
discussion).

Moreover, given the connection between magic state distillation
and quantum error-correcting (QEC) codes, our results may also pro-
vide new perspectives on catalytic QEC76,77. Finally, extending these
results to continuous variable systems and conducting a systematic
study of channel theory are interesting directions for future work.

Methods
Here, we provide full proofs and technical analysis of the main results.

Proof of Theorem 3
The second inequality follows fromtheir definitions.Wenowprove the
first inequality by constructing an explicit catalytic transformation
with the desired performance. Asmentioned, the catalyst structure we
use here was originally proposed in ref. 50 in the context of LOCC
transformations of quantum entanglement. As mentioned, while
similar catalyst structures have been used in various contexts
recently30,32,33,38–42, existing works mostly consider the transformation
of source states to an equal number of target states. Herewe adapt the
strategy to the distillation of general resource types with arbitrary
numbers of input and output states, to show that any multi-shot dis-
tillation protocol that transforms ρ⊗n to σ⊗m can be turned into a one-
shot catalytic protocol that transforms ρ⌈n/m⌉ ⊗ ω to σ ⊗ ω with the
same parameters (which then implies the inequalities in the theorem
statement). In the proof, we present the procedure in a general and
rigorous manner, and provide an illustrative example of its steps in
Fig. 3. Consider any protocol L 2 Osub such that Lðρ�nÞ=pηm and
Δðηm

i ,σÞ≤ ε for all i ∈ {1, ⋯ , m}, where ηm 2 DðSmÞ and ηm
i is the i-th

marginal of ηm. For our purposes, we prepare m blocks of quantum
states, each block containing k = ⌈n/m⌉ copies of ρ. We denote a full
block by ζ = ρ⊗k. Since mk = m⌈n/m⌉ ≥ n, we have a free operation L1

such that

L1ðζ�mÞ=L1ðρ�mk Þ=pηm andΔðηm
i , σÞ≤ ε, ð6Þ

Fig. 3 | An illustration for the steps of our catalytic procedure used to prove
Theorem 3. In this example, n = 15, m = 5, and hence k = 3. Each dot represents a
quantum state on the system S3. Red dots correspond to groups of states
ζ =ρ�3 2 DðS3Þ, while blue dots represent embedded states bσ = σ � π�2 2 DðS3Þ
that match the system of ζ. The overall quantum state is a mixture of rows, each
labeled with a classical register. Suppose we have a 15-to-5 distillation protocol. In
thefirst step, a classically controlled free operation is applied, using this protocol to

transform the last row from ζ⊗5 = ρ⊗15 to bσ�5. The second step involves cyclically
permuting the classical registers (i.e., the rows of dots), and the third step involves
cyclically permuting the quantum registers (i.e., the columns of dots). Overall, this
gives a 3-to-1 catalytic distillationprotocol from ζ = ρ⊗3 to bσ (which is equivalent to σ

by tracing out the free states π⊗2). The dashed boxes highlight the catalyst state,
showing that it remains unchanged before and after the transformation.
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for all i∈ {1,⋯ ,m}. This can be done by simply discarding the residual
mk − n copies of the source states and then performing the transfor-
mationL on ρ⊗n. Note that ηm and σ⊗m live inDðSmÞ, but we can embed
them into a larger space DððSkÞmÞ so that the individual subsystem
matches the space of ζ. More precisely, consider embedding Eð�Þ = ð�Þ �
π�ðk�1Þ
S where π 2 F is a free state, and let bηm = E�mðηmÞ and bσ = EðσÞ.

Consider L2 = E � L1 we get a transformation

L2ðζ�mÞ=pbηm
andΔðbηm

i , bσÞ≤ ε, ð7Þ

where bηm
i is the marginal state on the i-th system and the inequality

follows since trace distance is invariant under our embedding.
Now, we construct a catalystω to transform ζ to bσ within the given

error. Let bηm
1:i be themarginal state of bηm on thefirst i systems.Consider

the catalyst

ω : =
1
m

Xm
i = 1

ζ�i�1 � bηm
1:m�i � ij i ih j, ð8Þ

where ij i ih j 2 DðFÞ are states in a classical flag register F. This gives an
overall state

ζ � ω=
1
m

Xm
i= 1

ζ�i � bηm
1:m�i � ij i ih j: ð9Þ

We now aim to use this catalyst to complete the desired transforma-
tion. Let P0ð�Þ : =P0ð�ÞP0 with P0 : =

Pm�1
i= 1 ij i ih j and P1ð�Þ : = P1ð�ÞP1

with P1 : = mj i mh j be two projecting maps on the flag register F. First,
performing a classically controlled transformation I � P0 +

1
pL2 � P1

on ζ ⊗ ω, we get

ν1 : = I � P0 +
1
p
L2 � P1

� 	
ðζ � ωÞ ð10Þ

=
1
m

Xm�1

i = 1

ζ�i � bηm
1:m�i � ij i ih j+ 1

m
bηm � mj i mh j, ð11Þ

where I is an identitymap. This succeedswith probability p. Note that
this transformation is simply a one-way LOCC operation78, where we
measure the classical flag register and feed forward the classical
outcome to adaptively apply the quantum operation I or L2.
Therefore, this classically controlled operation is clearly free. Second,
by cyclically permuting the classical registersof ν1 such that i→ i+ 1 and
m → 1, we get

ν2 : =
1
m

Xm
i = 1

ζ�i�1 � bηm
1:m�i+ 1 � ij i ih j: ð12Þ

Third, permuting the quantum registers in a similar way, such that
i → i + 1 andm → 1, we get the resulting state ν3. Note that ν3 and ν2 are
the same state but with different system orders. Finally, note that the
embedding operation is reversible by removing the ancillary registers.
Denote E�1ð�Þ =TrSk�1 ð�Þ to be the reverse embedding operation, and
ν : = E�1 � I�m�1ðν3Þ be the final state after reverse embedding.

After these transformations, we can show that (i) the marginal
state on the first system of ν is our target state satisfying the target
error; (ii) themarginal state on the lastm − 1 systems of ν is exactly the
catalystω. For the first claim, themarginal state on the first system of ν
(or equivalently, the marginal state on the last system of ν2 after
reverse embedding) is given by

ν0 : = E�1 1
m

Xm
i= 1

bηm
i

 !
=

1
m

Xm
i = 1

ηm
i : ð13Þ

Since Δðηm
i ,σÞ≤ ε we have Δðν0, σÞ≤ ε by the convexity of trace dis-

tance. The second claim is evident by checking that the firstm − 1 sys-
tems of ν2 gives ω in Eq. (8). This gives a one-shot catalytic distillation
protocol with the same performance in target error ε and success
probability p, thereby completing the proof.

Proof of Theorem 4
Let T = Sk be the systems on the source state and ζ T =ρ

�k
S . Let L be the

catalytic transformation. In the first round, we get LTA!S1A
ðζ T �

ωAÞ= νS1A with ΔðνS1 , σS1
Þ≤ ε, and νA = ωA. Then we apply L again to a

fresh copy of the source state ζT together with the catalyst and leave
the state on the system S1 untouched. Denote the output systems as
S2A where S2 is isomorphic to S1. This gives the global state
LTA!S2A

ðζ T � νS1AÞ. Then we can check the catalyst on the system A by
TrS2S1LTA!S2A

ðζ T � νS1AÞ=TrS2LTA!S2A
ðζ T � ωAÞ=ωA. So the marginal

state on the catalytic system is unchanged. We can also check
the target state on the system S2 by TrS1ALTA!S2A

ðζ T�
νS1AÞ=TrALTA!S2A

ðζ T � ωAÞ=TrALTA!S1A
ðζ T � ωAÞ= νS1 , which means

that themarginal statewe distill remains exactly the same as in the first
round. The stated result is obtained by applying the above process
repeatedly l times.

Proof of Lemma 5
Let Fðρ,σÞ=Tr

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρ1=2σρ1=2

p
be the fidelity. Since ΔðνS, ϕ

�� � ϕ
� ��

SÞ≤ ε, we
have the relation that FðνS, ϕ

�� � ϕ
� ��

SÞ≥
ffiffiffiffiffiffiffiffiffiffiffi
1� ε

p
. As νSA is an extension of

νS, by Uhlmann’s theorem79, there exists an extension of ϕ
�� � ϕ
� ��

S such
that its fidelity with νSA is the same as FðνS, ϕ

�� � ϕ
� ��

SÞ. However, since
ϕ
�� � ϕ
� ��

S is a pure state, its extension can only be in the formof a tensor
product. Therefore, we can assume its extension as ϕ

�� � ϕ
� ��

S � μA such
that FðνSA, ϕ

�� � ϕ
� ��

S � μAÞ= FðνS, ϕ
�� � ϕ
� ��

SÞ. By the data processing
inequality of fidelity, we get FðνA,μAÞ≥ FðνSA, ϕ

�� � ϕ
� ��

S � μAÞ≥
ffiffiffiffiffiffiffiffiffiffiffi
1� ε

p
.

This implies that ΔðνSA, ϕ
�� � ϕ
� ��

S � μAÞ≤
ffiffiffi
ε

p
and ΔðνA,μAÞ≤

ffiffiffi
ε

p
. By the

triangle inequality of trace distance, we have ΔðνSA, ϕ
�� � ϕ

� ��
S �

νAÞ≤ΔðνSA, ϕ
�� � ϕ
� ��

S� μAÞ+Δð ϕ
�� � ϕ
� ��

S � μA, ϕ
�� � ϕ
� ��

S � νAÞ≤ 2
ffiffiffi
ε

p
.

Proof of Theorem 7
Let L 2 Osub be a resource distillation protocol that transforms n
copies of the source state ρS to m (m≤n) copies of the target state σS
with success probability p andwithin target error ε. That is, there exists
a quantum state ηm 2 DðSmÞ, such that Lðρ�nÞ=pηm and Δðηm

i , σÞ≤ ε
for all i ∈ {1, ⋯ , m}, where ηm

i is the i-th marginal of ηm. Then we can
consider g = ⌈n/k⌉≥mgroups of ζ = ρ⊗k. Since gk = k⌈n/k⌉≥n, there exists
a free operation L1 such thatL1ðζ�g Þ=L1ðρ�gkÞ=pηm and Δðηm

i ,σÞ≤ ε,
for any i ∈ {1, ⋯ , m}. This can be done by simply abandoning the
residual gk − n copies of the source states and then performing the
transformation L on ρ⊗n. Then we need to prove that there exists a
catalytic transformation L0 that transforms one copy of ζ to one copy
of σ with success probability pm/g and within target error ε. An illus-
tration for the steps of the procedure is given in Fig. 4.

Before the actual transformation, we need to perform two
embedding steps to ensure that the systemsmatch. First, as ζ 2 DðSkÞ
and σ 2 DðSÞ, we need to embed σ into a larger space by using the
embedding Eð�Þ = ð�Þ � π�ðk�1Þ

S where π 2 F is a free state. Letbηm = E�mðηmÞ and bσ = EðσÞ. Then, since m≤g, we need to do a second
embedding to compensate this system mismatching by using free
states. Moreover, to avoid mixing the free state with our target state,
which could compromise the final fidelity, we need to append the free
states on an orthogonal Hilbert space so that we can distinguish them
via projective measurements later. More explicitly, let θ be a free state
on the system Sk. We embed it into a joint Hilbert space T = SkW byeθT =θSk � 1j i 1h jW . We then embed ζ , bσ 2 DðSkÞ into the larger space T
by eζ T = ζ Sk � 0j i 0h jW and eσT = bσSk � 0j i 0h jW , respectively. Similarly,
we embed bηm into DðTmÞ by eηm = bηm � 0j i 0h jWm .

Then there exists a distillation protocol L2 that transforms eζ�g 2
DðTg Þ to eηm � eθ�g�m 2 DðTg Þ. Let eηm

1:i be the marginal state of eηm on
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the first i systems and eηm
i be the marginal state on the i-th system.

Define the following catalyst state onDðTg�1FÞwith classical register F:

ω : =
1
g

Xg�m�1

i= 1

eζ�i�1 � eηm � eθ�g�m�i � ij i ih j

+
1
g

Xg
i = g�m

eζ�i�1 � eηm
1:g�i � ij i ih j:

ð14Þ

Note that for m = g or m = g − 1 the first term vanishes. We have the
overall state on DðTgFÞ,

eζ � ω=
1
g

Xg�m�1

i= 1

eζ�i � eηm � eθ�g�m�i � ij i ih j

+
1
g

Xg
i = g�m

eζ�i � eηm
1:g�i � ij i ih j:

ð15Þ

= g
�� � g
� �� be two projecting maps on the flag register F. We then pro-

ceedwith the following steps. First, performing a classically controlled
transformation I � P0 +

1
pL2 � P1 on eζ � ω, we obtain

ν1 : = I � P0 +
1
p
L2 � P1

� 	
ðeζ � ωÞ ð16Þ

=
1
g

Xg�m�1

i = 1

eζ�i � eηm � eθ�g�m�i � ij i ih j ð17Þ

+
1
g

Xg�1

i = g�m

eζ�i � eηm
1:g�i � ij i ih j+ 1

g
eηm � eθ�g�m � g

�� � g
� ��: ð18Þ

As explained in the proof of Theorem 3, this procedure is a free
operation. Second, by cyclically permuting the classical registers of ν1
such that i → i + 1 and g → 1, we get

ν2 : =
1
g

Xg�m

i= 1

eζ�i�1 � eηm � eθ�g�m�i + 1 � ij i ih j

+
1
g

Xg
i= g�m+ 1

eζ�i�1 � eηm
1:g�i+ 1 � ij i ih j:

ð19Þ

Third, permuting the quantum registers in a similar way, such that
i → i + 1 and g → 1, we get the resulting state ν3. Note that ν3 and ν2 are
the same state but with different system orders. Then we can check
that the last g − 1 quantum systems of ν3 returns the catalyst, or
equivalently, we can check the first g − 1 systems of ν2 and get

1
g

Xg�m

i = 1

eζ�i�1 � eηm � eθ�g�m�i � ij i ih j+ 1
g

Xg
i = g�m+ 1

eζ�i�1 � eηm
1:g�i � ij i ih j=ω:

ð20Þ

The first quantum system of ν3 or equivalently the last quantum sys-
tem of ν2 gives our target state:

ν0 =
1
g

Xg�m

i= 1

eθ+ 1
g

Xg
i = g�m+ 1

eηm
g�i + 1 =

m
g
ν00 + 1�m

g

� 	eθ, with ν00 =
1
m

Xm
i= 1

eηm
i :

ð21Þ

Since ν00 = 1
m

Pm
i = 1eηm

i = 1
m

Pm
i= 1bηm

i � 0j i 0h jW and eθ=θSk � 1j i 1h jW are
orthogonal, we can perform a projective measurement on the flag
systemW to distinguish these two states. So we will have a probability
m/g to obtain the state ν″. Finally, as all appended states are uncorre-
lated to the target system, we get ν000 = E�1ðTrW ν00Þ= 1

m

Pm
i= 1η

m
i by

removing all the appended systems for free. SinceΔðηm
i , σÞ≤ ε, we have

Δðν000,σÞ≤ ε by the convexity of trace distance. This concludes
the proof.

Some remarks concerning our above result are in order. First, the
catalyst construction extends beyond the standard ones in
refs. 30,32,33,38–42,50. Appending the free state θ on the orthogonal
subspace is crucial here, as it allows the target state to be post-selected
after the projective measurement, ensuring that the fidelity is not
compromised in the final step. Second, the catalyst used in the proof is
not unique. Other options could alsowork in the samemanner, such as

ω=
1
g

Xg�m

i= 1

eζ�i�1 � eηm
1:m�1 � eθ�g�m�i+ 1 � ij i ih j

+
1
g

Xg
i= g�m+ 1

eζ�i�1 � eηm
1:g�i � ij i ih j:

ð22Þ

Fig. 4 | An illustration for the steps of our catalytic procedure used to prove
Theorem 7, for the case where n = 5, m = 2, and k = 1. Each dot represents a
quantum state on the system T. Red dots correspond to the embedded source
state eρ 2 DðTÞ, while bluedots represent the embedded target state eσ 2 DðTÞ. Gray
dots represent the embedded free state eθ 2 DðTÞ, which is orthogonal to eσ. The
overall quantum state is a mixture of rows, each labeled with a classical register.
Supposewehave a 5-to-2 distillationprotocolwith success probability p. In the first
step, a classically controlled free operation is applied, transforming the last row

from eρ�5 to eσ�2 � eθ�3
with success probability p. The second step involves cycli-

cally permuting the classical registers (i.e., the rows of dots), and the third step
involves cyclically permuting the quantum registers (i.e., the columns of dots).
Since eσ is orthogonal to eθ, we canperformprojectivemeasurement andpost-selecteσ with success probability 2/5. Overall, this gives a 1-to-1 catalytic distillation pro-
tocol from ρ to σ with success probability 2p/5. The dashed boxes highlight the
catalyst state, showing that it remains unchanged before and after the
transformation.
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Interestingly, such a catalyst is independent on the target state eηm if
m = 1. Third, if p = 1, the catalyst is always returned on the marginal
before the post-selection on the target system. So its status is
preserved by ignoring the measurement outcome and therefore can
be reused in the subsequent distillation rounds.

Proof of Theorem 10
The proof of this result requires the following lemmas.

Lemma 11. For any quantum channel N and superchannel Π, the
output channel ΠðN Þ satisfies IðΠðN ÞÞ≤ IðN Þ.

Proof.. This can be understood from the existing operational inter-
pretation of a channel’s mutual information, which represents its
entanglement-assisted quantum capacity. Since the channel ΠðN Þ is
noisier than N , it results in reduced communication capability. A
similar argument is provided in ref. [65, Remark 5]. □

Moreover, the quantum channel mutual information is con-
tinuous with respect to the diamond norm.

Lemma 12. Let N ,M 2 CPTPðA ! BÞ and dAB be the dimension of
A ⊗ B. If k N �Mk� ≤ ε, it holds that

jIðN Þ � IðMÞj≤ 3ε logdAB +3h2ðεÞ : = f ðεÞ: ð23Þ

Proof.. For any δ > 0, choose φ1 and φ2 be such that jIðN Þ �
IðB : RÞN ðφ1Þj≤ δ and jIðMÞ � IðB : RÞN ðφ2Þj≤ δ where dR = dA. Since
k N �Mk� ≤ ε, we have k N ðφ1Þ �Mðφ1Þk1 ≤ ε and
k N ðφ2Þ �Mðφ2Þk1 ≤ ε. Recall the Fannes inequality jSðρÞ �
SðψÞj≤ ε logd +h2ðεÞ if ∥ρ − ψ∥1≤ε. We have the continuity of the
quantum mutual information as

jIðB : RÞρ � IðB : RÞψj≤ jSðρBÞ � SðψBÞj
+ jSðρRÞ � SðψRÞj+ jSðρBRÞ � SðψBRÞj

ð24Þ

≤ 3ε logdAB +3h2ðεÞ : = f ðεÞ: ð25Þ

if ∥ρBR − ψBR∥1≤ε. Putting everything together, we have

IðN Þ � δ ≤ IðB : RÞN ðφ1Þ ≤ IðB : RÞMðφ1Þ + f ðεÞ≤ IðMÞ+ f ðεÞ, ð26Þ

IðMÞ � δ ≤ IðB : RÞMðφ2Þ ≤ IðB : RÞN ðφ2Þ + f ðεÞ≤ IðN Þ+ f ðεÞ: ð27Þ

So we get jIðN Þ � IðMÞj≤ δ + f ðεÞ. Since δ can be made arbitrarily
small, we get jIðN Þ � IðMÞj≤ f ðεÞ. □

Lemma 13. Let P 2 CPTPðA0X ! B0Y Þ, M 2 CPTPðA0 ! B0Þ, and
C 2 CPTPðX ! Y Þ. Let PA0!B0 ð�Þ : =TrYPA0X!B0Y ðð�Þ � πX Þ be the
reduced channel of P on the system A0. If
ΔðPA0X!B0Y ,MA0!B0 � CX!Y Þ≤ ε, then ΔðPA0!B0 ,MA0!B0 Þ≤ ε.

Proof.. This can be checked as follows:

k PA0!B0 �MA0!B0 k�
= supρRA0

k PA0!B0 ðρRA0 Þ �MA0!B0 ðρRA0 Þk1
ð28Þ

= supρRA0
k TrYPA0X!B0Y ðρRA0 � πX Þ �MA0!B0 ðρRA0 Þk1 ð29Þ

= supρRA0
k TrY PA0X!B0Y ðρRA0 � πX Þ �MA0!B0 ðρRA0 Þ � CX!Y ðπX Þ

� �k1
ð30Þ

≤ supρRA0
k PA0X!B0Y ðρRA0 � πX Þ �MA0!B0 ðρRA0 Þ � CX!Y ðπX Þk1 ð31Þ

≤ supρRA0X
k PA0X!B0Y ðρRA0X Þ �MA0!B0 � CX!Y ðρRA0X Þk1 ð32Þ

= k PA0X!B0Y �MA0!B0 � CX!Yk�, ð33Þ

where the first inequality follows by the data-processing inequality of
trace norm and the second inequality follows by relaxing the input
state to all quantum states on RA0X . □

Weare now ready to prove Theorem 10.We first show the “only if”
direction. Suppose N can be catalytically transformed to M. For any
ε > 0, there exists a catalyst channel Cn and a code Πn such that
ΔðΠnðN � CnÞ,M� CnÞ≤ ε. By the continuity of the channel mutual
information and the monotonicity in Lemma 12 and Lemma 11, we get

IðM� CnÞ≤ IðΠnðN � CnÞÞ+ f ð2εÞ≤ IðN � CnÞ+ f ð2εÞ: ð34Þ

Then by the additivity of channel mutual information, we get
IðMÞ≤ IðN Þ+ f ð2εÞ. Since the inequality holds for arbitrary ε, we
get IðMÞ≤ IðN Þ.

Thenwe prove the “if” direction. That is, if IðN Þ≥ IðMÞwe can find
a sequence of Πn and Cn that catalytically transform N to M. By the
reversibility of the channel simulation, we know that for any given ε,
there exists entanglement-assisted or NS-assisted transformations
such that

ΠnðN�nÞ=Pn and k Pn �M�nk� ≤ ε: ð35Þ

Note that Pn 2 CPTPðAn ! BnÞ. Define the reduced channel on the
first i systems as

Pn
1:ið�Þ : =TrBi+ 1:n

Pn
An!Bn ðð�Þ � πAi+ 1:n

Þ, ð36Þ

where Pn
1:n : =Pn. Now consider a catalyst channel

Cn : =
1
n

Xn
k = 1

N�k�1 � Pn
1:n�k � k

�� � k
� ��: ð37Þ

Then the overall channel is given by

N � Cn =
1
n

Xn
k = 1

N�k � Pn
1:n�k � k

�� � k
� ��: ð38Þ

Let Q0ð�Þ : =Q0ð�ÞQ0 with Q0 : =
Pn�1

i= 1 ij i ih j and Q1ð�Þ : =Q1ð�ÞQ1 with
Q1 : = nj i nh j be two projecting maps on the flag register F. First, per-
forming a classically controlled transformation I �Q0 +Πn �Q1, we
get

G1 =
1
n

Xn�1

k = 1

N�k � Pn
1:n�k � k

�� � k
� ��+ 1

n
Pn � nj i nh j: ð39Þ

Next, we relabel the classical registers i → i + 1 and n → 1 and get

G2 =
1
n

Xn
k = 1

N�k�1 � Pn
1:n�k + 1 � k

�� � k
� ��: ð40Þ
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Then performing a cyclic permutation SAn and SBn on the input and
the output, respectively, such that i → i + 1 and n → 1, we get

G3 =
1
n

Xn
k = 1

SBn � ðN�k�1 � Pn
1:n�k + 1Þ � SAn � k

�� � k
� ��: ð41Þ

Then we claim that G3 returns Cn on its marginal and
k G3 �M� Cnk� ≤ 2ε. The first claim is equivalent to check the first
n − 1 reduced channel of G2,

TrBn
� G2ðð�Þ � πAn

Þ= 1
n

Xn
k = 1

TrBn
N�k�1 � Pn

1:n�k + 1ðð�Þ � πAn
Þ � k

�� � k
� ��
ð42Þ

=
1
n

Xn
k = 1

N�k�1 � TrBn
Pn

1:n�k + 1ðð�Þ � πAn
Þ � k

�� � k
� �� ð43Þ

=
1
n

Xn
k = 1

N�k�1 � Pn
1:n�kð�Þ � k

�� � k
� �� ð44Þ

= Cn: ð45Þ

Note that the second last equality holds by the definition of Pn
i and

here πAn
and TrBn

are effectively acting on the last systems of the
channel Pn

1:n�k + 1, which is also the n − k + 1 system in the original
definition of Pn

1:n�k + 1. Since the diamond norm is invariant under sys-
tem permutation, the second claim is equivalent to check
k G2 � Cn �Mk� ≤ 2ε. This can be shown as follows:

k G2 � Cn �Mk�
= 1

n

Pn
k = 1 N�k�1 � Pn

1:n�k + 1 � k
�� � k
� ��� 1

n

Pn
k = 1 N�k�1 � Pn

1:n�k �M� k
�� � k
� ��


 




�
ð46Þ

=
1
n

Xn
k = 1

N�k�1 � Pn
1:n�k + 1 �N�k�1 � Pn

1:n�k �M



 




�
ð47Þ

=
1
n

Xn
k = 1

Pn
1:n�k + 1 � Pn

1:n�k �M

 


� ð48Þ

≤
1
n

Xn
k = 1

k Pn
1:n�k + 1 �M�n�k + 1k� +

1
n

Xn
k = 1

k Pn
1:n�k �M�M�n�k + 1k�

ð49Þ

=
1
n

Xn
k = 1

k Pn
1:n�k + 1 �M�n�k + 1k� +

1
n

Xn
k = 1

k Pn
1:n�k �M�n�kk� ð50Þ

≤ 2ε: ð51Þ

where the first inequality followsby the triangle inequality of diamond
norm and the last inequality follows from the assumption of k
Pn �M�nk� ≤ ε and the monotonicity of diamond norm by taking
reduced channel in Lemma 13. As this holds for arbitrary ε, we can take
ε to be vanishingly small and conclude the proof.

Data availability
No datasets were generated or analyzed during the current study.
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