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Abstract—Determining the ultimate limits of distillable entan-
glement of a shared state remains a central challenge in quantum
information theory due to the phenomenon of superadditivity.
This work develops Riemannian optimization methods to estab-
lish computable upper bounds on the one-way distillable entan-
glement. Our method systematically searches for state extensions
that minimize known information-theoretic bounds. We achieve
this by parameterizing the space of all possible extensions as a
Stiefel manifold, enabling a universal search that overcomes the
limitations of previous ad-hoc constructions. Combined with an
improved upper bound on the one-way distillable entanglement
based on a refined continuity bound on quantum conditional
entropy, our approach yields new state-of-the-art upper bounds
on the quantum capacity of the qubit depolarizing channel for
large values of the depolarizing parameter, strictly improving the
previously best-known bounds.

Index Terms—Distillable entanglement, Quantum capacity,
Riemannian optimization, Stiefel manifold.

I. INTRODUCTION

Determining the ultimate physical limits on processing and
transmitting information encoded in quantum systems is a
primary goal of quantum information theory [1]. A vital
problem in the field is quantifying the usable entanglement
in a bipartite state p 4, measured by the distillable entangle-
ment D(pap) [2], [3]. This quantity represents the ultimate
rate at which maximally entangled states can be extracted
from independent and identically distributed (i.i.d.) copies of
pap through local operations and classical communication
(LOCC). When the communication is restricted to one-way
transmission from Alice to Bob, we obtain the one-way
distillable entanglement, denoted as D_,(pap). Despite its
fundamental importance, computing D_, (-) for general states
remains notoriously difficult. The quantity is defined via a
regularization over many copies of the state:

.1
D(pap) = lim ~DUC)(p3p), (1

where DS)(-) is the single-shot quantity based on the co-
herent information. This regularization is necessary because
coherent information is generally superadditive, and makes
direct computation intractable, necessitating the development
of computable upper bounds.

Prominent strategies for bounding distillable entanglement
include the Rains bound [4] and methods leveraging the
concept of degradability. For degradable states, the one-way

distillable entanglement reduces to the single-letter coher-
ent information. Consequently, continuity bounds based on
approximate degradability have been established to handle
general, non-degradable states [5]-[7]. A related approach
involves decomposing a state into a convex combination of
a degradable and an antidegradable part [6], [8].

Another intuitive and powerful strategy for deriving upper
bounds is based on the construction of state extensions. This
approach relies on the principle that for any extension pspp
of a state pap (where Trp papr = pap), the monotonicity
relation holds, ie., D (pap) < D_(papr). This follows
directly from the data processing inequality, as the receiver can
freely discard the auxiliary system F'. The challenge thus shifts
to finding an optimal extension that minimizes the distillable
entanglement of the extended state. A leading technique for
this purpose is the flag extension method [6], [9]-[11], which
has yielded state-of-the-art (SOTA) upper bounds for highly
symmetric states, such as isotropic states. However, the flag
extension method faces a fundamental optimization bottle-
neck: the construction is typically tied to a specific convex
decomposition of the state, and the subsequent optimization
is performed over a fixed ansatz for the ‘flag’ systems. The
efficacy of the method is therefore highly dependent on these
initial choices, for which no systematic a priori guidelines
exist.

In this work, we introduce a framework based on Rieman-
nian optimization to tackle these challenges. We reframe the
search for optimal state extensions as a tractable optimization
problem over the complex Stiefel manifold. This enables a
universal search that circumvents the limitations of ad-hoc
flag constructions. Furthermore, we incorporate a recently
improved continuity bound for conditional entropy [12], [13]
to derive tighter bounds on one-way distillable entanglement
in terms of approximate degradability.

II. PRELIMINARIES

A quantum system A is modeled by a finite-dimensional
Hilbert space H4 whose dimension is denoted by |A|. The
sets of linear operators and positive semidefinite operators on
H 4 are denoted by L£(A) and P(A), respectively. The trace
norm of X is given by || X||; := Tr v Xt X, and its Frobenius
norm is || X||p == VTr XTX. The set of quantum states on
system A is denoted as Z(A) == {p € P(A) : Trp=1}. A
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quantum channel is a completely positive and trace-preserving
(CPTP) linear map from L(A) to L£(B). A subchannel is a
completely positive and trace non-increasing linear map from
L(A) to L(B). We denote by CP(A : B) the set of completely
positive (CP) maps from A to B, and by CPTP(A : B) the set
of all CPTP maps. The Choi matrix of a linear map N4/, g is
defined as Jy = (Za @ Nar—5)(|[TXT|ar4), where [T) 414 =
> i 1i)arli)a is the unnormalized maximally entangled state.
For every quantum channel N 4_.p, there exists an isometry
V :Ha — Hp ® Hp such that N'(p) = Trg(VpVT) where
Hpg is an environment space and V is called a Stinespring
isometry. The complementary channel of N is denoted by
N°¢ € CPTP(A : E) that acts as N°(p) = Trg(VpVT).

The von Neumann entropy of a quantum state is de-
fined as H(p) = — Tr(plogp) where all logarithms in this
work are taken in base two. The coherent information of
a bipartite quantum state pap is defined by I(A)B), =
H(pp)—H (pap) and the conditional entropy by H(A|B), :=
—I(A)B),. For p € [0,1], the binary entropy is defined by
h(p) == —plogp — (1 — p) log(1 — p) and the bosonic entropy
is defined by g(p) == (14 p)h (p/(1 +p)).

III. MAIN RESULTS

a) Extensions of quantum states: A common strategy
for constructing extensions of states is referred to as the flag
extension method, which relies on a convex decomposition of
the state [6], [9]-[11]. For a given bipartite quantum state p4p,

s _ () (@)
one first decomposes it into pap = >, piw,p Where {wy 5}
are normalized states. An extension is then constructed by
appending an auxiliary flag state TS ) to each w(AZJ)B, ie.,

panr = piwlip ® 1. @)
2

By construction, tracing out the flag system F' recovers the
original state. The central challenge of this method is that the
subsequent optimization over the flag state ensemble {T}(;l )},;
is fundamentally tied to the initial choice of decomposition.
To establish a more general framework that avoids this depen-
dency, we begin by formally defining state extensions.

Definition 1 (State extension). For any given bipartite quan-
tum state pap, a quantum state papr € D(ABF) is called
an extended state of pap if Trp papr = paB-

We have the following fact about any state extension.

Fact 1. For any bipartite quantum state pasp, papr is an
extended state of pap if and only if there is an environment
system R and an isometry V : Hg — Hr ® Hp such that
papr = Trr(V|oXo|VT) where |¢) apr is a purification of
PAB-

b) Riemannian optimization for extensions: Based on the
fact above, the key insight of our work is that the space of
all valid extensions for a given state can be endowed with a
Riemannian manifold structure. Consequently, the problem of
optimizing a chosen figure of merit over this space can be cast
as a Riemannian optimization problem. For a given bipartite

quantum state p4 g, suppose we are interested in minimizing a
function f(papr) where papr is any extension of p4p. Then
using Fact 1, for any fixed |F|,|R| € N, taking papr =
Trr(V|pX¢|V1) into the objective, the problem

min V) 3
VESt(|FR|,|E|)
reduces to a constrained optimization problem over the isome-
tries. The feasible region of these isometries is the complex
Stiefel manifold St(|FR|,|E|) = {V € CIFEIXIEl . vty =
]1}, a well-studied Riemannian manifold [14]. This naturally
leads us to the framework of Riemannian optimization, which
leverages the geometric structure of the manifold to generate
iterates that remain within the feasible set [15]. Optimization
problems on Riemannian manifolds have appeared in various
areas of quantum information sciences (see, e.g., Refs. [16]-
[20D).

A. Upper bounds on the one-way distillable entanglement

For the task of entanglement distillation from n i.i.d. copies
of a bipartite state pap, the objective is to transform the
initial state pf% into m copies of a Bell state ¢ via LOCC,
such that the fidelity with the target state ®®™ approaches
one in the asymptotic limit (n — oo). When the classical
communication is restricted from Alice to Bob, the protocol
class is known as one-way LOCC. The corresponding optimal
rate of distillation is the one-way distillable entanglement,
denoted D_, (p4 ), where the notation A|B emphasizes that
the restricted communication direction (only from A to B is
possible). A seminal work by Devetak and Winter [21] shows
that

D (pajp) = lim %DS)(/J;??B» “
where DU (p,p) can be expressed as DW(pyp) =
maxy I(A")BM)7(,,)- Here T is a quantum instrument,
e, T:A— AM, T(pa)=>"1 Ti(pa)®|j)j|, where
for each j, T; € CP(A : A’) and ) ,T; € CPTP(A : 4'),
and M is a classical system to store measurement results with
|M| = m.

A bipartite state pap is termed degradable if there ex-
ists a quantum channel Mp_, g such that Mp_,g(pap) =
Trg |pXd|apE, where |¢) apr is a purification of pap [6].
The significance of this property is that the coherent informa-
tion is additive for any degradable state, which simplifies the
regularized expression for one-way distillable entanglement,
ie., D_(pap) = I(A)B), [6]. In the same work, the
approximate degradability was introduced as follows.

Definition 2 (Degradability parameter of bipartite states [6]).
For p € 9(AB) with a purification |p) apg, it is called e-
degradable if 3IM € CPTP(B : E’) such that E = F’ and
%HpAE—MBHE/(pAB)Hl < &. The channel M is referred to
as an e-degrading channel of p op. The degradability parame-
ter of pap is defined as dg(p) == minniecrre(p 1) 3| par —
Mp_p (pAB)Hl-
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Notably, the degradability parameter of a given state can be
efficiently computed via semidefinite programming (SDP) [6,
Lemma 2.10]. Based on the approximate degradability, an
efficiently computable upper bound on the one-way distillable
entanglement was established in [6, Theorem 2.12]. We remark
that this upper bound is essentially also based on the continuity
bound of the conditional entropy, known as the Alicki-Fannes
inequality [22], and was improved by Winter later [23].
Recently, this continuity bound has been further improved
with an additional marginal restriction on the considered states
in [12, Theorem 5] and [13, Theorem 5].

Lemma 1 (Continuity of the conditional entropy [12], [13]).
For p,o € 9(AB) satisfying pp = op and S||p— |1 = ¢
for some € € [0,1], it holds that |H(A|B), — H(A|B),| <
elog(|A]” — 1) + h(e).

Building upon the improved continuity bound on conditional
entropy, we improve the upper bound on the one-way distil-
lable entanglement in Theorem 1. A parallel result for the
upper bound on quantum capacity has been shown in [13,
Proposition 10].

Theorem 1 (Improved upper bound on the one-way distillable
entanglement). Let p € P(AB) be an e-degradable quantum
state with e-degrading channel M € CPTP(B : E'). Let V :
Hp — He @ Hg be a Stinespring isometry of M with B’ =
E. It satisfies that

D_(pajp) < I(A)B), + 2elog(|E|> — 1) + 2h(g).  (5)

The proof closely follows that of [6, Theorem 2.12], lever-
aging Lemma 1. Based on Theorem 1 and the framework of
Riemannian optimization for state extensions, we have the fol-
lowing upper bound on the one-way distillable entanglement.

Corollary 2. For any bipartite state pap, let |¢)apr =

> i V/Pilvi) aB ® |ei) g be the canonical purification of pap
where pap =Y, pi|ti)(i|ap is the spectral decomposition,

D_(payp) < inf I(A)BF), + 2:log(|E[* — 1) + 2h(e)
st. Ve St(|FR|v |E|)7 |F|7 |R| € N+v

papr = Trr(V|oXo|VT),e = dg(papr),
(6)

where E is the auxiliary system for the purification of pABF.

Proof. The bound directly follows from Fact 1 with Theorem 1
applying to p A|BF- O

For any fixed |F|,|R|] € N,, taking papr =
Trr(V|¢Xo|VT) into the objective in Eq. (6), the prob-
lem reduces to minycsi(rr), g f(V) = I(A)BF),wv) +
2dg(V)log(n® — 1) + 2h(dg(V)). Here, I(A)BF),/ and
dg(V') are shorthand for I(A)BF),w and dg(papr(V)),
respectively, and 7 = |ABF|. This is because full-rank
matrices are dense in Z(ABF), i.e., the probability of an
iterative point landing on a full-rank point is 1 under the
Lebesgue measure. The primary obstacle to solving this prob-
lem is that deriving an analytical expression for the Rieman-
nian gradient is intractable. This difficulty arises because the

degradability parameter, dg(pajpr). and e-degrading chan-
nel M themselves are the solution to an SDP [6, Lemma
2.10], making Eq. (6) a bilevel optimization problem [24].
To obtain an analytical gradient, in principle, one may try to
use implicit differentiation of the Karush-Kuhn-Tucker (KKT)
conditions [25] of the inner SDP for dg(p|pr), and analyze
the gradient of purification function since we also need pag
for calculating dg(pajpr). This approach is exceptionally
complex to implement and requires solving a large, potentially
ill-conditioned linear system at each iteration. For these prac-
tical reasons, we adopt a numerical finite difference scheme.

a) Numerical gradient approximation on the manifold:
Since our primary goal is to establish a method that can
be practically implemented to compute upper bounds for a
wide range of quantum states and channels, we prioritize
a pragmatic approach to optimization. We utilize an RGD
algorithm but replace the intractable analytical gradient with
a numerical approximation via a finite-difference scheme, a
widely adopted method in derivative-free optimization [26],
[27], which has been shown to be effective for some bilevel
problems [28]. To apply gradient-based optimization to the
objective function in Eq. (6), we will show that the following
objective function is actually locally Lipschitz continuous.

F(V) = I(A)BF) vy +2dg(V) log(n* — 1) + 2h(dg(V)).
@)

For the first term I(A)B),, we note that the von Neumann
entropy H(p) is continuously differentiable with respect to p
at any point where p is full-rank, i.e., VH (p) = —(log p+1).
Therefore, 1(A)B), is also continuously differentiable on the
full rank density matrices, which means that p — I(A)B),, is
locally Lipschitz continuous. The binary entropy term h(-) is
also locally Lipschitz. For the second term, the degradability
parameter, we have the following results.

Lemma 3. For any pap,oap € Z(AB) such that §|pap —
oaplhi <e <1, |dg(pap) —dg(oap)| < V2 +e.

Proof. Choose |¢?)apr and |¢%)apr to be purifications
of pap and o4p on a common system Hg with |E| >
dim(H 4) dim(H ), such that they saturate the fidelity bound
in Uhlmann’s theorem, i.e., F(pap,oa5) = [(¢°|¢7)|?,
where F(p,0) = ||/p/c|| is the fidelity between p and o.
The complementary states are given by pap = Trp |¢°)X¢”]
and o4 = Trp |97 X#7]. Let us define the function fao((pap)
as fa(pas) = 3||pap — (Za® MBHE)<PAB)H1. Consider
that

|fm(pas) — frloas)|
< %HPAE —(Za®@M)(paB) —oap+ (Ta® M)(O’AB)Hl

< L (Iose = oaslh+ T4 © M)(pa — oa0)],)

1
< §(||PAE —oag|i1+ llpas — 0AB||1).
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Here, we used the triangle inequality for the trace norm in the
first and second inequalities, and the last inequality is followed
by data processing. Recall the Fuchs—van de Graaf inequalities

1—-v/F(pap,oap) < %HPAB*UAB||1 <\/1—F(pag,oaB).

®)
We have that ||pap — oagli < 2v/1— F(pap,oap), where
we used the monotonicity of the trace distance under partial
trace and the fact that any pair of pure states saturates the
upper bound in Eq. (8). Notice that

V1= F(pap,oap) < \/2(1 — VF(paB,oaB)) )
<Vllpas —oaslh,

where the first inequality is because F(pap,o4p) < 1 and
the second inequality is followed from Eq. (8). It follows that

(10)

Now, let M, be a CPTP map that achieves the minimum
for dg(pap), and let M, achieve the minimum for dg(cap).
By definition, we have dg(pap) = fam,(paB), dgloap) =
fm,(cap). Since M, is optimal for psp, we have
dg(pas) < fp(pap) for any map D, including M,. This
leads to

lpae —oarlh < 2VI|lpaB —oaslh-

dg(pas) —dg(oas) < fm, (paB) — fm, (0aB)
< |fm, (paB) — fm, (0aB)]

1
< 5 (2VlIpas =oaslli +llpas = oaslh),

By swapping the roles of p4p and 045, we conclude that

1
|dg(pan)~dg(oan)| < 5 (2v1lpan — oaslls + llpas — oaslh) -

O

Lemma 4. For any bipartite state pap, let |d)apr be a
purification of pap, V : Hg — Hr ® HF be an isometry
and denote papr(V) = Trr(V|o)o| V). It holds that

lpaBr(V) = papr(V)Ih < 2(V = V'[le. (D

Corollary 5. For any bipartite state pap, let |¢)apr be a
purification of pap, V : Hg — Hr ® Hp be an isometry and
denote papr(V) = Trr(V]p)Xo|VT). It holds that

| dg(pasr(V)) = dglpasr(V'))| < 2|V = V'[|p.

Lemma 3 establishes the Holder continuity of the degrad-
ability parameter dg(-) with respect to states. More impor-
tantly, Lemma 4 and Corollary 5 demonstrate that the degrad-
ability parameter dg(-) is Lipschitz continuous with respect
to isometries V. Consequently, the overall objective function
f(V) in Eq. (7) is locally Lipschitz continuous. This property
is the theoretical cornerstone of our optimization approach.
Specifically, although f(V') may be nondifferentiable, its local
Lipschitz nature justifies the use of concepts from nonsmooth
optimization, namely the subgradient [29]. In this context,
our finite-difference scheme serves as a reliable method to
approximate a subgradient, as the local Lipschitz condition
guarantees its truncation error is rigorously bounded linearly

(12)

by O(Lh), where L is the local Lipschitz constant and h is
the tunable step size [30]. Therefore, our algorithm acts as a
practical implementation of a (inexact) Riemannian subgradi-
ent method, a principled approach known to converge to the
set of Clarke stationary points [31], [32]. Based on the above,
we explain the optimization algorithm as follows.

Algorithm 1 Riemannian Gradient Descent (RGD) for upper
bounds on D_,(+)

Input: A bipartite state p 45 and a purification |¢) 4 5 g; Initial
guess V(0 € St(n, p).
1: while the stopping criteria are not satisfied do
2. Approximate V() = —grad f(V;) using the finite-
difference scheme.

3:  Compute a stepsize s,
Update VD = Ry (s®V®) by Eq. (13); ¢
t+ 1.

end while

: Compute the upper bound d,p, in Eq. (6) using the
optimal V*.

Output: V*, dypp.

ISANA

b) Riemannian gradient descent: Our RGD algorithm,
shown in Algorithm 1, leverages standard tools from the field
of Riemannian optimization. To ensure our presentation is
self-contained, we briefly recall the essential definitions for
the complex Stiefel manifold, which are well-established con-
cepts [33]. The Riemannian gradient, denoted grad f(V), is a
tangent vector in the tangent space Ty .# at a point V' on the
manifold .# . It is defined by the relation < grad f(V), V>V
Df(V)[V],¥V € Ty .#, where V is any tangent vector,
(-,-)y is the Riemannian metric on the tangent space, and
Df(V)[V] is the directional derivative of f at V along V.

Specifically, for the complex Stiefel manifold St(n,p)
{V. € C™*? : VIV = 1}, its tangent space is given by
Ty St(n,p) = {VA A e Cvny AT+ A = 0}. The
Riemannian metric on Ty St(n,p) we use is given by (-, )y :
Ty St(n,p) x Ty St(n,p) — R, (X,Y)y = Tr(X'Y). The
projection onto the tangent space at any point V' € St(n, p)
reads Projy, (X) = (1-VVT)X 4 VY XXV The Rieman-
nian gradient is then given by grad f(V') = Proj, (Vf(V)),
where Vf(V) is the gradient of an extension f of f on
Euclidean space. When doing an optimization on a mani-
fold, in order to move in the direction of a tangent vector
while staying on the manifold, we also need a retraction
mapping [15, Section 4]. There are different retractions for
the Stiefel manifold, a standard one, and the one we used is
the retraction based on the QR decomposition, i.e.,

Ry (X) = af(V + X),

(13)

where qf (X') denotes the @ factor of the decomposition of X
as X = QR where Q € St(n,p) and R is an p X p upper
triangular with nonnegative diagonal entries.

To optimize Eq. (7), since we cannot compute the gradient
analytically, we approximate the directional derivative using a
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Fig. 1: Bounds on the quantum capacity of the qubit depolar-
izing channel. The x-axis is the parameter 3/4p = 1 — f €
[0.0925, 0.1875] of the qubit depolarizing channel D,,.

first-order finite difference. For a small step ¢, the directional
derivative is approximated as Df(V)[V] ~ w.
To compute the full gradient vector grad f(V'), we can com-
pute the following steps:

i). Define an orthonormal basis {¢;}¢_, for the tangent space

Ty A, where d = dim(Ty #).

ii). For each basis vector (;, compute the approximate di-
rectional derivative using the finite-difference formula
ci = DF(V)[¢] o LEEN=ID,

The Riemannian gradient is then constructed by combin-

ing these components grad f(V) = Zle ¢iGi.

iif).

This process requires d + 1 function evaluations to compute a
single gradient. While computationally intensive, it bypasses
the need for any analytical derivatives.

B. Improved upper bounds on isotropic states and depolariz-
ing channels

In this section, we establish improved upper bounds on the
one-way distillable entanglement of isotropic states using our
proposed methods. As a consequence, we obtain the SOTA
upper bounds on the quantum capacity of qubit depolarizing
channels. For a local dimension d, the isotropic state is defined
by Ia(f) = f®4 + 4L (142 — @), where & is the d x d
maximally entangled state and f € [0,1]. It is also known
as the Choi state of the qudit depolarizing channel D,(-) =
(1= p)() + 757 So<ij<a1 X' Z9(-)(X7Z7)!, where p =

i,3)7(0,0)
1— fand X, Z are the jgeneralized Pauli operators defined by

X|k) == |k + 1(mod d)), Z|k) == w*|k),w = exp(27i/d).
Notably, the quantum capacity of a teleportation-simulable
channel is equal to the one-way distillable entanglement of its
Choi state [34]-[36], i.e., Q(D1—y) = D_,(14(f)). Therefore,
the upper bound on D_,(I;(f)) also gives an upper bound
on the quantum capacity of depolarizing channels, Q(D;_y).
The previously best-known upper bound on Q(D,) is given

by the flagged extension method [11, Proposition 5.1 and
Figure 1]. Here, based on Corollary 2 and the numerical
optimization method on a Stiefel manifold, we obtained SOTA
upper bounds on the quantum capacity of qubit depolarizing
channels. Specifically, for qubit isotropic states, we have
|[E| = 4 and choose |R| = 4,|F| = 2 in our numerical
experiments. Thereby, we are performing optimization over
St(8,4) for the extensions of isotropic states papr, with a
qubit extension system F'. The comparison of our bound with
the best-known ones is presented in Figure 1. The red dashed
line is the upper bound given by the optimized extensions
of the isotropic states, according to Corollary 2. The blue
solid line corresponds to the upper bound given by [I1,
Proposition 5.1], using flag extensions. We can observe a
notable improvement in the given noise range.

We emphasize that all our numerical experiments lever-
age high-precision solvers where the primal-dual gap for all
semidefinite programs is consistently driven below 10714,
and all other entropy function calculations are performed at
standard double-precision machine epsilon (= 10716). This
high degree of accuracy ensures that the reported gains are
significant and reliable. All state extensions as well as corre-
sponding isometries (cf. Fact 1) we have obtained for the qubit
isotropic states, which yield the SOTA upper bounds, can be
found in [37].

IV. CONCLUDING REMARKS

In this work, we have developed a framework based on
Riemannian optimization to derive an improved computable
upper bound on the one-way distillable entanglement. We
transformed the search for state extensions that can minimize
information-theoretic bounds into a tractable optimization over
the Stiefel manifold. This method, when combined with a re-
fined continuity bound for conditional entropy, delivers strictly
tighter upper bounds than previously known records for large
values of the depolarizing parameter [11].

The methods presented here open several avenues for future
research. For the upper-bound framework, it would be of great
interest to see if the structure of the optimal isometries found
via optimization can inspire new analytical insights or closed-
form bounds for specific channel families. The computational
cost of the finite-difference gradient approximation could be
reduced by exploring more advanced non-smooth or bilevel
optimization techniques tailored to the Stiefel manifold [28],
[38].
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