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Question: Is there a chain rule for the quantum relative entropy?

The chain rule

For example, given a tripartite quantum state we have⇢ABC
<latexit sha1_base64="NrQPeb8pUtokBt86waDc7AczaLk="></latexit>

Entropy of a large system = sum of entropies of individual subsystems

H(A|B) := H(AB)�H(B)
<latexit sha1_base64="WYkczzLt97KgcNSEhI7ok1ZvsHM="></latexit>

H(A) := �Tr ⇢A log ⇢A
<latexit sha1_base64="ugX1qpSirXpueWr4gm9Tu4Ln9KU="></latexit>

Recall that
D(⇢k�) := Tr ⇢(log ⇢� log �)

<latexit sha1_base64="fkQm22zIKOtpyAy5qMEjTb0r6Sg="></latexit>

H(AB|C) = H(A|C) +H(B|AC)
<latexit sha1_base64="tkOQGrxpQC3XfqJLlgSfbojROrg="></latexit>

H(A|B) = �D(⇢ABkidA ⌦ ⇢B)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>



The chain rule

Less ambitious statement

D(PXY kQXY )  D(PXkQX) + max
x

D(PY |X=xkQY |X=x)
<latexit sha1_base64="i/vlg+kk213rc4HbygC/iT0eMLU="></latexit>

How to model a conditional distribution (a channel) quantumly?

Relative entropy for quantum channels andEA!B
<latexit sha1_base64="S9YEdmJoWkU9wzgv5oVKFqWC7Qw="></latexit>

FA!B
<latexit sha1_base64="GcvdweflM3e54Ubio5mLUZgiIx0="></latexit>

D(EkF) := sup
⇢RA

D(E(⇢RA)kF(⇢RA))
<latexit sha1_base64="EONEQnZyURHL+VYJXDGesxA/XaY="></latexit>

More general because of , and fully quantumE
<latexit sha1_base64="9K8VxRj4qlq40Os9Rw2KS4j25pU="></latexit>

F
<latexit sha1_base64="Oc1mGPZKw4qonPV//p+pN0TQ6Wk="></latexit>

Consider the worst-case scenario

D(E(⇢RA)kF(�RA))  D(⇢RAk�RA) +D(EkF)
<latexit sha1_base64="p3181gxlN9mBuiLx+lOryW6G64U="></latexit>

?

For classical probability distributions we have

D(PXY kQXY ) = D(PXkQX) +
X

x

PX(x)D(PY |X=xkQY |X=x)
<latexit sha1_base64="9Nrc4BHphp6q8Zkc/TX9ysULswQ="></latexit>

How does the chain rule look like for quantum relative entropy?



◎ Umegaki relative entropy

Chain rule and its applications [1909.05826]

◎ Belavkin-Staszewski relative entropy

Chain rule and its applications [1909.05758]

◎ Summary and discussions

Outline for the rest of the talk

D(⇢k�) := Tr ⇢(log ⇢� log �)
<latexit sha1_base64="fkQm22zIKOtpyAy5qMEjTb0r6Sg="></latexit>

bD(⇢k�) = Tr ⇢ log[⇢1/2��1⇢1/2]
<latexit sha1_base64="qbdQeGbuAnF4wFi4EqyZFbJxfho="></latexit>

D

D



Umegaki Relative Entropy

D



Non-additivity of channel relative entropy
A fact: The channel relative entropy is not additive under tensor product.

There exists quantum channels and such thatE
<latexit sha1_base64="9K8VxRj4qlq40Os9Rw2KS4j25pU="></latexit>

F
<latexit sha1_base64="Oc1mGPZKw4qonPV//p+pN0TQ6Wk="></latexit>

Let and be two different qubit generalized amplitude damping channels
with Choi matrices and

E
<latexit sha1_base64="9K8VxRj4qlq40Os9Rw2KS4j25pU="></latexit>

F
<latexit sha1_base64="Oc1mGPZKw4qonPV//p+pN0TQ6Wk="></latexit>

JE
<latexit sha1_base64="m7WUWxCuG1OumO9oGVsp1yQYl8k="></latexit>

JF
<latexit sha1_base64="9pTz22c9B9NfVMfWG1ZmojnrYFE="></latexit>

Using the covariance symmetry of these channels, we find

D(EkF) = max
⇢=diag(p,1�p)

D(
p
⇢JE

p
⇢kp⇢JF

p
⇢)

<latexit sha1_base64="eMbBXNfMz99PzDnqocAyaz1pQ2Q="></latexit>

For some clever choice of we find⇢
<latexit sha1_base64="erGRSuXKNETp/vQWEuimytA4koE="></latexit>

Non-additivity leads to the definition of regularized channel relative entropy

Dreg(EkF) := lim
n!1

1

n
D(E⌦nkF⌦n)

<latexit sha1_base64="10LPdy8QqtJGWQzY2WjHCAlh5nk="></latexit>

D(E ⌦ EkF ⌦ F)> 2D(EkF)
<latexit sha1_base64="4d8uMp12C2vddbjn93Bdp9SqBB4="></latexit>

In sharp contrast with the relative entropy of quantum states

D(E ⌦ EkF ⌦ F) � D(E⌦2(⇢)kF⌦2(⇢)) > 2D(EkF)
<latexit sha1_base64="0PKcbKE14fjcWSc6MlpH1IBGNoQ="></latexit>



The naive chain rule conjecture is false

There exists states , and channels , such that⇢RA
<latexit sha1_base64="zSJR3FqAe6a3tzGQssUmwAhz3Nw="></latexit>

�RA
<latexit sha1_base64="01ZBlD9OPUvdbBdxL/wkBY8FgkU="></latexit>

EA!B
<latexit sha1_base64="S9YEdmJoWkU9wzgv5oVKFqWC7Qw="></latexit>

FA!B
<latexit sha1_base64="GcvdweflM3e54Ubio5mLUZgiIx0="></latexit>

The amortized channel relative entropy is defined as

DA(EkF) := sup
⇢RA,�RA

[D(E(⇢RA)kF(�RA))�D(⇢RAk�RA)]
<latexit sha1_base64="FN+qdKxuowkn3IZJkglyTuPd/gQ="></latexit>

It is known [Wang-Wilde-19] that

Hence there exist channels and such thatE
<latexit sha1_base64="9K8VxRj4qlq40Os9Rw2KS4j25pU="></latexit>

F
<latexit sha1_base64="Oc1mGPZKw4qonPV//p+pN0TQ6Wk="></latexit>

D(E(⇢RA)kF(�RA))>D(⇢RAk�RA) +D(EkF)
<latexit sha1_base64="K8VdYJhzYfK+sz66sl9CPBEGwcw="></latexit>

DA(EkF) � Dreg(EkF)>D(EkF)
<latexit sha1_base64="rnsNBAdl+AXJ554ag64lRPS4g2I="></latexit>

DA(EkF) � Dreg(EkF)
<latexit sha1_base64="pjkrWemhYV/1TW7Y8c404LZvrh4="></latexit>

D(EkF) := sup
⇢RA

D(E(⇢RA)kF(⇢RA))
<latexit sha1_base64="EONEQnZyURHL+VYJXDGesxA/XaY="></latexit>

Recall channel relative entropy

D(E(⇢RA)kF(�RA))  D(⇢RAk�RA) +D(EkF)
<latexit sha1_base64="p3181gxlN9mBuiLx+lOryW6G64U="></latexit>



Chain rule for Umegaki relative entropy

o For any channel pair , there exists and such that the chain
rule holds with equality, i.e.,

(E ,F)
<latexit sha1_base64="BcNCRlw/YIfnJeOc6rjjpI9SMR0="></latexit>

⇢
<latexit sha1_base64="erGRSuXKNETp/vQWEuimytA4koE="></latexit>

�
<latexit sha1_base64="qfcjQnSgRyCqOHWXB1Gsmr7l8NQ="></latexit>

DA(EkF) = Dreg(EkF)
<latexit sha1_base64="ex7TQWxLfkxKkup7Il/blJknE9o="></latexit>

o for specific channelsDreg(EkF) = D(EkF)
<latexit sha1_base64="Ldcn4MFdEcw4PmK0m5Gf8MAGWkI="></latexit>

• Classical-quantum channels
• Covariant channels w.r.t. unitary group
• arbitrary and a replacer channelE

<latexit sha1_base64="9K8VxRj4qlq40Os9Rw2KS4j25pU="></latexit> F
<latexit sha1_base64="Oc1mGPZKw4qonPV//p+pN0TQ6Wk="></latexit>

o For we recover the data-processing inequalityE = F
<latexit sha1_base64="7pL8pclrmvrc90vgexbG+cWib9A="></latexit>

D(E(⇢)kE(�))  D(⇢k�)
<latexit sha1_base64="RRl7KRcLqknOtlsbrnQgSCXiSHg="></latexit>

For any quantum states , and quantum channels ,⇢RA
<latexit sha1_base64="zSJR3FqAe6a3tzGQssUmwAhz3Nw="></latexit>

�RA
<latexit sha1_base64="01ZBlD9OPUvdbBdxL/wkBY8FgkU="></latexit>

EA!B
<latexit sha1_base64="S9YEdmJoWkU9wzgv5oVKFqWC7Qw="></latexit>

FA!B
<latexit sha1_base64="GcvdweflM3e54Ubio5mLUZgiIx0="></latexit>

Chain Rule

D(E(⇢RA)kF(�RA))  D(⇢RAk�RA) +Dreg(EkF)
<latexit sha1_base64="e1debbAwB1zD7fW8KxKOfcEn5mo="></latexit>

Some remarks:

D(E(⇢RA)kF(�RA))  D(⇢RAk�RA) +D(EkF)
<latexit sha1_base64="p3181gxlN9mBuiLx+lOryW6G64U="></latexit>



Given a quantum channel

Using n-times the task is to determine if or

Application: channel discrimination
G 2 {E ,F}

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

G = E
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

G = F
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

G
<latexit sha1_base64="53TxKrz3kjuhN6GTPt+vyK4J2Wg="></latexit>

non-adaptive strategy

G
<latexit sha1_base64="53TxKrz3kjuhN6GTPt+vyK4J2Wg="></latexit>

G
<latexit sha1_base64="53TxKrz3kjuhN6GTPt+vyK4J2Wg="></latexit>

G
<latexit sha1_base64="53TxKrz3kjuhN6GTPt+vyK4J2Wg="></latexit>

…

DA(EkF)
<latexit sha1_base64="nrH/uPaoDbHUI8z0Vk8LkiKP8/k="></latexit>

Dreg(EkF)
<latexit sha1_base64="ZS0JLuno3ArPnXTconb5UoDXHSk="></latexit>

Because non-adaptive strategies are a special case of adaptive strategies
Dreg(EkF)  DA(EkF)

<latexit sha1_base64="8faeOqJf7VZRkWfRxQ5XirvcE1c="></latexit>But the new chain rule says
Dreg(EkF) = DA(EkF)

<latexit sha1_base64="tdhQH6NguDzPKw3qxJ6k0tV6YMQ="></latexit>

[Wang-Wilde-19] [Wang-Wilde-19]

!!!

adaptive strategy

G
<latexit sha1_base64="53TxKrz3kjuhN6GTPt+vyK4J2Wg="></latexit>

G
<latexit sha1_base64="53TxKrz3kjuhN6GTPt+vyK4J2Wg="></latexit>

G
<latexit sha1_base64="53TxKrz3kjuhN6GTPt+vyK4J2Wg="></latexit>

…P1
<latexit sha1_base64="DoItyz4z9uYsYzCLH/ckP6VBvyU="></latexit>

P2
<latexit sha1_base64="LIOcWValPfNmY9r5yG8sgCoqFJo="></latexit>

Pn
<latexit sha1_base64="8xTWfY1wffPpxOXCIT4FqG4ysYs="></latexit>

Adaptive strategies are no more powerful than non-adaptive ones!



Open questions

↵ 2 (1/2, 1) [ (1,1)
<latexit sha1_base64="4MxhMYAAGeXx9q8Z/LFeIpxN+kU="></latexit>

o Do we have a chain rule for sandwiched/Petz Rényi relative entropy

D↵(E(⇢RA)kF(�RA))  D↵(⇢RAk�RA) +Dreg
↵ (EkF)

<latexit sha1_base64="JygTUuygeOXLsgbdQDR9m9UcmK0="></latexit>

o Single-letterize more quantities as we did for withDreg(EkF)
<latexit sha1_base64="ZS0JLuno3ArPnXTconb5UoDXHSk="></latexit>

DA(EkF)
<latexit sha1_base64="nrH/uPaoDbHUI8z0Vk8LkiKP8/k="></latexit>

For example: Capacity formula?

o Extreme non-additivity of channel relative entropy? (Mark Wilde’s Tweeter)

Analogous to a result by [Cubbit et.al, 1408.5115] that
the channel coherent information is extremely non-additive.

?

?

Is there a universal n such that

Dreg(EkF) =
1

n
D(E⌦nkF⌦n)

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

for all channels

Q(N ) = lim
n!1

1

n
Ic(N⌦n) =: I reg

c (N ) =
<latexit sha1_base64="QaJSUpCWlrTDhGlD4ltlC/eaDyw="></latexit>



Belavkin-Staszewski
Relative Entropy

D



Definitions: geometric Rényi divergence

G↵(X,Y ) := X
1
2

⇣
X� 1

2Y X� 1
2

⌘↵
X

1
2

<latexit sha1_base64="sO23nX5cz59A44ODtHEW5M3c9Ac="></latexit>

bD↵(⇢k�) :=
1

↵� 1
log TrG1�↵(⇢,�)

<latexit sha1_base64="A1tI9th4xp0MV/V6jvuRXMQl8ac="></latexit>

o Converge to Belavkin-Staszewski
when alpha = 1

Matrix geometric mean (an operator connects X and Y):

Geometric Rényi divergence:

o Also called the maximal Rényi
divergence [Matsumoto-15]:
the largest quantum Rényi
divergence which satisfies data-
processing inequality

3.2 Detailed proofs

In the following, we give a detailed proof of each property listed in Theorem 3.

Lemma 4 (Comparison with D and Dmax) For any quantum state ⇢, sub-normalized quantum state �
with ⇢ ⌧ � and ↵ 2 (1, 2], the following relation holds

D(⇢k�)  eD↵(⇢k�)  D↵(⇢k�)  bD↵(⇢k�)  Dmax(⇢k�). (22)

Proof The first two inequalities follow from Eqs. (3) and (6). The third inequality follows since the
geometric Rényi divergence is the largest Rényi divergence satisfying the data-processing inequality
(see [Mat15] or [Tom16, Eq. (4.34)]). It remains to prove the last one. Since the geometric Rényi
divergence is monotonically non-decreasing with respect to ↵

3, it suffices to show that bD2(⇢k�) 
Dmax(⇢k�). Recall that Dmax(⇢k�) = min{log t | ⇢  t�}. Denote the optimal solution as t, and we
have Dmax(⇢k�) = log t with 0  ⇢  t�. Note that

bD2(⇢k�) = log Tr
⇥
⇢�

�1
⇢
⇤

= logmin
�
TrM

�� ⇢��1
⇢  M

 
= logmin

⇢
TrM

����

"
M ⇢

⇢ �

#
� 0

�
, (23)

where the last equality follows from the Schur complement characterization of the block positive semidef-
inite matrix. Take M = t⇢, and we have

"
M ⇢

⇢ �

#
=

"
t⇢ ⇢

⇢ �

#
�
"
t⇢ ⇢

⇢ t
�1

⇢

#
=

"
t 1

1 t
�1

#
⌦ ⇢ � 0. (24)

Thus M = t⇢ is a feasible solution of optimization (23) which implies bD2(⇢k�)  log Tr[t⇢] = log t =
Dmax(⇢k�). This completes the proof. ⌅

Compared with Dmax, it is clear that bD↵ gives a tighter approximation of the Umegaki relative
entropy D from above. We provide a concrete example in Figure 1 to give an intuitive understanding of
the relations between different divergences.

1.0 1.25 1.5 1.75 2.0
↵

Dmax

D

bD

bD2

bD↵

D↵ eD↵

⇢ = 1
4


2 1 1
1 1 1
1 1 1

�
� = 1

8


4 0 0
0 3 0
0 0 1

�

Figure 1: Relations between Umegaki relative entropy D, Belavkin-Staszewski relative entropy bD, max-relative
entropy Dmax, sandwiched Rényi divergence eD↵, Petz Rényi divergence D↵ and geometric Rényi divergence bD↵.

Lemma 5 (Closed-form expression) For any quantum channel NA0!B , subchannel MA0!B and ↵ 2
(1, 2], the geometric Rényi channel divergence is given by

bD↵(NkM) =
1

↵� 1
log

���TrB G1�↵(J
N
AB, J

M
AB)

���
1
, (25)

3 This is clear from the minimization formula of bD↵ in [Mat15, Eq. (11)] and the monotonicity of classical Rényi divergence.

9

sandwichedPetz
geometric

o Nicer properties than the widely-
used Petz and sandwiched ones

bD(⇢k�) := Tr ⇢ log[⇢1/2��1⇢1/2]
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>



For any quantum states , and quantum channels ,⇢RA
<latexit sha1_base64="zSJR3FqAe6a3tzGQssUmwAhz3Nw="></latexit>

�RA
<latexit sha1_base64="01ZBlD9OPUvdbBdxL/wkBY8FgkU="></latexit>

EA!B
<latexit sha1_base64="S9YEdmJoWkU9wzgv5oVKFqWC7Qw="></latexit>

FA!B
<latexit sha1_base64="GcvdweflM3e54Ubio5mLUZgiIx0="></latexit>

Chain Rule

Chain rule and other basic properties

Other nice properties:

o Umegaki relative entropy does not satisfy these properties.

bD↵(E(⇢RA)kF(�RA))  bD↵(⇢RAk�RA) + bD↵(EkF)
<latexit sha1_base64="pKc14JEJQ/sfaf4YKglc9dIExXA="></latexit>

bD↵(EkF) =
1

↵� 1
log

��TrB G1�↵(J
E
RB , J

F
RB)

��
1

<latexit sha1_base64="e1aBEW+j2ZKFE6uWUXjh/940H4c="></latexit>

Closed-form

↵ 2 (1, 2]
<latexit sha1_base64="wRNPw5LZs/SVVsGPqIJYOxK8JwI="></latexit>

bD↵(E1 ⌦ E2kF1 ⌦ F2) = bD↵(E1kF1) + bD↵(E2kF2)
<latexit sha1_base64="cFqGQRVYGxKC+LIHShxPmwAVjHY="></latexit>

Additivity

bD↵(E2 � E1kF2 � F1)  bD↵(E1kF1) + bD↵(E2kF2)
<latexit sha1_base64="J4DnFzwA4Pog3PcAu5cVNtUcIb8="></latexit>

Sub-additivity

inf
F2C

bD↵(EkF)
<latexit sha1_base64="6CHD8EqJuKgOtGKcDKbK8SJoSqY="></latexit>

SDP is SDP computable if is given by SDP conditionsC
<latexit sha1_base64="ZCFrew7/tWkGFRoDxX86z3o3SbM="></latexit>

o These properties will empower a wide range of applications.

Remarks:

Single-letter



Application: channel capacity

bR↵(⇢AB) := inf
�AB2PPT0(A:B)

bD↵(⇢ABk�AB)
<latexit sha1_base64="19flAid97N18Jc0pynmKzDIWgqs="></latexit>

bR↵(N ) := inf
M2V(A:B)

bD↵(NkM)
<latexit sha1_base64="1cSCmW/gcsRP5j6DrZqmxnbzkAA="></latexit>

V(A : B) := {M 2 CP : k⇥B �MA!Bk}  1}
<latexit sha1_base64="E0DbRXgdk8tT3wONdYiCI/58HXI="></latexit>

PPT0(A : B) := {�AB � 0 : k�TB
ABk1  1}

<latexit sha1_base64="CMUiVUsfG05WcKZpOAy7iJRdxnk="></latexit>

Rains entanglement measure

Chain rule immediately implies bR↵(NA!B(⇢A0AB))� bR↵(⇢A0AB)  bR↵(N )
<latexit sha1_base64="ef66dc/IJaQqlPRDI9DVPxTjl9A="></latexit>

N
<latexit sha1_base64="tjidio7HwzLrBR8EIdCIeU++r/M="></latexit>

A0
<latexit sha1_base64="E9PipHzfdVUQyuwAILVb2icL3wE="></latexit>

A
<latexit sha1_base64="Bshv8hGUkzHo3V4TrawZrU5HzKo="></latexit>

B0
<latexit sha1_base64="epVIMTZo1VxMAd03Fwgszs4V2ss="></latexit>

B
<latexit sha1_base64="QGbD9+ArJWk+9gItdumMo5JAdHw="></latexit>

A0
<latexit sha1_base64="E9PipHzfdVUQyuwAILVb2icL3wE="></latexit>

B0
<latexit sha1_base64="epVIMTZo1VxMAd03Fwgszs4V2ss="></latexit>

⇢A0AB0
<latexit sha1_base64="AjtBa/vDGTD0SlXSqoCp0h/iYr4="></latexit>

NA!B(⇢A0AB0)
<latexit sha1_base64="HSGxeBJ1HFlBK9owUYcz6vqUgWc="></latexit>

A: Net entanglement generated via the channel
will be no greater than

N
<latexit sha1_base64="tjidio7HwzLrBR8EIdCIeU++r/M="></latexit>

bR↵(N )
<latexit sha1_base64="KkdR9Yt0FhO1a8hHiW4ViLSp9aw="></latexit>

A: This is a sub-module in quantum communication.

Q: What does this mean?

Q: Why should we care about this?

Task: quantum comm. over a noisy channel with free classical comm. assistance

Channel capacity: the capability of a channel to reliably transmit information

Notoriously hard to evaluate and we aim to find an upper bound as tight as possible

Rains channel information



Application: channel capacity

Goal: establish maximally entangled state

+ free classical communication teleportation transmit quantum info.

bR↵(!)  �1 +�2 + · · ·+�n  n · bR↵(N )
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On average, entanglement generated is no greater than bR↵(N )
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Thus we have an improved bound Q$(N )  bR↵(N )  Rmax(N )
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Previously best-known bound [Wang-Fang-Duan-18, Berta-Wilde-18; QIP’18 talk]
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Using channel n times we have

LOCC (local operation and classical comm.) assisted quantum communication protocol



Example

bR↵(N )
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o is tighter than in general.Rmax(N )
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o The improvement is significant for almost all channels.

o The new bound cannot be trivially pushed further to Umegaki’s
relative entropy as a single-letter bound.
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generalized amplitude damping channel (N=0.3)



Other applications

The BS/geometric Rényi divergence can also found applications in:

o Classical/private/magic generating capacities

o Point-to-point/bidirectional channels

o Assisted/unassisted communication scenario

o Channel discrimination Dreg(NkM)  bD↵(NkM)
<latexit sha1_base64="l+uxsqxHlKwgS3JG2k046oY5Ozo="></latexit>

Potential improvements in
quantum network theory,
quantum repeaters, quantum key
distribution, quantum games …
(basically anywhere that
involves )

See 1909.05758 for more details

Dmax
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3.2 Detailed proofs

In the following, we give a detailed proof of each property listed in Theorem 3.

Lemma 4 (Comparison with D and Dmax) For any quantum state ⇢, sub-normalized quantum state �
with ⇢ ⌧ � and ↵ 2 (1, 2], the following relation holds

D(⇢k�)  eD↵(⇢k�)  D↵(⇢k�)  bD↵(⇢k�)  Dmax(⇢k�). (22)

Proof The first two inequalities follow from Eqs. (3) and (6). The third inequality follows since the
geometric Rényi divergence is the largest Rényi divergence satisfying the data-processing inequality
(see [Mat15] or [Tom16, Eq. (4.34)]). It remains to prove the last one. Since the geometric Rényi
divergence is monotonically non-decreasing with respect to ↵

3, it suffices to show that bD2(⇢k�) 
Dmax(⇢k�). Recall that Dmax(⇢k�) = min{log t | ⇢  t�}. Denote the optimal solution as t, and we
have Dmax(⇢k�) = log t with 0  ⇢  t�. Note that
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where the last equality follows from the Schur complement characterization of the block positive semidef-
inite matrix. Take M = t⇢, and we have
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Thus M = t⇢ is a feasible solution of optimization (23) which implies bD2(⇢k�)  log Tr[t⇢] = log t =
Dmax(⇢k�). This completes the proof. ⌅

Compared with Dmax, it is clear that bD↵ gives a tighter approximation of the Umegaki relative
entropy D from above. We provide a concrete example in Figure 1 to give an intuitive understanding of
the relations between different divergences.
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Figure 1: Relations between Umegaki relative entropy D, Belavkin-Staszewski relative entropy bD, max-relative
entropy Dmax, sandwiched Rényi divergence eD↵, Petz Rényi divergence D↵ and geometric Rényi divergence bD↵.

Lemma 5 (Closed-form expression) For any quantum channel NA0!B , subchannel MA0!B and ↵ 2
(1, 2], the geometric Rényi channel divergence is given by
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3 This is clear from the minimization formula of bD↵ in [Mat15, Eq. (11)] and the monotonicity of classical Rényi divergence.
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Open question

Belavkin-Staszewski relative entropy/Geometric Rényi divergence admits nice
mathematical properties. But what are their operational meanings? Do they
naturally show up in certain tasks?

For example:

o Umegaki relative entropy: optimal error exponent in the hypothesis testing 
problem [Hiai-Petz-1991]

o Petz Rényi divergence: quantum generalization of Chernoff’s bound on the 
success probability in binary hypothesis testing [Audenaert et al.-2007]

o Sandwiched Rényi divergence: strong converse regime of asymmetric 
binary hypothesis testing [Mosonyi-Ogawa-2015]



Summary



Summary
o Chain rule for Umegaki relative entropy

D(E(⇢RA)kF(�RA))  D(⇢RAk�RA) +Dreg(EkF)
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o Adaptive strategies are no more powerful than non-adaptive ones
for channel discrimination Dreg(EkF) = DA(EkF)

<latexit sha1_base64="tdhQH6NguDzPKw3qxJ6k0tV6YMQ="></latexit>

o Robust version of data-processing inequality

o See arXiv 1909.05826 for a slightly more general version

o Chain rule for Belavkin-Staszewski/geometric Rényi relative entropy
bD↵(E(⇢RA)kF(�RA))  bD↵(⇢RAk�RA) + bD↵(EkF)

<latexit sha1_base64="pKc14JEJQ/sfaf4YKglc9dIExXA="></latexit>

o Other nice properties: closed-form formula, additive under tensor
product, sub-additive under composition, easy to do optimization

o Improved upper bounds for quantum/private/classical/magic state
generation capacities /channel discrimination

o Potential applications in quantum network theory, quantum repeaters,
quantum key distribution, quantum games…

o Relative entropy accumulation theorem (in preparation)



Thanks for your attention!

See arXiv for more details

[1909.05826 & 1909.05758]


