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Channel Simulation & Channel’s Max-Information

Quantum Channel K. Fang, X. Wang, M. Tomamichel, M. Berta

A quantum channel is a communication channel which can transmit
quantum information. It sends one quantum state to the other.

Mathematically, a quantum channel is characterized by a linear map
Na_p thatis

© completely positive (CP): idy ® N(Xga) = 0V Xga > 0and k € N;
© trace-preserving (TP): Tr N(X) = Tr X for all X.

input i> N —B> output
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e

X

© “Similarity” can be measured via diamond norm [Kitaev, 1997]:

[|1F]lo := sup |lidx ® F||1, where || - |liinduced by the Schatten 1-norm.
k

© Operational meaning: minimum error probability p. to
distinguish two quantum channels N7 and N is given by

1IN = Nalle

)

1
Pe = 5(1_
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The minimum error of simulation from N to M with Q-assistance:

1
waN, M) := 5 inf |[ITo N = Mll,. (1)
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The minimum error of simulation from N to M with Q-assistance:

1
wo(N, M) = EI%I;{_)IIHON—MIIO- (1)
The channel simulation rate from N to M with Q-assistance:
Sa(N, M) := Linsinf{% : wa(N®", ME™) < g}. 2)

Different resource assistances can be considered. Here we focus on:

© entanglement assistance, Q = E;
© no-signalling (NS) assistance, () = NS;
© E C NS.
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(Panr)

1 1
= EI(A :B)y = Erqr);a}j(I(A :B)niy

[Bennett et al., 2002]

Qe(N) < Ons(N) < Sns(N) < Sg(N)

© Bennett, C.H., Shor, PW., Smolin, J.A. and Thapliyal, A.V., 2002. Entanglement-assisted
capacity of a quantum channel and the reverse Shannon theorem. IEEE Transactions on
Information Theory, 48(10), pp.2637-2655.
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[Bennett et al., 2002]

Qe(N) < Ons(N) < Sns(N) < Sg(N)

[Bennett et al., 2014]

u__r g
= A}

© Bennett, C.H., Shor, PW., Smolin, J.A. and Thapliyal, A.V., 2002. Entanglement-assisted
capacity of a quantum channel and the reverse Shannon theorem. IEEE Transactions on
Information Theory, 48(10), pp.2637-2655.

© Bennett, C.H., Devetak, I., Harrow, A.W., Shor, PW. and Winter, A., 2014. The quantum
reverse Shannon theorem and resource tradeoffs for simulating quantum channels. IEEE
Transactions on Information Theory, 60(5), pp.2926-2959.
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[Bennett et al., 2002]

Qe(N) < Ons(N) < Sns(N) < Sg(N)

[Bennett et al., 2014]

u__r g
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Quantum reverse Shannon theorem (QRTS)

2017 IEEE Information Theory Society Paper Award

© Bennett, C.H., Shor, PW., Smolin, J.A. and Thapliyal, A.V., 2002. Entanglement-assisted
capacity of a quantum channel and the reverse Shannon theorem. IEEE Transactions on
Information Theory, 48(10), pp.2637-2655.

© Bennett, C.H., Devetak, I., Harrow, A.W., Shor, PW. and Winter, A., 2014. The quantum
reverse Shannon theorem and resource tradeoffs for simulating quantum channels. IEEE
Transactions on Information Theory, 60(5), pp.2926-2959.
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NS-assistance;

© introduce a naturally appeared entropy of a channel
operational meaning + asymptotic equipartition property (AEP)
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Most the prior results focus on the asymptotic simulation rate.

Our contributions are twofolds:

© study the one-shot channel simulation task: id,, — N with
NS-assistance;

© introduce a naturally appeared entropy of a channel
operational meaning + asymptotic equipartition property (AEP)

Recall the minimum error of simulation:

1
wns(idm, N) = 3 ng\fls [ITT o idy — Nllo- (4)
The one-shot quantum simulation cost under NS assistance:
Sf\llg ) :=logmin {m € N: wns(id;,, N) < e} . (5)

Then the asymptotic quantum simulation cost is equivalently given by

Sns(N) = lim lim s{\% L(N®T), (6)
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The minimum error wns(id,,, N) can be given by a SDP,

minimize A (7a)
subjectto Trp Yap < Aly, (7b)
Yap = J5 = Jn, Yap 20, (7¢)
J5 20, Trg J5 = 14, (7d)

]irg]lAQbVB, TrVB:mz. (7e)
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The minimum error wns(id,,, N) can be given by a SDP,

minimize A (7a)
subjectto Trp Yap < Aly, (7b)
Yag = ]ﬂ —Jn, Yap 20, (70)
J5 20, Trp J5, =14, (7d)
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© [Leung & Matthews, 2015; Duan & Winter, 2016] IT € NS iff
Jn 20, Trap Jn=1as,
TraJn=1a/da ® Traa Jn, Trp Jn = 1p/dp ® Trp Jnn
©® [Watrous, 2009] %H.’Nl — Na||s given by SDP

min{A : Trg Yap < Ala, Yap = Jng — Jny, Yag 2 0}

© Symmetry of id,,: Choi matrix invariant under U ® u.
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SDP characterizations

The one-shot e-error quantum simulation cost S ) N)

NS, e
3 log minimize Tr V3 (8a)
subject to Trp Yap < €1y, (8b)
Yap 2 J5 = Jn, Yap 20, (8c)
J5 20, Trg J =14, (8d)
]N-S]IA(XJVB. (8e)

It reduces to the zero-error case when ¢ =0 [Duan and Winter, 2016],

1 : 1
St o) =3 logmin {Tr Vi : Jx < 14 ® Vi} = s Hpin(AlB)yy. (©)
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The one-shot e-error quantum simulation cost S ) N)

NS, e
3 log minimize Tr V3 (8a)
subject to Trp Yap < €1y, (8b)
Yap 2 J5 = Jn, Yap 20, (8c)
J5 20, Trg J =14, (8d)
]N-S]IA(XJVB. (8e)

It reduces to the zero-error case when ¢ =0 [Duan and Winter, 2016],

1 : 1
St o) =3 logmin {Tr Vi : Jx < 14 ® Vi} = s Hpin(AlB)yy. (©)

What about ¢ > 0? Do we have

1. iid. 1
EHfrmin(A|B)]N‘ — EH(A|B)]N

We will need a entropy that looks more similar to I(A : B)y.

1 Lid. ?
SIA: By = Sns(N) &= S8, () ==
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The quantum mutual information of a state

I(A:B),:= i(%fD(pAB”PA ® op). (10)
The max-information of a quantum state [Berta et al., 2011]:
Imax(A : B)p = i(l"};f Dmax(pAB“PA ® 0B), (11)

where max-relative entropy [Datta 2009] Dmax(pl|0) = inf{t|p < 2'c}.

Other variations can be seen in [Ciganovic et al., 2013].
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The quantum mutual information of a state

I(A:B),:= i(%fD(pAB”PA ® op). (10)

The max-information of a quantum state [Berta et al., 2011]:

Imax(A : B)p = i(l;};f Dmax(pAB“pA ® 0B), (11)

where max-relative entropy [Datta 2009] Dmax(pl|0) = inf{t|p < 2'c}.
Other variations can be seen in [Ciganovic et al., 2013].
The smoothed version:
Lax(A : B)p := inf Ijmax(A - B)p. (12)
pep
The asymptotic equipartition property (AEP) [Berta et al., 2011]:

T
l{)‘% nh_r)rgo Elr;ax(A :B)pen = I(A: B),. (13)
© We will generalize these notations and results to a channel’s
version and find their connection with the quantum channel
simulation task.
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Definition
For any quantum channel N4/_,p we define the max-information of

the channel N as

Imax(A : B)N = Imax(A : B)NA@B((I)AA/)/ (14)

where ® 4 is the maximally entangled state.

We can replace @, to any pure state ¢4 with Schmidt rank |A’|.

The channel’s smooth max-information is defined by

[L(A:B)y:=  inf Imax(A : B)5, (15)
FIN-Nllo<e
NeCPTP(A’:B)
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Definition
For any quantum channel N4/_,p we define the max-information of
the channel N as

Imax(A : B)N = Imax(A : B)NA@B((I)AA/)/ (14)

where ® 4 is the maximally entangled state.

We can replace @, to any pure state ¢4 with Schmidt rank |A’|.

The channel’s smooth max-information is defined by

[L(A:B)y:=  inf Imax(A : B)5, (15)
FIN-Nllo<e
NeCPTP(A’:B)

Monotone under composition with CPTP maps, i.e., for any CPTP
maps Na: g, Fa;-a; and Tp, 5,

IfnaX(Ao 2 Bo)Fonog < Iémx(A1 : Bl)N~ (16)
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Resource theOl’y perspeCtiveS K. Fang, X. Wang, M. Tomamichel, M. Berta

Dmax(N”M) = Dmax(IN”]M) (17)
Imax(A : B)x = J\l/trgj Dmax(N||V) (18)

G:={M e CPTP: Jos.t. M(p) = 0, Vp } the set of constant channels.

Max-relative entropy and robustness for states: [Datta, 2009]

The robustness of a quantum channel N (see also [Diaz et.al, 2018])

N+ tM
1+t

Rg(N) := inf {t > 0 ’ M e CPTP(A : B) sit. e 9} . (19)

Imax(A : B)x = log[l + :Rg(N)} (20)
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. . Channel Simulation & Channel’s Max-Information
Operational meaning

K. Fang, X. Wang, M. Tomamichel, M. Berta

For any quantum channel N4 —p and given error tolerance € > 0, we have

St (V) = —IfnaX(A : B)x. (21)
The AEP of the channel’s smooth max-information ,

lim lim — ! maX(A B)nen = I(A : B)n. (22)

e—>0n—-oo

Sketch of proof:
: : l _ (1) ®n
hn% lim —I5 (A B)nen =2+ hr% lim S CNE)
c—>0n—oo e—0n—oo
=2-Sns(N) [by definition]
=2-Qr(N) [Bennett et al., 2014]

=I1(A:B)x [Bennett et al., 2002]
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Operational meaning K. Fang, X. Wang, M. Tomamichel, M. Berta

For any quantum channel N4 —,p and given error tolerance € > 0, we have
1
500,000 = S T4 B (21)

The AEP of the channel’s smooth max-information ,

lim 1im max(A B)nen = I(A : B)y. (22)

e—0n—-oo

Note: on the other hand, if we can proof Eq. (22) directly, it implies

Qe(N) = Ons(N) = Sns(N) < SE(N)
| 3 QRST ¢
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DireCt prOOf Of AEP "2" K. Fang, X. Wang, M. Tomamichel, M. Berta

lim lim — ! max(A B)N@n > I(A : B)N

e—0 n—ooo

max(A B)N®” = _ inf max(A B)Nn ©@®",) [definition]
%“N”—N@"Ho A’—B T AA!
= nl(A: BNy y(dan) [additivity]

= nl(A:B)y [optimal ¢ 4]
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1.
lim lim _Il’énaX(A . B)N@ﬂ > I(A : B)N
e>0n—oo N
Irilax(A : B)N®" = _ lnf Imax(A : B)ﬂn ((b@n ) [deflnltlon]
BN -Nen o <e Aroplan
(1]
> inf  I(A:B)x e [Danax > D]
JIR e se w-n P
= nl(A: BNy y(dan) [additivity]

nl(A: B)y [optimal ¢paa]

[1] N. Datta, "Min-and max-relative entropies and a new entanglement monotone", 2009
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lim lim lIli‘laX(A . B)N@ﬂ > I(A : B)N

e—>0n—oo 1

Irilax(A : B)N®" = Ly lnf Imax(A : B)ﬂn/ ((P®n,) [deflnltlon]

FINT=N®n|,<e AI-BRTAA

(1]

> _inf  IA:B)g e [Dimax > D]
BN -Nen o <e Aomtan

(2] o

> I(A: B)N?HB((/)%,) [continuity]

= nl(A: BNy y(dan) [additivity]

= nl(A:B)y [optimal ¢paa]

[1] N. Datta, "Min-and max-relative entropies and a new entanglement monotone", 2009

[2] R. Alicki, M. Fannes, "Continuity of quantum conditional information”, 2004
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Hﬁn — e

o~ SUp “Nn'—>3(¢fm/) - Ni"n—»B((PZA’)Hl s¢
Ppn
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HNH N@n

—sup“N f_,B((Z’AA/) N?—»B((PAA’)Hl -

® AA’

[Christandl, Kénig, Renner 2009]

||NA'—>B((U[\AA/) N s(@kan )“ < e(n+1)"14P-D

© wh , ,, is a purification of the de Finetti state

C‘)ZA’ ::f¢AA/d(¢AA’)

d(-) measure on normalized pure states induced by Haar measure;

© We can make |R| < (n + 1)|A’|Z—1.
(see e.g. [Berta, Christandl, Renner 2011])

RAA’
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HNH N@n

= sup “N —p(Pua) = N?—»B(‘PAA')Hl se€

¢ AA’
[Christandl, Kénig, Renner 2009]

||NA'—>B((U[\AA/) N s(@kan )“ < e(n+1)"14P-D

© wh , ,, is a purification of the de Finetti state

C‘)ZA’ ::f¢AA/d(¢AA’)

d(-) measure on normalized pure states induced by Haar measure;

© We can make |R| < (n + 1)|A’|Z—1.
(see e.g. [Berta, Christandl, Renner 2011])

RAA’

We are ready to prove

lim lim lIﬁlax(z‘l :B)yen < I(A:B)n

e—>0n—oo N
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[ (A B)yen = inf Imax(AR : B)j(f,/i

BN -ven |, <e

[definition]

o5 @hrar)
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Iax(A : B)nen = _ inf Imax(AR = B)sen  (n ) [definition]
FIN-Nen o <e AR ITAIAR

< inf Imax(AR : B)ﬂz/%(a}:l%) [post-selection]

LN (", , )= N ("

A’AR 1€

war)l
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IS (A :B)yen = inf Imax(AR : B)x 0 definition
max( )N® %”ﬂn_j\rm e max( )NA,AB(wA,AR) [ ]
< inf Imax(AR : B)ﬁ,,/ @ ) [post-selection]
3 INT (@2, )= NE (@], Dlhi<e ATBTTATAR
= inf Imax(AR : B )GEAR [partial smooth]
Lot g =N (", i <e
OJI 7(0”
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Lax(A s B)yen = _ inf Imax(AR = B)sen  (n ) [definition]
%HN"—NWHOSE A’>B T A’AR
< inf Imax(AR : B)5 ", ) [post-selection]
1 HNH((UA'AR) N®”((UZ’AR)”1SS A’—BYTA’AR
= inf Imax(AR : B )GEAR [partial smooth]
Lot = NE (@, i <e
TARTVAR
(1]
S Inax(AR:B)yer (o ) [global smooth]

[1] A. Anshu, M. Berta, R. Jain, and M. Tomamichel, arXiv:1807.05630. Talk on Thursday by Mario.
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Lax(A s B)yen = _ inf Imax(AR = B)sen  (n ) [definition]
FIN-Nen o <e AR ITAIAR
< inf Imax(AR : B)5n @ ) [post-selection]
1 HN”((UA,AR) N®”(w;",AR)||1 <e A’—B U A’AR
= inf Imax(AR : B )GEAR [partial smooth]
Hlop X"l e
TARTWUR
(1]
S Inax(AR:B)yer (o ) [global smooth]
2] .
S (A B)Nm @) " = [ 2 ddan) [get rid of R]

[1] A. Anshu, M. Berta, R. Jain, and M. Tomamichel, arXiv:1807.05630. Talk on Thursday by Mario.
[2] M. Berta, M. Christandl, and R. Renner, "The quantum reverse Shannon theorem based on

one-shot information theory", 2011.
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Lax(A s B)yen = _ inf Imax(AR = B)sen  (n ) [definition]
%HN"—NWHOSE A’—BV\"A’AR
< inf Imax(AR : B)5 ", ) [post-selection]
LN (@™, , )-Nen(w!, Il <e A'>BTTAAR
= inf Imax(AR : B )GEAR [partial smooth]
Hlop X"l e
TARTWUR
[1]
S Inax(AR:B)yer (o ) [global smooth]
[2] .
S (A B)Nm @) " = [ 2 ddan) [get rid of R]
[2] & . .
< r(IplA?( I (A:B )N?LB @) [quasi-convexity]

[1] A. Anshu, M. Berta, R. Jain, and M. Tomamichel, arXiv:1807.05630. Talk on Thursday by Mario.
[2] M. Berta, M. Christandl, and R. Renner, "The quantum reverse Shannon theorem based on

one-shot information theory", 2011.
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Iax(A : B)nen = inf Imax(AR : B)5n [definition]
%Ilﬂ"—?\fw\loﬁe A'—>B(wA’AR)
< inf Imax(AR : B)5 ", ) [post-selection]

FINT(@h, )= NEm (@, lh<e ATBITATAR
= inf Imax(AR : B )GEAR [partial smooth]

Hlop X"l e

TARTWUR
(1]
S Inax(AR:B)yer (o ) [global smooth]
2] .
S (A B)Nm @) " = [ 2 ddan) [get rid of R]
[i] L. (A:B i ity]
< r(Ir);e:z( ax )Nf;LB @°") [quasi-convexity
2]
< maxnl(A : B)n,_y(pan) [AEP for states]
ban

[1] A. Anshu, M. Berta, R. Jain, and M. Tomamichel, arXiv:1807.05630. Talk on Thursday by Mario.
[2] M. Berta, M. Christandl, and R. Renner, "The quantum reverse Shannon theorem based on

one-shot information theory", 2011.
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Lax(A s B)yen = _ inf Imax(AR = B)sen  (n ) [definition]
BIN-Nen |, <e A TATAR
< inf Imax(AR : B)5 ", ) [post-selection]
LN (@, =N (@, Ol <e w5\ Caar
= inf Imax(AR : B )GEAR [partial smooth]
Hlop X"l e
TARTWUR
[1]
S Inax(AR:B)yer (o ) [global smooth]
2] .
S (A B)Nm @) " = [ 2 ddan) [get rid of R]
[2] &€ . .
< r(IplA?( IE (A B)N?LB @) [quasi-convexity]
2]
< maxnl(A : B)n,_y(pan) [AEP for states]
ban
= nl(A:B)x [definition]

[1] A. Anshu, M. Berta, R. Jain, and M. Tomamichel, arXiv:1807.05630. Talk on Thursday by Mario.

[2] M. Berta, M. Christandl, and R. Renner, "The quantum reverse Shannon theorem based on

one-shot information theory", 2011.
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Example

Depolarizing channel: N(p) =(1-p)p+p -1/d, p =0.15.

095

e=5x10"* . 1
Ea R Skt ) = LA 2 B
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Example

Depolarizing channel: N(p) =(1-p)p+p -1/d, p =0.15.
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Summary K. Fang, X. Wang, M. Tomamichel, M. Berta

S < Sl

Channel simulation task Channel’s max-information
SDP-computable SDP-computable  Monotone

One-shot simulation cost Channel’s smooth

under NS assistance max-information

Stg. (V) L (A B)x
iid iid
QRST under NS assistance AEP
1,
(Qe(N) =) lim 1im - Liax(A : B) o
e—0 n—oo
Ons(N) = Sns(N) =I1(A:B)x
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DiSCUSSionS K. Fang, X. Wang, M. Tomamichel, M. Berta

© How to better characterize the one-shot entanglement-assisted
channel simulation cost?

© More general form of channel AEP?
( presented by Andreas in JILA workshop open problem session)
Channel divergence:

D(N[IM) = g‘a)/(D(NA'—>B(¢AA’)”MA’—>B(¢AA’))- (23)

What we already know for G, the set of constant channels:

. ¢ on n this work X
Mrﬁ‘é%anax(N ||M)—>J\n4lér§D(Nl|M) ooo(24)
. MW bound
. Dé N@n Mn : D N M ‘/
\min NFHMY) ———— min (N][M) (25)

What if G,, = {M®"}? Quantum channel Stein’s lemma?



Thanks for your attention!

See arXiv:1807.05354

for more details



