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Quantum channel Channel Simulation & Channel’s Max-Information
K. Fang, X. Wang, M. Tomamichel, M. Berta

A quantum channel is a communication channel which can transmit
quantum information. It sends one quantum state to the other.

Mathematically, a quantum channel is characterized by a linear map
NA→B that is

} completely positive (CP): idk ⊗ N(XRA) ≥ 0 ∀ XRA ≥ 0 and k ∈ N;
} trace-preserving (TP): TrN(X) � Tr X for all X.

N
A Binput output



What is channel simulation? Channel Simulation & Channel’s Max-Information
K. Fang, X. Wang, M. Tomamichel, M. Berta

NA B 'B'A

} “Similarity” can be measured via diamond norm [Kitaev, 1997]:

‖F‖♦ :� sup
k

‖idk ⊗ F‖1 , where ‖ · ‖1induced by the Schatten 1-norm.

} Operational meaning: minimum error probability pe to
distinguish two quantum channels N1 and N2 is given by

pe �
1
2
(1 − ‖N1 −N2‖♦
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The minimum error of simulation from N toM with Ω-assistance:

ωΩ(N,M) :�
1
2

inf
Π∈Ω

‖Π ◦N −M‖♦. (1)

The channel simulation rate from N toMwith Ω-assistance:

SΩ(N,M) :� lim
ε→0

inf
{ n

m
: ωΩ(N⊗n ,M⊗m) ≤ ε

}
. (2)

Different resource assistances can be considered. Here we focus on:

} entanglement assistance, Ω � E;
} no-signalling (NS) assistance, Ω � NS;
} E ⊆ NS.
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QE(N) ≤ QNS(N) ≤ SNS(N) ≤ SE(N)

[Bennett et al., 2002]

�
1
2

I(A : B)N :�
1
2

max
φAA′

I(A : B)NA′→B(φAA′ )

[Bennett et al., 2014]
“=”

Quantum reverse Shannon theorem (QRTS)

2017 IEEE Information Theory Society Paper Award

} Bennett, C.H., Shor, P.W., Smolin, J.A. and Thapliyal, A.V., 2002. Entanglement-assisted
capacity of a quantum channel and the reverse Shannon theorem. IEEE Transactions on
Information Theory, 48(10), pp.2637-2655.

} Bennett, C.H., Devetak, I., Harrow, A.W., Shor, P.W. and Winter, A., 2014. The quantum
reverse Shannon theorem and resource tradeoffs for simulating quantum channels. IEEE
Transactions on Information Theory, 60(5), pp.2926-2959.
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Most the prior results focus on the asymptotic simulation rate.

Our contributions are twofolds:

} study the one-shot channel simulation task: idm → N with
NS-assistance;

} introduce a naturally appeared entropy of a channel
operational meaning + asymptotic equipartition property (AEP)

Recall the minimum error of simulation:

ωNS(idm ,N) :�
1
2

inf
Π∈NS

‖Π ◦ idm −N‖♦. (4)

The one-shot quantum simulation cost under NS assistance:

S(1)
NS,ε(N) :� log min {m ∈ N : ωNS(idm ,N) ≤ ε} . (5)

Then the asymptotic quantum simulation cost is equivalently given by

SNS(N) � lim
ε→0

lim
n→∞

1
n

S(1)
NS,ε(N⊗n). (6)
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The minimum error ωNS(idm ,N) can be given by a SDP,
minimize λ (7a)
subject to TrB YAB ≤ λ1A , (7b)

YAB ≥ J
Ñ
− JN , YAB ≥ 0, (7c)

J
Ñ
≥ 0, TrB J

Ñ
� 1A , (7d)

J
Ñ
≤ 1A ⊗ VB , Tr VB � m2. (7e)

Sketch of proof: ωNS(idm ,N) :� 1
2 infΠ∈NS ‖Π ◦ idm −N‖♦,

} [Leung & Matthews, 2015; Duan &Winter, 2016] Π ∈ NS iff
JΠ ≥ 0, TrAB′ JΠ � 1A′B ,

TrA JΠ � 1A′/dA′ ⊗ TrAA′ JΠ , TrB′ JΠ � 1B/dB ⊗ TrBB′ JΠ

} [Watrous, 2009] 1
2 ‖N1 −N2‖♦ given by SDP

min{λ : TrB YAB ≤ λ1A ,YAB ≥ JN1 − JN2 ,YAB ≥ 0}
} Symmetry of idm : Choi matrix invariant under U ⊗ U.
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The one-shot ε-error quantum simulation cost S(1)
NS,ε(N)

1
2

log minimize Tr VB (8a)

subject to TrB YAB ≤ ε1A , (8b)
YAB ≥ J

Ñ
− JN , YAB ≥ 0, (8c)

J
Ñ
≥ 0, TrB J

Ñ
� 1A , (8d)

J
Ñ
≤ 1A ⊗ VB . (8e)

It reduces to the zero-error case when ε � 0 [Duan and Winter, 2016],

S(1)
NS,0(N) �1

2
log min {Tr VB : JN ≤ 1A ⊗ VB} �:

1
2

Hmin(A|B)JN . (9)

What about ε > 0? Do we have

1
2

I(A : B)N � SNS(N) i.i.d.
←−−− S(1)

NS,ε(N) ?= 1
2

Hε
min(A|B)JN

i.i.d.
−−−→

1
2

H(A|B)JN

We will need a entropy that looks more similar to I(A : B)N.
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1
2

I(A : B)N � SNS(N) i.i.d.
←−−− S(1)

NS,ε(N) ?= 1
2

Hε
min(A|B)JN

i.i.d.
−−−→

1
2

H(A|B)JN

We will need a entropy that looks more similar to I(A : B)N.



Max-information of a quantum state Channel Simulation & Channel’s Max-Information
K. Fang, X. Wang, M. Tomamichel, M. Berta

The quantum mutual information of a state

I(A : B)ρ :� inf
σB

D(ρAB‖ρA ⊗ σB). (10)

The max-information of a quantum state [Berta et al., 2011]:

Imax(A : B)ρ :� inf
σB

Dmax(ρAB‖ρA ⊗ σB), (11)

where max-relative entropy [Datta 2009] Dmax(ρ‖σ) � inf{t |ρ ≤ 2tσ}.
Other variations can be seen in [Ciganović et al., 2013].

The smoothed version:
Iεmax(A : B)ρ :� inf

ρ̃≈ερ
Imax(A : B)ρ̃ . (12)

The asymptotic equipartition property (AEP) [Berta et al., 2011]:

lim
ε→0

lim
n→∞

1
n

Iεmax(A : B)ρ⊗n � I(A : B)ρ . (13)

} We will generalize these notations and results to a channel’s
version and find their connection with the quantum channel
simulation task.



Max-information of a quantum state Channel Simulation & Channel’s Max-Information
K. Fang, X. Wang, M. Tomamichel, M. Berta

The quantum mutual information of a state

I(A : B)ρ :� inf
σB

D(ρAB‖ρA ⊗ σB). (10)

The max-information of a quantum state [Berta et al., 2011]:

Imax(A : B)ρ :� inf
σB

Dmax(ρAB‖ρA ⊗ σB), (11)

where max-relative entropy [Datta 2009] Dmax(ρ‖σ) � inf{t |ρ ≤ 2tσ}.
Other variations can be seen in [Ciganović et al., 2013].

The smoothed version:
Iεmax(A : B)ρ :� inf

ρ̃≈ερ
Imax(A : B)ρ̃ . (12)

The asymptotic equipartition property (AEP) [Berta et al., 2011]:

lim
ε→0

lim
n→∞

1
n

Iεmax(A : B)ρ⊗n � I(A : B)ρ . (13)

} We will generalize these notations and results to a channel’s
version and find their connection with the quantum channel
simulation task.



Max-information of a quantum state Channel Simulation & Channel’s Max-Information
K. Fang, X. Wang, M. Tomamichel, M. Berta

The quantum mutual information of a state

I(A : B)ρ :� inf
σB

D(ρAB‖ρA ⊗ σB). (10)

The max-information of a quantum state [Berta et al., 2011]:

Imax(A : B)ρ :� inf
σB

Dmax(ρAB‖ρA ⊗ σB), (11)

where max-relative entropy [Datta 2009] Dmax(ρ‖σ) � inf{t |ρ ≤ 2tσ}.
Other variations can be seen in [Ciganović et al., 2013].

The smoothed version:
Iεmax(A : B)ρ :� inf

ρ̃≈ερ
Imax(A : B)ρ̃ . (12)

The asymptotic equipartition property (AEP) [Berta et al., 2011]:

lim
ε→0

lim
n→∞

1
n

Iεmax(A : B)ρ⊗n � I(A : B)ρ . (13)

} We will generalize these notations and results to a channel’s
version and find their connection with the quantum channel
simulation task.



Max-information of a quantum state Channel Simulation & Channel’s Max-Information
K. Fang, X. Wang, M. Tomamichel, M. Berta

The quantum mutual information of a state

I(A : B)ρ :� inf
σB

D(ρAB‖ρA ⊗ σB). (10)

The max-information of a quantum state [Berta et al., 2011]:

Imax(A : B)ρ :� inf
σB

Dmax(ρAB‖ρA ⊗ σB), (11)

where max-relative entropy [Datta 2009] Dmax(ρ‖σ) � inf{t |ρ ≤ 2tσ}.
Other variations can be seen in [Ciganović et al., 2013].

The smoothed version:
Iεmax(A : B)ρ :� inf

ρ̃≈ερ
Imax(A : B)ρ̃ . (12)

The asymptotic equipartition property (AEP) [Berta et al., 2011]:

lim
ε→0

lim
n→∞

1
n

Iεmax(A : B)ρ⊗n � I(A : B)ρ . (13)

} We will generalize these notations and results to a channel’s
version and find their connection with the quantum channel
simulation task.



Max-information of a quantum channel Channel Simulation & Channel’s Max-Information
K. Fang, X. Wang, M. Tomamichel, M. Berta

Definition
For any quantum channel NA′→B we define the max-information of
the channel N as

Imax(A : B)N :� Imax(A : B)NA′→B(ΦAA′ ) , (14)

where ΦAA′ is the maximally entangled state.

We can replace ΦAA′ to any pure state φAA′ with Schmidt rank |A′|.
Definition
The channel’s smooth max-information is defined by

Iεmax(A : B)N :� inf
1
2 ‖Ñ−N‖♦≤ε

Ñ∈CPTP(A′:B)

Imax(A : B)
Ñ
, (15)

Monotone under composition with CPTP maps, i.e., for any CPTP
maps NA′1→B1 , FA′0→A′1 and TB1→B0 ,

Iεmax(A0 : B0)T◦N◦F ≤ Iεmax(A1 : B1)N . (16)
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Ñ
, (15)

Monotone under composition with CPTP maps, i.e., for any CPTP
maps NA′1→B1 , FA′0→A′1 and TB1→B0 ,

Iεmax(A0 : B0)T◦N◦F ≤ Iεmax(A1 : B1)N . (16)



Resource theory perspectives Channel Simulation & Channel’s Max-Information
K. Fang, X. Wang, M. Tomamichel, M. Berta

Dmax(N‖M) :� Dmax(JN‖ JM) (17)

Imax(A : B)N � inf
M∈G

Dmax(N‖M) (18)

G :�
�
M ∈ CPTP : ∃ σ s.t.M(ρ) � σ,∀ρ 	

the set of constant channels.

Max-relative entropy and robustness for states: [Datta, 2009]

The robustness of a quantum channel N (see also [Díaz et.al, 2018])

Rg(N) :� inf
{

t ≥ 0
���� ∃M ∈ CPTP(A : B) s.t. N + tM

1 + t
∈ G

}
. (19)

Imax(A : B)N � log[1 + Rg(N)]. (20)
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Operational meaning Channel Simulation & Channel’s Max-Information
K. Fang, X. Wang, M. Tomamichel, M. Berta

Theorem
For any quantum channel NA′→B and given error tolerance ε ≥ 0, we have

S(1)
NS,ε(N) � 1

2
Iεmax(A : B)N . (21)

The AEP of the channel’s smooth max-information ,

lim
ε→0

lim
n→∞

1
n

Iεmax(A : B)N⊗n � I(A : B)N . (22)
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For any quantum channel NA′→B and given error tolerance ε ≥ 0, we have

S(1)
NS,ε(N) � 1

2
Iεmax(A : B)N . (21)

The AEP of the channel’s smooth max-information ,

lim
ε→0

lim
n→∞

1
n

Iεmax(A : B)N⊗n � I(A : B)N . (22)

Sketch of proof:

lim
ε→0

lim
n→∞

1
n

Iεmax(A : B)N⊗n � 2 · lim
ε→0

lim
n→∞

1
n

S(1)
NS,ε(N⊗n)

� 2 · SNS(N) [by definition]
� 2 · QE(N) [Bennett et al., 2014]
� I(A : B)N [Bennett et al., 2002]
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For any quantum channel NA′→B and given error tolerance ε ≥ 0, we have

S(1)
NS,ε(N) � 1

2
Iεmax(A : B)N . (21)

The AEP of the channel’s smooth max-information ,

lim
ε→0

lim
n→∞

1
n

Iεmax(A : B)N⊗n � I(A : B)N . (22)

Note: on the other hand, if we can proof Eq. (22) directly, it implies

QE(N) � QNS(N) � SNS(N) ≤ SE(N)
QRST



AEP proof outline



Direct proof of AEP "≥" Channel Simulation & Channel’s Max-Information
K. Fang, X. Wang, M. Tomamichel, M. Berta

lim
ε→0

lim
n→∞

1
n

Iεmax(A : B)N⊗n ≥ I(A : B)N

Iεmax(A : B)N⊗n � inf
1
2 ‖Ñn−N⊗n ‖♦≤ε

Imax(A : B)
Ñn

A′→B(φ⊗n
AA′ ) [definition]

[1]
≥ inf

1
2 ‖Ñn−N⊗n ‖♦≤ε

I(A : B)
Ñn

A′→B(φ⊗n
AA′ ) [Dmax ≥ D]

[2]
& I(A : B)N⊗n

A′→B(φ⊗n
AA′ ) [continuity]

� nI(A : B)NA′→B(φAA′ ) [additivity]
� nI(A : B)N [optimal φAA′]

[1] N. Datta, "Min-and max-relative entropies and a new entanglement monotone", 2009

[2] R. Alicki, M. Fannes, "Continuity of quantum conditional information", 2004
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Post-selection technique Channel Simulation & Channel’s Max-Information
K. Fang, X. Wang, M. Tomamichel, M. Berta




Ñ
n
−N⊗n


♦ � sup

φn
AA′




Ñ
n
A′→B(φn

AA′) −N⊗n
A′→B(φn

AA′)


1
≤ ε

�
⇒ [Christandl, König, Renner 2009]




Ñ
n
A′→B(ωn

RAA′) −N⊗n
A′→B(ωn

RAA′)


1
≤ ε(n + 1)−(|A′ |2−1)

} ωn
RAA′ is a purification of the de Finetti state

ωn
AA′ :�

∫
φ⊗n

AA′d(φAA′),
d(·)measure on normalized pure states induced by Haar measure;

} We can make |R| ≤ (n + 1)|A′ |2−1.
( see e.g. [Berta, Christandl, Renner 2011])

We are ready to prove

lim
ε→0

lim
n→∞

1
n

Iεmax(A : B)N⊗n ≤ I(A : B)N
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Ñ
n
A′→B(φn

AA′) −N⊗n
A′→B(φn

AA′)


1
≤ ε

�
⇒ [Christandl, König, Renner 2009]




Ñ
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Direct proof of AEP "≤" Channel Simulation & Channel’s Max-Information
K. Fang, X. Wang, M. Tomamichel, M. Berta

Iεmax(A : B)N⊗n � inf
1
2 ‖Ñn−N⊗n ‖♦≤ε

Imax(AR : B)
Ñn

A′→B(ωn
A′AR) [definition]

. inf
1
2 ‖Ñn (ωn

A′AR)−N⊗n (ωn
A′AR)‖1≤ε

Imax(AR : B)
Ñn

A′→B(ωn
A′AR) [post-selection]

� inf
1
2 ‖σn

BAR−N
⊗n (ωn

A′AR)‖1≤ε

σn
AR�ω

n
AR

Imax(AR : B)σn
BAR

[partial smooth]

[1]
. Iεmax(AR : B)N⊗n

A′→B(ωn
A′AR) [global smooth]

[2]
. Iεmax(A : B)N⊗n

A′→B(ωn
A′A) ωn

AA′ :�
∫
φ⊗n

AA′d(φAA′ ) [get rid of R]
[2]
. max

φAA′
Iεmax(A : B)N⊗n

A′→B(φ⊗n
AA′ ) [quasi-convexity]

[2]
. max

φAA′
nI(A : B)NA′→B(φAA′ ) [AEP for states]

� nI(A : B)N [definition]
[1] A. Anshu, M. Berta, R. Jain, and M. Tomamichel, arXiv:1807.05630. Talk on Thursday by Mario.

[2] M. Berta, M. Christandl, and R. Renner, "The quantum reverse Shannon theorem based on

one-shot information theory", 2011.
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2 ‖Ñn (ωn

A′AR)−N⊗n (ωn
A′AR)‖1≤ε

Imax(AR : B)
Ñn
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Depolarizing channel: N(ρ) � (1 − p)ρ + p · 1/d, p � 0.15.
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FIG. 4: Our upper bound (Theorem 18) on the rate of
entanglement-assisted codes evaluated (see Section VI) for
three different error probabilities ε, for the qubit depolaris-
ing channel with failure probability 0.15. The red line marks
the capacity of the channel (roughly 1.31 bits/channel use)
as given by the formula of Bennett, Shor, Smolin and Thap-
liyal [12].

to proving security in so-called noisy-storage model of
quantum cryptography [24]. This model allows for the
secure implementation of any two-party cryptographic
task under the assumption that the adversary’s quantum
memory is noisy. Examples of such tasks include bit com-
mitment and oblivious transfer, which are impossible to
achieve without assumptions [25, 26].

Concretely, the noisy-storage model assumes that dur-
ing waiting times introduced into the protocol, the ad-
versary can only store quantum information in a memory
device modelled by a channel EB|A. Otherwise the adver-
sary is all powerful and may even use a quantum com-
puter to peform the most advantageous error-correcting
encoding. At the beginning of the waiting time, the
state of the protocol can be described as a cq-state ρXKA

where X is a classical register held by the honest party
and storing a string X and A and K are the quantum
and classical registers of the dishonest party respectively.
After the wait time, the state of the protocol is de-
scribed by EB|AρXKA. The security of all protocols pro-
posed in this model requires a bound on the min-entropy
Hmin(X|BK) = − logPguess(X|BK), where Pguess(X|BK)
is the probability that the adversary holding B and K
manages to guess X maximized over all possible measure-
ments on BK. Bounds on this quantity can be linked to
the classical capacity [24], the entanglement cost [27] or
the quantum capacity [28] of EB|A. Yet, explicit bounds
on the min-entropy which would enable practical imple-
mentations of such protocols [29, 30] are elusive. In par-
ticular, up to this date no statements are known for arbi-
trary channels EB|A, such as channels which do not obey
a strong converse or simply structureless channels. Our
method can be used to compute explicit bounds on the
min-entropy for arbitrary channels.

The key to relating our analysis to a study of the min-

entropy is the observation [24] that

Hmin(X|BK) ≥ (168)

− log max
Z

Pr
(
Ŵ = W |EB|A,Z, SbHmin(X|K)c

)
.

(169)

That is, by understanding the adversary’s knowledge
Hmin(X|K) conditioned on the classical knowledge K
alone, and the properties of the channel EB|A we can
bound the adversary’s knowledge about a string X given
both B and K. In [24] the bound Hmin(X|K) & n/2 was
obtained from an uncertainty relation for BB84 measure-
ments that was used to generate the n-bit string X. Dif-
ferent measurements lead to higher (or lower) values of

Hmin(X|K)

n
=: R̂ . (170)

In [24], a strong converse for some channelsN⊗` was then

used to bound the r.h.s. for EB|A and rate R = (nR̂)/`,
as long as R exceeded the capacity of N .

Let us now sketch how our approach directly leads to
a security statement for any EB|A. More specifically, we

will turn things around, fix R̂, and ask how large we
have to choose n such that sending nR̂ randomly cho-
sen classical bits through the channel EB|A will incur
an error of at least ε. Intuitively, our goal is to effec-
tively overflow the adversary’s storage device EB|A, that
is, n will be chosen such that no coding scheme allows
for an error less than ε for a fixed value of R̂. By the
results of [24] we can then bound the adversary’s min-
entropy as Hmin(X|BK) ≥ − log(1 − ε). For any ε > 0,
our analysis yields a bound on logMε stating that if we
were to transmit more than nR̂ > logMε bits, the er-
ror is necessarily ε + δ > ε for some δ > 0, which yields
the desired bound. As R̂ is determined by an uncer-
tainty relation, we thus know how many transmissions n
we have to make to obtain security. Note that allowing
the adversary to perform entanglement-assisted coding
only gives him additional power, and hence our analysis
for entanglement-assisted coding provides a method with
which explicit security parameters may be computed by
means of a semi-definite program.

VIII. CONCLUSION

We have shown how a simple and powerful idea [6]
for obtaining a finite blocklength converse for classical
channels in terms of a hypothesis testing problem can
be generalised to quantum channels and entanglement-
assisted codes.

This generalisation has the property that a natural
restriction on codes (removing entanglement-assistance)
translates into a natural restriction on the tests that can
be performed in the hypothesis testing problem (they
must be local). This provides a strong link between the
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A B 'B'A
2id

A B 'B'A
2id

A B 'B'A
2id

Channel simulation task Channel’s max-information

One-shot simulation cost
under NS assistance

S(1)
NS,ε(N)

SDP-computable

i.i.d
QRST under NS assistance

(QE(N) �)
QNS(N) � SNS(N)

i.i.d

Channel’s smooth
max-information

Iεmax(A : B)N

SDP-computable Monotone

AEP

lim
ε→0

lim
n→∞

1
n

Iεmax(A : B)N⊗n

� I(A : B)N



Discussions Channel Simulation & Channel’s Max-Information
K. Fang, X. Wang, M. Tomamichel, M. Berta

} How to better characterize the one-shot entanglement-assisted
channel simulation cost?

} More general form of channel AEP?
( presented by Andreas in JILA workshop open problem session)
Channel divergence:

D(N‖M) :� max
φAA′

D(NA′→B(φAA′)‖MA′→B(φAA′)). (23)

What we already know for Gn the set of constant channels:

min
Mn∈Gn

Dε
max(N⊗n‖Mn) this work

−−−−−−−→ min
M∈G

D(N‖M) 3 (24)

min
Mn∈Gn

Dε
H(N⊗n‖Mn) MW bound

−−−−−−−−→ min
M∈G

D(N‖M) 3 (25)

What if Gn � {M⊗n}? Quantum channel Stein’s lemma?
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