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Channel Simulation & Channel’s Max-Information

Quantum Channel K. Fang, X. Wang, M. Tomamichel, M. Berta

In quantum information theory, a quantum channel is a communication channel which
can transmit quantum information. It sends one quantum state to the other.

Mathematically, a quantum channel is characterized by a linear map N4_,p that is

© completely positive (CP): idy ® N(Xra) > 0 forall Xga > 0and k € N;
© trace-preserving (TP): Tr N(X) = Tr X for all X.
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© “Similarity” can be measured via diamond norm [Kitaev, 1997]:

[[Fllo :=sup |lidk ® Fll1, || - [hinduced by the Schatten 1-norm.
k

© Nice operational meaning: minimum error probability p, to distinguish two
quantum channels N1 and N; is given by

N1 = Nallo

.
Pe—i(l 5 )
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The minimum error of simulation from N to M with Q-assistance is defined as

1
0N, M) = 5 Jnf [ITTo N — M. (1)
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The minimum error of simulation from N to M with Q-assistance is defined as

1
wa(N, M) = 5 inf [ITo N = ]l (@)

The channel simulation rate from N to M with Q-assistance is defined as

Sa(N, M) i= lim inf {% - wa(N®", ME™) < s} . )

Different resource assistances can be considered. Here we focus on:

© entanglement assistance, Q) = E;
© no-signalling (NS) assistance, QO = NS;
© ECNS.
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As a reverse problem, channel simulation cost ask:

Q: What is the optimal rate to simulate a given channel N via identity channel id,?

In the framework of channel simulation, we denote Sq(N) := Sq(ida, N).
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As a reverse problem, channel simulation cost ask:
Q: What is the optimal rate to simulate a given channel N via identity channel id,?

In the framework of channel simulation, we denote S (N) := Sq(idp, N).
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QE(N) < Ons(N) < Sns(N) < SE(N). (3)



Channel Simulation & Channel’s Max-Information

CapaCity VS. SimU|ation COSt K. Fang, X. Wang, M. Tomamichel, M. Berta

Q: What is the optimal rate to simulate the identity channel id, via given channel N?

In the framework of channel simulation, we have Qq(N) = Sa(N, idy) L.

As a reverse problem, channel simulation cost ask:
Q: What is the optimal rate to simulate a given channel N via identity channel id,?

In the framework of channel simulation, we denote Sq(N) := Sq(ida, N).

Operationally, it holds

QE(N) < Ons(N) < Sns(N) < SEN). (3)




Channel Simulation & Channel’s Max-Information

CapaCity VS. SimU|ation COSt K. Fang, X. Wang, M. Tomamichel, M. Berta

Q: What is the optimal rate to simulate the identity channel id, via given channel N?

In the framework of channel simulation, we have Qq(N) = Sa(N, idy) L.

As a reverse problem, channel simulation cost ask:
Q: What is the optimal rate to simulate a given channel N via identity channel id,?

In the framework of channel simulation, we denote Sq(N) := Sq(ida, N).

Operationally, it holds

QE(N) < Ons(N) < Sns(N) < SE(N). (3)



Channel Simulation & Channel’s Max-Information

CapaCity VS. SimU|ation COSt K. Fang, X. Wang, M. Tomamichel, M. Berta

QEe(N) < Ons(N) < Sns(N) < Se(N)



annel Simulation & Channel’s Max-Information

CapaCity VS. SimU|ation COSt K. Fang, X. Wang, M. Tomamichel, M. Berta

= 1I(A :B)n = 1maxI(A : B)NA,

-2 2 fan —B(@aar)

[Bennett et al., 2002]

QEe(N) < Ons(N) < Sns(N) < Se(N)

© Bennett, C.H., Shor, PW., Smolin, J.A. and Thapliyal, A.V., 2002. Entanglement-assisted
capacity of a quantum channel and the reverse Shannon theorem. IEEE Transactions on
Information Theory, 48(10), pp.2637-2655.
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Quantum reverse Shannon theorem (QRTS)
2017 IEEE Information Theory Society Paper Award
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© introduce a naturally appeared entropy of a channel
operational meaning + asymptotic equipartition property (AEP)
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Recall the minimum error of simulation:

1
wns(idpy, N) = 5 niglels [ITT o idy — Nfo. (4)

The one-shot quantum simulation cost under NS assistance is defined as
S8, = log min {m € N - wns(idy, N) < e} (5)

Then the asymptotic quantum simulation cost is equivalently given by

1
Sns(N) = lim lim ~S{L (N"). (6)
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The minimum error wns(id;;, N) can be given by the semidefinite program (SDP),

minimize A (7a)
subject to Trp Yarpr < Alys, (7b)
Yap 2] —In, Yarp 20, (70)
J5 20 Trp 5 =1a, (7d)

]:T\J Sy @V, TtV = m2. (7e)
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Ju >0, Trap Ju = Larp; Tra Ju = Lar/dar ® Tran Ju; Trpr Jri = 1p/dp ® Trpp Jnn.
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minimize A (7a)
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Yap 2] —In, Yarp 20, (70)
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© IT € NS if and only if [Leung and Matthews, 2015; Duan and Winter, 2016]
Ju >0, Trap Ju = Larp; Tra Ju = Lar/dar ® Tran Ju; Trpr Jri = 1p/dp ® Trpp Jnn.

© %”Nl —Nollo = min{A : Trg Yap < Al g, Yap = Jny = Ny, Yag 2 0} [Watrous, 2009].

© Symmetry of idy,: its Choi matrix is invariant under U ® U for any unitary U.
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The one-shot ¢-error quantum simulation cost S ) (N) is given by the following SDP,
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) 1
Sng,e ) SHE(AIB)
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We need a one-shot generalization that looks similar to the mutual information.
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The quantum mutual information of a state

I(A:B), = ingfD(PABllpA ® 0p). (10)

The max-information of a quantum state [Berta et al., 2011]:

Imax(A : B)p = i(%f Dmax(PAB”PA ® 0B), (11)

where the max-relative entropy [Datta, 2009] Dmax(pl|0) := inf{t | p < 2" - ¢}.
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© We will generalize these notations and results to a channel’s version and find
their connection with the quantum channel simulation task.
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For any quantum channel N4/_,gp we define the max-information of the channel N as
Imax(A : B)x := Imax(A : B)NA'—‘B(LDAA’)’ (14)
where @4 4/ is the maximally entangled state.

Note: We can replace @44/ to any pure state ¢ 44 with Schmidt rank |[A’].

The channel’s smooth max-information is defined by

Ifax(A:B)x:= inf Imax(A : B)5;, (15)
FIN-Nllo<e

NeCPTP(A’:B)
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The channel’s smooth max-information is monotone under composition with CPTP
maps, i.e., for any CPTP maps NAzl By 3’46_“4’1 and Jg, B,

I5ax (A0 : Bo)ToNog < I ax(A1 : B1)x. (16)
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For any quantum channel N a/_,p and given error tolerance ¢ > 0, we have

Sng, V) = n'm(A : B)n. (17)

The channel’s smooth max-information has the asymptotic equipartition property,

lim 11m lImaX(A B)yen = I(A: B)n. (18)

e—0n—

Sketch of proof:
1 D) (@
_Lhir(l) nh_r)rt}o . fax(A t B)yen = hm hm = SNS LNE)
= Sns(N) [by definition]
=Qr(N) [Bennett et al., 2014]
= %I(A :B)n [Bennett et al., 2002]

Note: on the other hand, if we can proof Eq. (18) directly, it implies that

QeN) = Ons(N) = Sns(N) < SE(N)
' » QRST ¢ |
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1.,
}11)1’(1) nlglc}o ;Ir{nax(A : B)N®n > I(A : B)N
Ifax (A B)yen = _inf Imax(A : B)5n (©®" ) [definition]

JINm e <e w—p Pan

(1] .

> _ inf I(A : B):T\[” (4)®n ) [Dmax > D]
LIxn-Neno<e A—B Pan

= nl(A: B)NA’HB(‘I‘JA/\’) [additivity]

= nl(A:B)y [optimal ¢4 /]

[1] N. Datta, "Min-and max-relative entropies and a new entanglement monotone", 2009
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lim lim %Ifﬁax(A :B)yen > I(A:B)x

e—0n—o0 -

Ifax (A B)yen = - inf Imax(A : B)J([n 6% [definition]

IR -N@n o<

(1] .

> inf I(A : B N” ®n [Dmax 2 D]
LR -ven o <e ar—pPanr)

(2] -

> I(A: B)sz;z ©2") [continuity]

= nl(A: B)NA’HB(‘I‘JA/\’) [additivity]

= nl(A:B)y [optimal ¢ 4./]

[1] N. Datta, "Min-and max-relative entropies and a new entanglement monotone", 2009

[2] R. Alicki, M. Fannes, "Continuity of quantum conditional information”, 2004
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Hj{rn N

_ ®
SHP HN 15 @aar) = Nyl 5(¢ rAA’)H
‘)
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HNW _nen|| = sup HN g (@A) = Nf,"_}B(()AA,)H1 <e
ﬂ [Christandl, Konig, Renner 2009]
—(|1A’12=
HNA, 5(@raar) = A' B(“’RAA’)Hl <e(n+1)~01AT-D

® w is a purification of the de Finetti state

n
RAA’
QJZA’ = /(P%z/d((PAA’)/

d(-) the measure on normalized pure states induced by Haar measure;

72
® We can make |R| < (n + 1)‘A -1, (see e.g. [Berta, Christandl, Renner 2011])
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Hﬂn N

_ N N _ \®n N .
. SUP HN '~ @anr) NA/—>B(9"AA')H1 ¢
(PAA’
ﬂ [Christandl, Konig, Renner 2009]
N 1 QM1 1 . —(jA"|2-1
HNA’HB(“’;{AA’) - NA’HB((UEAA,)Hl <e(n+1)701AT=D

® w?

Raa 82 purification of the de Finetti state

(UZA’ = /(P%z/d((PAA’)/

d(-) the measure on normalized pure states induced by Haar measure;

2
® We can make |R| < (n + 1)‘A,‘ -1 (see e.g. [Berta, Christandl, Renner 2011])
We are ready to prove

lim lim % ¢ (A:B)en < I(A:B)x

£—0 1—00
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ISax(A:B)yen = _inf Imax(AR @ B)5n @ ) [definition]
%HN"—N®””OSg A’—BYA’AR
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I ax(A - B)yen

- inf ImaX(AR:B)N,l/ @", ) [definition]
LN —N® | <e A B YA’ AR

A

inf Imax(AR : B)5n
AT

1% .
LN @™, , )-NO@", Yl <e

@, ) [post-selection]
“arAR
AR A

B



Channel Simulation & Channel’s Max-Information

DireCt prOOf Of AEP "_ K. Fang, X. Wang, M. Tomamichel, M. Berta

ISax(A:B)yen = _inf Imax(AR @ B)5n @ ) [definition]
%HNn_N@nmsg A’—B “A’AR
S inf Imax(AR @ B)5n @' ) [post-selection]
FINT(@], =N @),y I <e A/—BTATAR
= inf Imax (AR : B)“gAR [partial smooth]

Lyl NN (0 §
Yol =N @, <

n
4R
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ISax(A:B)yen = - inf Imax(AR : B)ﬁ,l/ @, ) [definition]
LN o< b A AR

< - inf Imax(AR : B)f\f”, @, ) [post-selection]
LINn ", -NO (W, e a8 AR

= énf } Imax(AR : B)“gAR [partial smooth]
Yot NS (@', i <e

J’/’\R:m;’m
[i] IS (AR : B)yen n [global smooth]
Tooma NarSp@arag) &

[1] A. Anshu, M. Berta, R. Jain, and M. Tomamichel, To appear, 2018.
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max(A B)N®” = _ inf Imax(AR : B)j\‘fn (u) ) [deﬁnition]
%HNH_N@HHQSE A’ B Y araR

< inf Imax(AR @ B)5n @' ) [post-selection]
FIN (@, ) -NE(@h, Il <e A’—BTA’AR

= inf Imax(AR : B),n [partial smooth]
Hllol g =N (@, Il <e - “Bar P

J’/’\R*m;’m

(B3

< Thax(AR: B)Nfz;l @) [global smooth]

2 .

S Ihax(A: B)Niy @) “’ZA’::/ (P%’d((p“,) [get rid of R]

[1] A. Anshu, M. Berta, R. Jain, and M. Tomamichel, To appear, 2018.

[2] M. Berta, M. Christandl, and R. Renner, "The quantum reverse Shannon theorem based on

one-shot information theory”, 2011.
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I;ax(A : B)N®” = _ inf Imax(AR : B)j\‘fn (u) ) [deﬁnition]
%HN"—N®”H<>SE Al A’AR
< inf Imax(AR @ B)5n @' ) [post-selection]
FIN (@, ) -NE(@h, Il <e A’—BA’AR
= inf Imax(AR : B),n [partial smooth]
Hof g =N, e %bar P
J’/’\R*m;’m
a
S Ihax(AR: B)N?Z;l @, ) [global smooth]
[%] I¢ (A : B) ®n noo. ®n [get rid of R]
max N @, ) W= 05 d(danr)
[2]
< max I (A: B)N®” (é® [quasi-convexity]

banr A’)

[1] A. Anshu, M. Berta, R. Jain, and M. Tomamichel, To appear, 2018.
[2] M. Berta, M. Christandl, and R. Renner, "The quantum reverse Shannon theorem based on

one-shot information theory”, 2011.
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ISax(A:B)yen = _inf Imax(AR @ B)5n L@l ) [definition]
%HNH_N@HHOSE Al— A’ AR
< inf Imax(AR @ B)5n @' ) [post-selection]
FIN (@, ) -NE(@h, Il <e A’—BTATAR
= inf Imax(AR : B),n [partial smooth]
Hof g =N, e %bar P
J’/’\R*m;’m
a
S Ihax(AR: B)N?Z;l @, ) [global smooth]
[i] I¢ (A : B) ®n n ®n [ et rid of R]
S Tmad B EING p@lh )@= 055 d@an) 8
[2]
< max I (A: B)N®” (é® ) [quasi-convexity]
banr AA!
[2]
< maxnl(A: B)NA'HB(“PAA') [AEP for states|

Panr

[1] A. Anshu, M. Berta, R. Jain, and M. Tomamichel, To appear, 2018.
[2] M. Berta, M. Christandl, and R. Renner, "The quantum reverse Shannon theorem based on

one-shot information theory”, 2011.
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ISax(A:B)yen = _inf Imax(AR @ B)5n L@l ) [definition]
%HNH_N@HHOSE Al— A’ AR
< inf Imax(AR @ B)5n @' ) [post-selection]
FIN (@, ) -NE(@h, Il <e A’—BTATAR
= inf Imax(AR : B),n [partial smooth]
Hof g =N, e %bar P
iR *n);’m
a
S Ihax(AR: B)N?Z;l @, ) [global smooth]
[i] I£ (A B id of R
S Inax(A: )Niy S, ) W= 62, d(dpp0) [get rid of R]
[2]
< max I (A: B)N®” (é® ) [quasi-convexity]
banr AA!
2]
< maxnl(A: B)NA, 5(danr) [AEP for states|
baar -
= nl(A:B)x [definition]

[1] A. Anshu, M. Berta, R. Jain, and M. Tomamichel, To appear, 2018.
[2] M. Berta, M. Christandl, and R. Renner, "The quantum reverse Shannon theorem based on

one-shot information theory", 2011.



Summary

Channel Simulation & Channel’s Max-Information

AB

Channel simulation task

SDP-computable

1

One-shot simulation cost
under NS assistance

(1)
SNS,t (N)

iid

QRST under NS assistance

(Qe(N) =)
Ons(N) = Sns(N)

<

K. Fang, X. Wang, M. Tomamichel, M. Berta

Channel’s max-information

SDP-computable  Monotone

r 7

Channel’s smooth
max-information

Lnax(A : B)y

iid

AEP

1.
lim lim —I{ . (A : B)yen

e—0n—oo n
=1I(A:B)y




Thanks for your attention!

See arXiv:1807.05354

for more details
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© Second-order asymptotics for Cg(N)(= 2 - Qr(N))?

Q: What is the optimal rate 7, . to reliably transmit classical information via n
uses of the quantum channel with entanglement assistance?

A second-order lower bound has been established [Datta et al., 2016]:

e 2 G004 BN 0r1(e) 4 (L) (19)

It was conjectured that

rne=Ce00) 4 VEN 071y 4 01281, (20)

Obtaining the second-order asymptotics of I, (A : B)x may provide a matching
upper bound and solve the conjecture.

© Other interesting applications of If . (A : B)n?



