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A Bit of History

Physical scenario of preparational UR
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The uncertainty principle bounds the uncertainties about incompatible measurements, clearly setting quantum
theory apart from the classical world. Its mathematical formulation via uncertainty relations, plays an irreplace-
able role in quantum technologies. However, neither the uncertainty principle nor uncertainty relations can fully
describe the complementarity between quantum measurements. As an attempt to advance the e↵orts of com-
plementarity in quantum theories, we formally propose a complementary information principle, significantly
extending the one introduced by Heisenberg. First, we build a framework of black box testing consisting of
pre- and post-testing with two incompatible measurements, introducing a rigorous mathematical expression of
complementarity with definite information causality. Second, we provide majorization lower and upper bounds
for the complementary information by utilizing the tool of semidefinite programming. In particular, we prove
that our bounds are optimal under majorization due to the completeness of majorization lattice. Finally, as ap-
plications of our framework, we present a general method to outer-approximating all uncertainty regions and
also establish fundamental limits for all qualified joint uncertainties.

Introduction.— Quantum mechanics has revolutionized
our understanding of the physical world, leaving us a key
message that our world is inherently unpredictable. The well-
known Heisenberg’s uncertainty principle [1] states that it is
impossible to prepare a state such that its outcome probability
distributions from two incompatible measurements are both
sharp. This heuristic idea was first formulated by Kennard [2]
(see also the work of Weyl [3]) into a mathematically rig-
orous inequality for position and momentum measurements,
where the uncertainties were quantified through the standard
deviation [4–10]. Later on, an alternative quantitative for-
mulation based on entropic measures has been introduced by
Białynicki-Birula and Mycielski [11]. Recently, the majoriza-
tion has also employed to study uncertainty relations [12–17].
All of these are known as the preparation uncertainty with de-
tailed reviews given in [18–20].

The uncertainty principle manifests another deeper concept
in quantum theory, namely complementarity [21]—a given
physical attribute can only be revealed at the price of an-
other complementary attribute being suppressed. As a more
general concept, the complementarity can also be exhibited
through other “duality paradox”, such as the wave-particle
duality [22]. The arise of complementarity di↵erentiates
quantum theory from its classical counterpart, leading to a
plethora of applications such as entanglement detection [23–
26], Einstein-Podolsky-Rosen (EPR) steering detection [27–
32] as well as quantum key distribution [33–36].

In recent developments, the study of uncertainty relations
becomes a main approach to explore the complementarity
of measurements. A series of e↵orts have been devoted to
seeking the optimal bounds on uncertainty relations for given
specific uncertainty measures, such as Shannon or Rényi en-
tropies [37–61]. However, there is no doubt that the complete
information of the physical attributes of incompatible mea-
surements should be fully preserved in the set of their out-
come probability vectors [62]. Inevitable losses of informa-
tion will occur whenever we project a high dimensional prob-

ability vector to its one-dimensional entropic values. To have
a full-scale understanding of the complementarity between in-
compatible measurements and to be able to find more practi-
cal applications, it is of great importance to consider a more
general framework, in which the complementary information
remains undistorted.
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FIG. 1: (color online) Scenarios of preparational uncertainty rela-
tion (PUR) (a) and complementary information relation (CIR) (b).
PUR gives a state-independent bound, namely c, and conditioned on
information gain p, CIR provides the optimal bounds for q under
majorization “�”; that is r � q � t.

To keep matters simple, we sketch scenarios of the prepara-
tional uncertainty relation and its generalization, the comple-
mentary information relation, in Fig. 1. We start with Fig. 1
(a), where two measurements M and N are being preformed
on the same quantum state ⇢ separately. We collect their prob-
ability distributions into two probability vectors p(⇢) and q(⇢),
respectively. The goal of PUR is to bound the joint uncertainty
about p(⇢) and q(⇢) by a qualified joint uncertainty measure
J [63], In general, we can express J(p,q) by the sum of
Shannon entropies H(p) + H(q), or the majorization relations
p ⌦ q and p � q.

What is often overlooked, is that the study of J(p,q) is
only one way of making the idea of the statistics set R :=S
⇢
�
(p(⇢),q(⇢))

 
. Actually, the set R fully characterizes the

statistical trade-o↵ between measurements M and N, and
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A short history [see e.g. Coles-Berta-Tomamichel-Wehner’17, RMP]

• 1927, Heisenberg: (heuristic idea) impossible to prepare a state such that its outcome 
probability distributions from the position and moment observables are both sharp.

• 1927, Kennard/ 1928, Weyl: �(Q)�(P ) � ~/2
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• 1983, Deutsch: 

• 1988, Maassen-Uffink: H↵(M) +H�(N) � � log c, 1/↵+ 1/� = 2
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

• 2010, Berta-Christandl-Colbeck-Renes-Renner: H(M |B) +H(N |B) � � log c+H(A|B)
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• 2011, Partovi/ 2013, Friedland-Gheorghiu-Gour: p⌦ q � !
<latexit sha1_base64="7CRusZpguRTxn0x40MhxUxk2t8o="></latexit>

H(M) +H(N) � const.
<latexit sha1_base64="Z2pgNTPGJ7qiOZXfjrA6tX4U23E="></latexit>



A Plethora of Applications

Quantum Cryptography/QKD

Entanglement

Uncertainty
Relation

Witness

NonlocalityDetermine

Non-MarkovianityDetect

Secure

Quantum RandomnessCertify

e.g. Miller, C.A. and Shi, Y., 2016. Robust protocols for securely expanding randomness and 
distributing keys using untrusted quantum devices. Journal of the ACM (JACM), 63(4), p.33.

e.g. Hofmann, H.F. and Takeuchi, S., 2003. Violation of local uncertainty relations as a 
signature of entanglement. Physical Review A, 68(3), p.032103.

e.g. Oppenheim, J. and Wehner, S., 2010. The uncertainty principle determines the 
nonlocality of quantum mechanics. Science, 330(6007), pp.1072-1074.

e.g. Maity, A.G., Bhattacharya, S. and Maujmdar, A.S., 2019. Detecting non-
Markovianity via uncertainty relations. arXiv preprint arXiv:1901.02372.

e.g. Ng, N.H.Y., Berta, M. and Wehner, S., 2012. Min-entropy uncertainty relation for 
finite-size cryptography. Physical Review A, 86(4), p.042315.



Majorization as Uncertainty Measure

Axiomatic approach (Two intuitive assumptions):

How to quantify “uncertainty”?

1. Standard deviation, drawback: change under relabeling;
2. Entropy, no fundamental reason which entropy to use.

[Friedland-Gheorghiu-Gour’13]
majorization is the most nature choice of uncertainty order;
any measure of uncertainty has to preserve the partial order induced by majorization,
i.e. any Schur-concave function is a valid uncertainty measure .

(0.3, 0.6, 0.1) v.s. (0.1, 0.3, 0.6)
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1. Uncertainty should not be changed by relabeling (permutation);

2. Uncertainty should not be decreased by forgetting information (discarding).

rp+ (1� r)⇡p should be more uncertain than p( or ⇡p)
<latexit sha1_base64="4U309a4ghccStvdcxHSHz111AsM="></latexit>
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Main Result

Our focus point

Question: Given the information gain from the pre-testing, what is the uncertainty of
the post-testing before it is actually performed?

1. r and t can be explicitly computed via semidefinite programs (SDPs).
r : n independent SDPs of size n by n; t : 2^n independent SDPs of size n by n.

2. r and t are both unique and tight in majorization!

x � q � y =) x � r � q � t � y
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Pre-testing Post-testing
Time

Let and be the measurements of pre- and post-testing
respectively. If the pre-testing outcome probability is given by , then the
post-testing outcome probability is bounded as .

M = {|uji}nj=1
<latexit sha1_base64="cbbtGUGrTsH0i6iMAaW3LMw5cUk="></latexit>

N = {|v`i}n`=1
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p = (cj)
n
j=1
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q
<latexit sha1_base64="ZQ+BefNXVlVS5neIJMSGyUkcQ5c="></latexit>

r � q � t
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Lorenz Curve

Lorenz curvex = (xi)
n
i=1
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x = (0.5, 0.3, 0.2)
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L(x) = {(0, 0), (1, 0.5), (2, 0.8), (3, 1)}
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L(y) is everywhere below L(x)
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Majorization relation if and only if
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Introduction.— Quantum mechanics has revolutionized
our understanding of the physical world, leaving us a key
message that our world is inherently unpredictable. The well-
known Heisenberg’s uncertainty principle [1] states that it is
impossible to prepare a state such that its outcome probability
distributions from two incompatible measurements are both
sharp. This heuristic idea was first formulated by Kennard [2]
(see also the work of Weyl [3]) into a mathematically rig-
orous inequality for position and momentum measurements,
where the uncertainties were quantified through the standard
deviation [4–10]. Later on, an alternative quantitative for-
mulation based on entropic measures has been introduced by
Białynicki-Birula and Mycielski [11]. Recently, the majoriza-
tion has also employed to study uncertainty relations [12–17].
All of these are known as the preparation uncertainty with de-
tailed reviews given in [18–20].

The uncertainty principle manifests another deeper concept
in quantum theory, namely complementarity [21]—a given
physical attribute can only be revealed at the price of an-
other complementary attribute being suppressed. As a more
general concept, the complementarity can also be exhibited
through other “duality paradox”, such as the wave-particle
duality [22]. The arise of complementarity di↵erentiates
quantum theory from its classical counterpart, leading to a
plethora of applications such as entanglement detection [23–
26], Einstein-Podolsky-Rosen (EPR) steering detection [27–
32] as well as quantum key distribution [33–36].

In recent developments, the study of uncertainty relations
becomes a main approach to explore the complementarity
of measurements. A series of e↵orts have been devoted to
seeking the optimal bounds on uncertainty relations for given
specific uncertainty measures, such as Shannon or Rényi en-
tropies [37–61]. However, there is no doubt that the complete
information of the physical attributes of incompatible mea-
surements should be fully preserved in the set of their out-
come probability vectors [62]. Inevitable losses of informa-
tion will occur whenever we project a high dimensional prob-

ability vector to its one-dimensional entropic values. To have
a full-scale understanding of the complementarity between in-
compatible measurements and to be able to find more practi-
cal applications, it is of great importance to consider a more
general framework, in which the complementary information
remains undistorted.
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FIG. 1: (color online) Scenarios of preparational uncertainty rela-
tion (PUR) (a) and complementary information relation (CIR) (b).
PUR gives a state-independent bound, namely c, and conditioned on
information gain p, CIR provides the optimal bounds for q under
majorization “�”; that is r � q � t.

To keep matters simple, we sketch scenarios of the prepara-
tional uncertainty relation and its generalization, the comple-
mentary information relation, in Fig. 1. We start with Fig. 1
(a), where two measurements M and N are being preformed
on the same quantum state ⇢ separately. We collect their prob-
ability distributions into two probability vectors p(⇢) and q(⇢),
respectively. The goal of PUR is to bound the joint uncertainty
about p(⇢) and q(⇢) by a qualified joint uncertainty measure
J [63], In general, we can express J(p,q) by the sum of
Shannon entropies H(p) + H(q), or the majorization relations
p ⌦ q and p � q.

What is often overlooked, is that the study of J(p,q) is
only one way of making the idea of the statistics set R :=S
⇢
�
(p(⇢),q(⇢))

 
. Actually, the set R fully characterizes the
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tropies [37–61]. However, there is no doubt that the complete
information of the physical attributes of incompatible mea-
surements should be fully preserved in the set of their out-
come probability vectors [62]. Inevitable losses of informa-
tion will occur whenever we project a high dimensional prob-

ability vector to its one-dimensional entropic values. To have
a full-scale understanding of the complementarity between in-
compatible measurements and to be able to find more practi-
cal applications, it is of great importance to consider a more
general framework, in which the complementary information
remains undistorted.

�⇢

�⇢

N

N

q

q

(b) CIR: r � q � t.

FIG. 1: (color online) Scenarios of preparational uncertainty rela-
tion (PUR) (a) and complementary information relation (CIR) (b).
PUR gives a state-independent bound, namely c, and conditioned on
information gain p, CIR provides the optimal bounds for q under
majorization “�”; that is r � q � t.

To keep matters simple, we sketch scenarios of the prepara-
tional uncertainty relation and its generalization, the comple-
mentary information relation, in Fig. 1. We start with Fig. 1
(a), where two measurements M and N are being preformed
on the same quantum state ⇢ separately. We collect their prob-
ability distributions into two probability vectors p(⇢) and q(⇢),
respectively. The goal of PUR is to bound the joint uncertainty
about p(⇢) and q(⇢) by a qualified joint uncertainty measure
J [63], In general, we can express J(p,q) by the sum of
Shannon entropies H(p) + H(q), or the majorization relations
p ⌦ q and p � q.

What is often overlooked, is that the study of J(p,q) is
only one way of making the idea of the statistics set R :=S
⇢
�
(p(⇢),q(⇢))

 
. Actually, the set R fully characterizes the

statistical trade-o↵ between measurements M and N, and

Pre-testing Post-testing
Time

0 1 2 3
0

0.2

0.4

0.6

0.8

1

Sample number 1

= (cj)
n
j=1

<latexit sha1_base64="5k8suyDh2tO9INGeGPHncsOeffU="></latexit>

= {|uji}nj=1
<latexit sha1_base64="l4LXnwydhtA4hTvD9SKv5NUMSLo="></latexit>

= {|v`i}n`=1
<latexit sha1_base64="CDCPAleRWw44ySxO10U/5be3rYY="></latexit>

S(M,p) = {⇢ : Tr |ujihuj |⇢ = cj , 8j}
<latexit sha1_base64="nK76G170h6DwL/MOB5U9jzY0oGQ="></latexit>

The set of states compatible with the pre-testing



Proof Intuition

Pre-testing Post-testing
Time

Sample number 1000+
0 1 2 3

0

0.2

0.4

0.6

0.8

1

= (cj)
n
j=1

<latexit sha1_base64="5k8suyDh2tO9INGeGPHncsOeffU="></latexit>

= {|uji}nj=1
<latexit sha1_base64="l4LXnwydhtA4hTvD9SKv5NUMSLo="></latexit>

= {|v`i}n`=1
<latexit sha1_base64="CDCPAleRWw44ySxO10U/5be3rYY="></latexit>

S(M,p) = {⇢ : Tr |ujihuj |⇢ = cj , 8j}
<latexit sha1_base64="nK76G170h6DwL/MOB5U9jzY0oGQ="></latexit>

The set of states compatible with the pre-testing

The Complementary Information Principle of Quantum Mechanics

Yunlong Xiao,1, ⇤ Kun Fang,2, † and Gilad Gour1, ‡

1Department of Mathematics and Statistics and Institute for Quantum Science and Technology,
University of Calgary, Calgary, Alberta T2N 1N4, Canada

2Department of Applied Mathematics and Theoretical Physics, University of Cambridge, Cambridge, CB3 0WA, UK

The uncertainty principle bounds the uncertainties about incompatible measurements, clearly setting quantum
theory apart from the classical world. Its mathematical formulation via uncertainty relations, plays an irreplace-
able role in quantum technologies. However, neither the uncertainty principle nor uncertainty relations can fully
describe the complementarity between quantum measurements. As an attempt to advance the e↵orts of com-
plementarity in quantum theories, we formally propose a complementary information principle, significantly
extending the one introduced by Heisenberg. First, we build a framework of black box testing consisting of
pre- and post-testing with two incompatible measurements, introducing a rigorous mathematical expression of
complementarity with definite information causality. Second, we provide majorization lower and upper bounds
for the complementary information by utilizing the tool of semidefinite programming. In particular, we prove
that our bounds are optimal under majorization due to the completeness of majorization lattice. Finally, as ap-
plications of our framework, we present a general method to outer-approximating all uncertainty regions and
also establish fundamental limits for all qualified joint uncertainties.

Introduction.— Quantum mechanics has revolutionized
our understanding of the physical world, leaving us a key
message that our world is inherently unpredictable. The well-
known Heisenberg’s uncertainty principle [1] states that it is
impossible to prepare a state such that its outcome probability
distributions from two incompatible measurements are both
sharp. This heuristic idea was first formulated by Kennard [2]
(see also the work of Weyl [3]) into a mathematically rig-
orous inequality for position and momentum measurements,
where the uncertainties were quantified through the standard
deviation [4–10]. Later on, an alternative quantitative for-
mulation based on entropic measures has been introduced by
Białynicki-Birula and Mycielski [11]. Recently, the majoriza-
tion has also employed to study uncertainty relations [12–17].
All of these are known as the preparation uncertainty with de-
tailed reviews given in [18–20].

The uncertainty principle manifests another deeper concept
in quantum theory, namely complementarity [21]—a given
physical attribute can only be revealed at the price of an-
other complementary attribute being suppressed. As a more
general concept, the complementarity can also be exhibited
through other “duality paradox”, such as the wave-particle
duality [22]. The arise of complementarity di↵erentiates
quantum theory from its classical counterpart, leading to a
plethora of applications such as entanglement detection [23–
26], Einstein-Podolsky-Rosen (EPR) steering detection [27–
32] as well as quantum key distribution [33–36].

In recent developments, the study of uncertainty relations
becomes a main approach to explore the complementarity
of measurements. A series of e↵orts have been devoted to
seeking the optimal bounds on uncertainty relations for given
specific uncertainty measures, such as Shannon or Rényi en-
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The uncertainty principle bounds the uncertainties about incompatible measurements, clearly setting quantum
theory apart from the classical world. Its mathematical formulation via uncertainty relations, plays an irreplace-
able role in quantum technologies. However, neither the uncertainty principle nor uncertainty relations can fully
describe the complementarity between quantum measurements. As an attempt to advance the e↵orts of com-
plementarity in quantum theories, we formally propose a complementary information principle, significantly
extending the one introduced by Heisenberg. First, we build a framework of black box testing consisting of
pre- and post-testing with two incompatible measurements, introducing a rigorous mathematical expression of
complementarity with definite information causality. Second, we provide majorization lower and upper bounds
for the complementary information by utilizing the tool of semidefinite programming. In particular, we prove
that our bounds are optimal under majorization due to the completeness of majorization lattice. Finally, as ap-
plications of our framework, we present a general method to outer-approximating all uncertainty regions and
also establish fundamental limits for all qualified joint uncertainties.

Introduction.— Quantum mechanics has revolutionized
our understanding of the physical world, leaving us a key
message that our world is inherently unpredictable. The well-
known Heisenberg’s uncertainty principle [1] states that it is
impossible to prepare a state such that its outcome probability
distributions from two incompatible measurements are both
sharp. This heuristic idea was first formulated by Kennard [2]
(see also the work of Weyl [3]) into a mathematically rig-
orous inequality for position and momentum measurements,
where the uncertainties were quantified through the standard
deviation [4–10]. Later on, an alternative quantitative for-
mulation based on entropic measures has been introduced by
Białynicki-Birula and Mycielski [11]. Recently, the majoriza-
tion has also employed to study uncertainty relations [12–17].
All of these are known as the preparation uncertainty with de-
tailed reviews given in [18–20].

The uncertainty principle manifests another deeper concept
in quantum theory, namely complementarity [21]—a given
physical attribute can only be revealed at the price of an-
other complementary attribute being suppressed. As a more
general concept, the complementarity can also be exhibited
through other “duality paradox”, such as the wave-particle
duality [22]. The arise of complementarity di↵erentiates
quantum theory from its classical counterpart, leading to a
plethora of applications such as entanglement detection [23–
26], Einstein-Podolsky-Rosen (EPR) steering detection [27–
32] as well as quantum key distribution [33–36].

In recent developments, the study of uncertainty relations
becomes a main approach to explore the complementarity
of measurements. A series of e↵orts have been devoted to
seeking the optimal bounds on uncertainty relations for given
specific uncertainty measures, such as Shannon or Rényi en-
tropies [37–61]. However, there is no doubt that the complete
information of the physical attributes of incompatible mea-
surements should be fully preserved in the set of their out-
come probability vectors [62]. Inevitable losses of informa-
tion will occur whenever we project a high dimensional prob-

ability vector to its one-dimensional entropic values. To have
a full-scale understanding of the complementarity between in-
compatible measurements and to be able to find more practi-
cal applications, it is of great importance to consider a more
general framework, in which the complementary information
remains undistorted.
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FIG. 1: (color online) Scenarios of preparational uncertainty rela-
tion (PUR) (a) and complementary information relation (CIR) (b).
PUR gives a state-independent bound, namely c, and conditioned on
information gain p, CIR provides the optimal bounds for q under
majorization “�”; that is r � q � t.

To keep matters simple, we sketch scenarios of the prepara-
tional uncertainty relation and its generalization, the comple-
mentary information relation, in Fig. 1. We start with Fig. 1
(a), where two measurements M and N are being preformed
on the same quantum state ⇢ separately. We collect their prob-
ability distributions into two probability vectors p(⇢) and q(⇢),
respectively. The goal of PUR is to bound the joint uncertainty
about p(⇢) and q(⇢) by a qualified joint uncertainty measure
J [63], In general, we can express J(p,q) by the sum of
Shannon entropies H(p) + H(q), or the majorization relations
p ⌦ q and p � q.

What is often overlooked, is that the study of J(p,q) is
only one way of making the idea of the statistics set R :=S
⇢
�
(p(⇢),q(⇢))

 
. Actually, the set R fully characterizes the

statistical trade-o↵ between measurements M and N, and

The Complementary Information Principle of Quantum Mechanics

Yunlong Xiao,1, ⇤ Kun Fang,2, † and Gilad Gour1, ‡

1Department of Mathematics and Statistics and Institute for Quantum Science and Technology,
University of Calgary, Calgary, Alberta T2N 1N4, Canada

2Department of Applied Mathematics and Theoretical Physics, University of Cambridge, Cambridge, CB3 0WA, UK

The uncertainty principle bounds the uncertainties about incompatible measurements, clearly setting quantum
theory apart from the classical world. Its mathematical formulation via uncertainty relations, plays an irreplace-
able role in quantum technologies. However, neither the uncertainty principle nor uncertainty relations can fully
describe the complementarity between quantum measurements. As an attempt to advance the e↵orts of com-
plementarity in quantum theories, we formally propose a complementary information principle, significantly
extending the one introduced by Heisenberg. First, we build a framework of black box testing consisting of
pre- and post-testing with two incompatible measurements, introducing a rigorous mathematical expression of
complementarity with definite information causality. Second, we provide majorization lower and upper bounds
for the complementary information by utilizing the tool of semidefinite programming. In particular, we prove
that our bounds are optimal under majorization due to the completeness of majorization lattice. Finally, as ap-
plications of our framework, we present a general method to outer-approximating all uncertainty regions and
also establish fundamental limits for all qualified joint uncertainties.

Introduction.— Quantum mechanics has revolutionized
our understanding of the physical world, leaving us a key
message that our world is inherently unpredictable. The well-
known Heisenberg’s uncertainty principle [1] states that it is
impossible to prepare a state such that its outcome probability
distributions from two incompatible measurements are both
sharp. This heuristic idea was first formulated by Kennard [2]
(see also the work of Weyl [3]) into a mathematically rig-
orous inequality for position and momentum measurements,
where the uncertainties were quantified through the standard
deviation [4–10]. Later on, an alternative quantitative for-
mulation based on entropic measures has been introduced by
Białynicki-Birula and Mycielski [11]. Recently, the majoriza-
tion has also employed to study uncertainty relations [12–17].
All of these are known as the preparation uncertainty with de-
tailed reviews given in [18–20].

The uncertainty principle manifests another deeper concept
in quantum theory, namely complementarity [21]—a given
physical attribute can only be revealed at the price of an-
other complementary attribute being suppressed. As a more
general concept, the complementarity can also be exhibited
through other “duality paradox”, such as the wave-particle
duality [22]. The arise of complementarity di↵erentiates
quantum theory from its classical counterpart, leading to a
plethora of applications such as entanglement detection [23–
26], Einstein-Podolsky-Rosen (EPR) steering detection [27–
32] as well as quantum key distribution [33–36].

In recent developments, the study of uncertainty relations
becomes a main approach to explore the complementarity
of measurements. A series of e↵orts have been devoted to
seeking the optimal bounds on uncertainty relations for given
specific uncertainty measures, such as Shannon or Rényi en-
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The uncertainty principle bounds the uncertainties about incompatible measurements, clearly setting quantum
theory apart from the classical world. Its mathematical formulation via uncertainty relations, plays an irreplace-
able role in quantum technologies. However, neither the uncertainty principle nor uncertainty relations can fully
describe the complementarity between quantum measurements. As an attempt to advance the e↵orts of com-
plementarity in quantum theories, we formally propose a complementary information principle, significantly
extending the one introduced by Heisenberg. First, we build a framework of black box testing consisting of
pre- and post-testing with two incompatible measurements, introducing a rigorous mathematical expression of
complementarity with definite information causality. Second, we provide majorization lower and upper bounds
for the complementary information by utilizing the tool of semidefinite programming. In particular, we prove
that our bounds are optimal under majorization due to the completeness of majorization lattice. Finally, as ap-
plications of our framework, we present a general method to outer-approximating all uncertainty regions and
also establish fundamental limits for all qualified joint uncertainties.

Introduction.— Quantum mechanics has revolutionized
our understanding of the physical world, leaving us a key
message that our world is inherently unpredictable. The well-
known Heisenberg’s uncertainty principle [1] states that it is
impossible to prepare a state such that its outcome probability
distributions from two incompatible measurements are both
sharp. This heuristic idea was first formulated by Kennard [2]
(see also the work of Weyl [3]) into a mathematically rig-
orous inequality for position and momentum measurements,
where the uncertainties were quantified through the standard
deviation [4–10]. Later on, an alternative quantitative for-
mulation based on entropic measures has been introduced by
Białynicki-Birula and Mycielski [11]. Recently, the majoriza-
tion has also employed to study uncertainty relations [12–17].
All of these are known as the preparation uncertainty with de-
tailed reviews given in [18–20].

The uncertainty principle manifests another deeper concept
in quantum theory, namely complementarity [21]—a given
physical attribute can only be revealed at the price of an-
other complementary attribute being suppressed. As a more
general concept, the complementarity can also be exhibited
through other “duality paradox”, such as the wave-particle
duality [22]. The arise of complementarity di↵erentiates
quantum theory from its classical counterpart, leading to a
plethora of applications such as entanglement detection [23–
26], Einstein-Podolsky-Rosen (EPR) steering detection [27–
32] as well as quantum key distribution [33–36].

In recent developments, the study of uncertainty relations
becomes a main approach to explore the complementarity
of measurements. A series of e↵orts have been devoted to
seeking the optimal bounds on uncertainty relations for given
specific uncertainty measures, such as Shannon or Rényi en-
tropies [37–61]. However, there is no doubt that the complete
information of the physical attributes of incompatible mea-
surements should be fully preserved in the set of their out-
come probability vectors [62]. Inevitable losses of informa-
tion will occur whenever we project a high dimensional prob-

ability vector to its one-dimensional entropic values. To have
a full-scale understanding of the complementarity between in-
compatible measurements and to be able to find more practi-
cal applications, it is of great importance to consider a more
general framework, in which the complementary information
remains undistorted.

�⇢

�⇢

M

N

p

q

(b) CIR: r � q � t.

FIG. 1: (color online) Scenarios of preparational uncertainty rela-
tion (PUR) (a) and complementary information relation (CIR) (b).
PUR gives a state-independent bound, namely c, and conditioned on
information gain p, CIR provides the optimal bounds for q under
majorization “�”; that is r � q � t.

To keep matters simple, we sketch scenarios of the prepara-
tional uncertainty relation and its generalization, the comple-
mentary information relation, in Fig. 1. We start with Fig. 1
(a), where two measurements M and N are being preformed
on the same quantum state ⇢ separately. We collect their prob-
ability distributions into two probability vectors p(⇢) and q(⇢),
respectively. The goal of PUR is to bound the joint uncertainty
about p(⇢) and q(⇢) by a qualified joint uncertainty measure
J [63], In general, we can express J(p,q) by the sum of
Shannon entropies H(p) + H(q), or the majorization relations
p ⌦ q and p � q.

What is often overlooked, is that the study of J(p,q) is
only one way of making the idea of the statistics set R :=S
⇢
�
(p(⇢),q(⇢))

 
. Actually, the set R fully characterizes the

statistical trade-o↵ between measurements M and N, and
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tropies [37–61]. However, there is no doubt that the complete
information of the physical attributes of incompatible mea-
surements should be fully preserved in the set of their out-
come probability vectors [62]. Inevitable losses of informa-
tion will occur whenever we project a high dimensional prob-

ability vector to its one-dimensional entropic values. To have
a full-scale understanding of the complementarity between in-
compatible measurements and to be able to find more practi-
cal applications, it is of great importance to consider a more
general framework, in which the complementary information
remains undistorted.

�⇢

�⇢

N

N

q

q

(b) CIR: r � q � t.

FIG. 1: (color online) Scenarios of preparational uncertainty rela-
tion (PUR) (a) and complementary information relation (CIR) (b).
PUR gives a state-independent bound, namely c, and conditioned on
information gain p, CIR provides the optimal bounds for q under
majorization “�”; that is r � q � t.

To keep matters simple, we sketch scenarios of the prepara-
tional uncertainty relation and its generalization, the comple-
mentary information relation, in Fig. 1. We start with Fig. 1
(a), where two measurements M and N are being preformed
on the same quantum state ⇢ separately. We collect their prob-
ability distributions into two probability vectors p(⇢) and q(⇢),
respectively. The goal of PUR is to bound the joint uncertainty
about p(⇢) and q(⇢) by a qualified joint uncertainty measure
J [63], In general, we can express J(p,q) by the sum of
Shannon entropies H(p) + H(q), or the majorization relations
p ⌦ q and p � q.

What is often overlooked, is that the study of J(p,q) is
only one way of making the idea of the statistics set R :=S
⇢
�
(p(⇢),q(⇢))

 
. Actually, the set R fully characterizes the

statistical trade-o↵ between measurements M and N, and

p/Rn
<latexit sha1_base64="iK8qYuyDra5N88jKHgTPSdMG0N0="> jTRTbYKZeSVn24lqzM/0H2mzhoNvu3Gl3t79tLt8r/lx7t/F546vGrUan8V1jubHe6DX2G27jrPFL49fGb/O/z/85/9f837nqG1eKNvON2ufTq/8A4MxqvQ==</latexit>

q/Rn
<latexit sha1_base64="Ww7nkZbhgv7+hr5m+eAInt5vvgg="></latexit>

Raw data set in the
high dimensional space

p
<latexit sha1_base64="/5cARmzULVtXkr056slgT1fExxs="></latexit>

r
<latexit sha1_base64="tC+fa989spfUrlND8qLggTW+qzA="></latexit>

t
<latexit sha1_base64="r6HP4qwQi2GV7ZBfAu+zeXtre9k="></latexit>

Universal Uncertainty Region
(unique & tight in majorization)

Outer-approximation
of the raw data set, coincide if n = 2



Application 1: Universal Uncertainty Region

The Complementary Information Principle of Quantum Mechanics

Yunlong Xiao,1, ⇤ Kun Fang,2, † and Gilad Gour1, ‡

1Department of Mathematics and Statistics and Institute for Quantum Science and Technology,
University of Calgary, Calgary, Alberta T2N 1N4, Canada

2Department of Applied Mathematics and Theoretical Physics, University of Cambridge, Cambridge, CB3 0WA, UK

The uncertainty principle bounds the uncertainties about incompatible measurements, clearly setting quantum
theory apart from the classical world. Its mathematical formulation via uncertainty relations, plays an irreplace-
able role in quantum technologies. However, neither the uncertainty principle nor uncertainty relations can fully
describe the complementarity between quantum measurements. As an attempt to advance the e↵orts of com-
plementarity in quantum theories, we formally propose a complementary information principle, significantly
extending the one introduced by Heisenberg. First, we build a framework of black box testing consisting of
pre- and post-testing with two incompatible measurements, introducing a rigorous mathematical expression of
complementarity with definite information causality. Second, we provide majorization lower and upper bounds
for the complementary information by utilizing the tool of semidefinite programming. In particular, we prove
that our bounds are optimal under majorization due to the completeness of majorization lattice. Finally, as ap-
plications of our framework, we present a general method to outer-approximating all uncertainty regions and
also establish fundamental limits for all qualified joint uncertainties.

Introduction.— Quantum mechanics has revolutionized
our understanding of the physical world, leaving us a key
message that our world is inherently unpredictable. The well-
known Heisenberg’s uncertainty principle [1] states that it is
impossible to prepare a state such that its outcome probability
distributions from two incompatible measurements are both
sharp. This heuristic idea was first formulated by Kennard [2]
(see also the work of Weyl [3]) into a mathematically rig-
orous inequality for position and momentum measurements,
where the uncertainties were quantified through the standard
deviation [4–10]. Later on, an alternative quantitative for-
mulation based on entropic measures has been introduced by
Białynicki-Birula and Mycielski [11]. Recently, the majoriza-
tion has also employed to study uncertainty relations [12–17].
All of these are known as the preparation uncertainty with de-
tailed reviews given in [18–20].

The uncertainty principle manifests another deeper concept
in quantum theory, namely complementarity [21]—a given
physical attribute can only be revealed at the price of an-
other complementary attribute being suppressed. As a more
general concept, the complementarity can also be exhibited
through other “duality paradox”, such as the wave-particle
duality [22]. The arise of complementarity di↵erentiates
quantum theory from its classical counterpart, leading to a
plethora of applications such as entanglement detection [23–
26], Einstein-Podolsky-Rosen (EPR) steering detection [27–
32] as well as quantum key distribution [33–36].

In recent developments, the study of uncertainty relations
becomes a main approach to explore the complementarity
of measurements. A series of e↵orts have been devoted to
seeking the optimal bounds on uncertainty relations for given
specific uncertainty measures, such as Shannon or Rényi en-
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only one way of making the idea of the statistics set R :=S
⇢
�
(p(⇢),q(⇢))

 
. Actually, the set R fully characterizes the

statistical trade-o↵ between measurements M and N, and

p/Rn
<latexit sha1_base64="iK8qYuyDra5N88jKHgTPSdMG0N0="> jTRTbYKZeSVn24lqzM/0H2mzhoNvu3Gl3t79tLt8r/lx7t/F546vGrUan8V1jubHe6DX2G27jrPFL49fGb/O/z/85/9f837nqG1eKNvON2ufTq/8A4MxqvQ==</latexit>

q/Rn
<latexit sha1_base64="Ww7nkZbhgv7+hr5m+eAInt5vvgg="></latexit>

Raw data in the
high dimensional space

p
<latexit sha1_base64="/5cARmzULVtXkr056slgT1fExxs="></latexit>

r
<latexit sha1_base64="tC+fa989spfUrlND8qLggTW+qzA="></latexit>

t
<latexit sha1_base64="r6HP4qwQi2GV7ZBfAu+zeXtre9k="></latexit>

p 7! f(p)
<latexit sha1_base64="afonNXOD5rwrhWgtX4F674KI1zE="></latexit>

q 7! g(q)
<latexit sha1_base64="zjVFbG0fTDnyjv8QY/Wfv2G0R+Q="></latexit>

Projection

Universal Uncertainty Region
(unique & tight in majorization)

Outer-approximation
of the raw data set, coincide if n = 2

Uncertainty Region g(q)/R
<latexit sha1_base64="cHNvytskx+q8uoRksrEY4lmzFI4="></latexit>

f(p)/R
<latexit sha1_base64="jjFHzEIqTZJhpNi2K2pop+wpFiQ="></latexit>



Uncertainty Region and Uncertainty relation

Uncertainty Region

g(q)/R
<latexit sha1_base64="cHNvytskx+q8uoRksrEY4lmzFI4="></latexit>

f(p)/R
<latexit sha1_base64="jjFHzEIqTZJhpNi2K2pop+wpFiQ="></latexit>

c
<latexit sha1_base64="1Bhi+/g3+fJ+/KhOMK1uCpA0EnU="></latexit>

c
<latexit sha1_base64="1Bhi+/g3+fJ+/KhOMK1uCpA0EnU="></latexit>

Forbidden
Area

Uncertainty region is more informative than uncertainty relation in general.

f(p) + g(q) � c
<latexit sha1_base64="gx8sKp3Cl+zMuv9sCl3t/5UWk/A="> </latexit>



Application 1: qubit case

M = {|0i, |1i}, N = {(|0i �
p
3|1i)/2, (

p
3|0i+ |1i)/2}

<latexit sha1_base64="ggXUneh4NxBAki7j5U+Er57SEV4="></latexit>

H↵(M) +H�(N) � log(4/3), 1/↵+ 1/� = 2
<latexit sha1_base64="/2m7ARYLIkcnowsfTNuUuI9Qlcg="></latexit>



Application 2: Majorization based QRTs
Given an unknown pure state and measurement device| i

<latexit sha1_base64="ku/EVLcPD3gGUUFaZC41QTwyl9M="></latexit>

M
<latexit sha1_base64="Kr9HC5vC9G5dbz4YE7IoDbVMHjw="></latexit>

| i �! |'i =
nX

j=1

p
yj |ji

<latexit sha1_base64="7S6yv5bNxfdkPLvqrzbNhOUSJNc="></latexit>

?

1. perform measurement M and obtain the pre-testing outcome p
<latexit sha1_base64="/5cARmzULVtXkr056slgT1fExxs="></latexit>

2. Let be the post-testing and compute r and t by SDPs.
We have .

N = {|ji}nj=1
<latexit sha1_base64="LtVjUyse49YK0Eii4BGPB4Eq+1g="></latexit>

r � x � t
<latexit sha1_base64="9V2MifnmEuCvXIKMpaRm3PDHuTg="></latexit>

Strategy:

3. t � y
<latexit sha1_base64="WVZKi/5i9nbAAgYadAog6hiYVrU="></latexit>

x � t � y
<latexit sha1_base64="8cokpIZrRBhrr75k7shjX2bAZYw="></latexit>

| i �! |'i
<latexit sha1_base64="qPW093K/zpdSOHgGMS6UqQWcDlQ="></latexit>

y � r
<latexit sha1_base64="nnehbMeAN1UY95GR5le/8/szYyI="></latexit>

y � r � x
<latexit sha1_base64="Rqa1G7z2aKCMfcZ9j1tr77DOycM="></latexit>

yes

| i �! |'i
<latexit sha1_base64="qPW093K/zpdSOHgGMS6UqQWcDlQ="></latexit>

no

otherwise No enough information

Task:

| i =
nX

j=1

p
xj |ji

<latexit sha1_base64="H7KMOS4mOg7rEsdfbh8G12Gglt8="></latexit>

|'i =
nX

j=1

p
yj |ji

<latexit sha1_base64="bKPoYwqM3k5foBhD7CDR1eo5WLw="></latexit>

free
IO

| i �! |'i () x � y
<latexit sha1_base64="E/8vnJdUaYN1sUsLvJ5Sg6o5des="></latexit>

w.p. 1

IO



Summary & Discussions



Summary

o Complementary Information Principle: given the information gain from the pre-
testing outcome, we can fully characterize the uncertainty of the post-testing.
o Majorization bounds are SDP computable;
o Unique and tight in majorization.
o works for POVMs and even multiple measurements.

o Applications
o Universal uncertainty region
o Determine quantum state transformation
o Bounding joint uncertainty for any given measures

Open problems and future directions:

1. Is it possible to compute the majorization upper bound t in a single SDP,
instead of exponential many independent SDPs ?

2. Is there any more concrete applications of our general framework?
E.g. in quantum cryptography, ERP steering….



Thanks for your attention!
arXiv:1908.07694


