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Entanglement distillation  [Bennett, Divincenzo, Smolin, Wootters, 1996]
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Ep (pap) = sup {% : lim inf ||n (1) _1(/;®m||1 _ 0}.
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Asymptotically, the number of copies of Bell state we can get from per given
state p.
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Entanglement distillation  [Bennett, Divincenzo, Smolin, Wootters, 1996]

[00)+[11)

— %

Ep (paB) = sup {% : lim inf ||n (1) - f/>®m||1 _ 0}.

n—oo TTeQ)

error

© Theoretically, fundamental and interesting.
© But not easy to calculate in general.

© From practical point of view, lim; e is not possible.

How to do estimation when we only have finite copies of state?
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Concrete example

pap = 0.7 - [v1){(v1| + 0.3 - [va)(v2],

1) = % (100) + 1), |02) = % (l01) + [10)).

Question:

How many copies of Bell state we can get at most from 222
copies of the state p (within the error tolerance 0.01) ?
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One-shot entanglement distillation

\00>+\11> em

@@—@l
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© Fidelity of distillation [Rains, 2001]:
|00) + |11)

Fo (PAB/ m) = r]_r[1a£))<F (H (PAB) , (p®m) ,where ¢ =
€
© One-shot distillable entanglement:
Eg,)s (pap) =max{m :1-Fq(pap, m) < &}.
© Asymptotic rate:

Eo(pa) = lim lim — ED (o55)-

Q € {1-LOCC, LOCC, SEPF, PPT}
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A hierarchy of operation classes

Local operations and

classical communication A «— B
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A hierarchy of operation classes

Local operations and
classical communication A — B
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A hierarchy of operation classes

IH = HA131—>A232 ((PA]B]:A;B{)

SEP
l e Jr1 separable (A} A : B Bp)
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A hierarchy of operation classes

PPT
Jrt =T1a,B,-4,8, (¢A131:A;B;)
T U
SEP o ]HBIBZ >0 I\vﬂ)
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One-shot SDP characterization

For any state p4p and error tolerance ¢ € (0, 1),

1 .
Egvzlr,g (pap) =-log | minn
st.0<M<T1,
TrpM >1-¢,
—n1 < M8 < 1.
Efficiently computable

Main ingredient of this proof:

Symmetry of maximally entangled state ¢, i.e., ¢ is invariant under U ® U.
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One-shot SDP characterization

For any state p4p and error tolerance ¢ € (0, 1),

1 .
Egvzlr,g (pap) =-log | minn
st.0<M<T1,
TrpM >1-¢,
-l <M™ < pl.
Efficiently computable

Are we done? How about large number of copies ES},T . ( p%)?
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Quantum hypothesis testing

? pedipypa}
Null: p = p1 Alternative: p = p2
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Quantum hypothesis testing

? pedipypa}
Null: p = p1 Alternative: p = p2

i=1,accept p = p1
p— {Mi, Mo} —i

i=2,accept p = pz
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Quantum hypothesis testing

? pedipypa}
Null: p = p1 Alternative: p = p2

) i=1,accept p = p1
p— {My, My} [—>i .
i=2,accept p = pz

p1— {Mi, M} b—2 Type-I error: Tr Mppq

TS:05

Non-asymptotic entanglement distillation (1706.06221) | K. Fang, X. Wang, M. Tomamichel, R. Duan conmeFoRaUNTIN SO

£ mare




Quantum hypothesis testing

? pedipypa}
Null: p = p1 Alternative: p = p2

i=1,accept p = p1

p— {My, My} —i .
i=2,accept p = pz

p1— {Mi, M} b—2 Type-I error: Tr Mppq

P2 — {Mqi,Mr} —1 Type-II error: Tr M1 po

UTS

g marer
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Quantum hypothesis testing

P1—= {Mi, My}

P2 — {Mi, My}

_)2

_)1

Type-I error: Tr Mpp1

Type-II error: Tr Mq pp

Dy, (p1llp2) == —log | min Tr M;p,

— Type-II error

s.t. TrMpp1 < ¢, 4= Type-I error

Mi, My >0,
M1+ My =1.
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One-shot Hypothesis testing characterization

Build a connection,

Evor.(pas)= min Df (pasllG).

— et = —

Distillation Hypothesis testing
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One-shot Hypothesis testing characterization

Build a connection,

Hermitian
1 . .
Eppr,c (P8) = jdin_ Dk (pasllG).
_l_ < _l_
Distillation Hypothesis testing
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One-shot Hypothesis testing characterization

Build a connection,

K) Hermitian

Evor.(pas)= min Df (pasllG).

— et = —

Distillation Hypothesis testing

G P

-
3

"Distance measure" — Dﬁl
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One-shot Hypothesis testing characterization

Build a connection,

Hermitian
1 . .
Eppr,c (P8) = jdin_ Dk (pasllG).
_l_ < _l_
Distillation Hypothesis testing

G P

-
3

"Distance measure" — Dﬁl

Main ingredient of this proof:

Norm duality between || - [|; and || - [|co-
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One-shot Hypothesis testing characterization

Build a connection,

Egle,g (pag)=_ min Dg (pasllG).

—— e =

Distillation Hypothesis testing

Two Applications:

©® Recover the Rains bound.

©® Second-order estimation.
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Recover the Rains bound

1) : e
E = m D G).
PPTe (P) ||GTBl|ﬂS1 H(P” )

® Rains bound [Rains, 2001; Audenaert, Moor, Vollbrecht, Werner, 2002]

R(p)= min  D(pllo), Eppr(p)<R(p).

020,|6TB | <1
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Recover the Rains bound

1) : e
E = m D G).
PPTe (P) ||GTBl|ﬂS1 H(P” )

® Rains bound [Rains, 2001; Audenaert, Moor, Vollbrecht, Werner, 2002]

R(p)= min  D(pllo), Eppr(p)<R(p).

020,|6TB | <1

1. ony _1 : e (. ®n
~E ] =— min D G
2 EPPT,c (p®") n et < 5 (p®"IG)
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Recover the Rains bound

1) : e
E = m D G).
PPTe (P) ||GTBl|ﬂS1 H(P” )

® Rains bound [Rains, 2001; Audenaert, Moor, Vollbrecht, Werner, 2002]

R(p)= min  D(pllo), Eppr(p)<R(p).

020,|6TB | <1

1 1) ®n _1 : € n 1 € n || -On
EEPPT,s(p )_E”(;Tr;}«lﬁllngH(P HG)S_DH(P llo )

=
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Recover the Rains bound

1) : e
E = m D G).
PPTe (P) ||GTBl|ﬂS1 H(P” )

® Rains bound [Rains, 2001; Audenaert, Moor, Vollbrecht, Werner, 2002]

R(p)= min  D(pllo), Eppr(p)<R(p).

020,|6TB | <1

1. ony _ 1 : & (,.®n 1 ¢/ ony _on
;EPPT,g (p )—;“G%}}EQDH(P IG) < ;DH(P 10®™)
Quantum Stein’s lemma
D (pllo)

[Hiai & Petz,1991]
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Recover the Rains bound

(1) _ : e
PPT,e (P) = ||GITI;1||rIS1 Dy (P”G) .

® Rains bound [Rains, 2001; Audenaert, Moor, Vollbrecht, Werner, 2002]
R(p)= min  D(pllo), Eppr(p)<R(p).

020,|6TB | <1

_ 1,
Dy (p®"IG) < —Djp (p®"10®")

=

1. eny_1
P : ")=— min
mre v 6T <1
Quantum Stein’s lemma
D o =R .
[Hiﬁi&l’oty,]()()[] (p” ) (p)
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Recover the Rains bound

(1) _ : e
PPT,e (P) = ||GITI;1||rIS1 Dy (P”G) .

® Rains bound [Rains, 2001; Audenaert, Moor, Vollbrecht, Werner, 2002]
R(p)= min  D(pllo), Eppr(p)<R(p).

020,|6TB | <1

_ 1,
Dy (p®"IG) < —Djp (p®"10®")

N

Ly [ onm_1

Eppr (p) « —Epor LR,

(P) n PPT,e (P ) "Gt
Quantum Stein’s lemma

D s) =R )

[Hiai & Petz,1991] (pllo) (p)
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Recover the Rains bound

(1) _ : e
PPT,e (P) = ||GITI;1||rIS1 Dy (P”G) .

® Rains bound [Rains, 2001; Audenaert, Moor, Vollbrecht, Werner, 2002]
R(p)= min  D(pllo), Eppr(p)<R(p).

020,|6TB | <1

_ 1,
Dy (p®"IG) < —Djp (p®"10®")

N

Ly [ onm_1

Eppr (p) « —Epor LR,

(P) n PPT,e (P ) "Gt
Quantum Stein’s lemma

D s) =R )

[Hiai & Petz,1991] (pllo) (p)

© Can we improve it by taking other forms of feasible solution?
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Second-order estimation: upper bound

(1) . ¢
E = Dy G).
ppr,e (P) i i1 (pllG)

B
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Second-order estimation: upper bound

(1) : €
E = D G).
ppr,e (P) i i1 (pllG)

[Tomamichel & Hayashi, 2013; Li 2014]

Dy, (p®™16®™) = nD (pllo) + /nV (pllo) ol (e)+ O (logn).
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Second-order estimation: upper bound

(1) : €
E = D G).
ppr,e (P) i i1 (pllG)

[Tomamichel & Hayashi, 2013; Li 2014]

Dy, (p®™16®™) = nD (pllo) + /nV (pllo) o l(e)+0 (logn).

W (") < nR (p) +\JnVk (p) @ (¢) + O (log ).
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Second-order estimation: upper bound

(1) . ¢
E = Dy G).
ppr.e (P) i i1 (pllG)

[Tomamichel & Hayashi, 2013; Li 2014]

Dy, (p®™16®™) = nD (pllo) + /nV (pllo) ol (e)+ O (logn).

W (") < nR (p) +\JnVk (p) @ (¢) + O (log ).

maxges,, V(PAB”UAB) if 0<e<1/2

here V/ = ’
where R(PAB) {minuespV(PAB”UAB) if 1/2<e<1

and 8, is the set of operators that achieve the minimum of R (p)
D(pllo) :=Trp(logp —logo), V(pllo):=Trp(logp —log 6)2 -D (plla)2 ,

@1 inverse of the cumulative distribution function of standard normal distribution.
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Second-order estimation: lower bound

[Wilde, Tomamichel, Berta, 2016]

E(_l,),g (pag) = —Hr‘r/é;n (AIB), +4logn, where 0 <7 < Ve.
] 1

X i

1-LOCC Smooth conditional max-entropy
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Second-order estimation: lower bound

[Wilde, Tomamichel, Berta, 2016]

E(l) e (pag) = Hmax (AIB), +4logn, where 0 <7 < Ve.
{ {

1-LOCC Smooth conditional max-entropy

[Tomamichel & Hayashi, 2013]

Hax (A™"[B™) yon = nH (A|B),, — /nV(A|B)p<D—1 (¢2) + O (logn).
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Second-order estimation: lower bound

[Wilde, Tomamichel, Berta, 2016]

E(l) e (pag) = Hmax (AIB), +4logn, where 0 <7 < Ve.
{ {

1-LOCC Smooth conditional max-entropy

[Tomamichel & Hayashi, 2013]

Hax (A™"[B™) yon = nH (A|B),, — /nV(A|B)p<D—1 (¢2) + O (logn).

EQ, (p91) > nI(A)B), +/nV (A|B), @' (¢) + O (log n).

where 1(A)B), :=D(pasllla ®pp), V(AB), = V(paslla ® pp).
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Examples: pure state

For any pure state 1, with reduced state p4 = Trp 1,

EQ (®") = Eppr  (9°") = S (pa) +

\/n [Tr pa (log pA)2 -S (pA)Z]CD_l () +0O(logn).

Remark: Recover [Datta, Leditzky, 2015] ’s result about distillable entanglement via
LOCC operations for pure states, since 1-LOCC ¢ LOCC ¢ PPT.

05F ’

‘ _ o211y
- =SR2 e =001

Average distillation rate (qubit)
o
~

[ —8(pa)
ot - =27 order

102 104 108
Number of state copies, n
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Examples: mixed state

For the state pap = plo1){(v1| + (1 — p) [v2)(v2|, where p € (0, 1),

jo1) = % (100) +111)),, [0) = iz (101 +]10)),

\/_

its distillable entanglement is

EQ (058) = Ebbr. (p53) =n (1 =2 (p))+

2
\/np(l—p) (log 1;}7) @71 (e)+ O (logn).

where 1y (p) = —plogp — (1 - p)log (1 - p).
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Examples: Isotropic state pr (F =

o d-1
pr=0-P LD p @), Pt o@=1 3 il

i,j=0
Small number of copies: Large number of copies:
= 1T P g
P © 0.8 7 P B
® IS ’ P
i = ’ R4
Sos| Sos ’ 7 ]
5 g Ly
= = d ‘
= O 1
B oal Boat o, ]
o ——R(pr) o [ —R(pr)
g & [ - - -Upper bound (2" order)
ozl == I(A)B)ye gozr ro 1 ——I(A)B),, 1
= %E%T,F(P?") < [ - - Lower bound (2" order)
0 0 1 1
10 20 30 40 50 60 70 80 90 100 102 10* 10°
Number of state copies, n Number of state copies, n
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= 17 T ;
= -
E -~
RS) Py
08/ 5 ]
© 7
= 7
So6f ) 1
= ’
@ 7o
S 04r 7 1
o |f, —R(pr)
2 ! - - Upper bound (2"¢ order)
oo02r 1! —-—-Fitting curve ]
< ! 1 (1) @
1 EEPPT,e(PF”)
0 1 . . .
102 10 108

Number of state copies, n
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—~ 1F == :
3 .\r”’f
35 &
R=2 P
© 08f 4 1
© AN
c \) 1 logn 1
oo06f / C1+62T+C3 7 +C4ﬁ 1
= / n
©
= 7
k7 T
S 04r 7 1
o047, —Rlpr)
2 ! - - Upper bound (2"¢ order)
o 02r [/ —-—-Fitting curve ]
é ! 1E(1) n
1 n PPT,e(pF )
ot ‘ ‘ ‘
102 104 108

Number of state copies, n
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Average distillation rate (qubit)

0.8

0.6

0.4

0.2

(1)
;EPPT e

Example: Isotropic state pr (F = 0.9, ¢

=0.001)

’ \)614‘52#

logn
n

1

— R(pr)

- — Upper bound (

—-—-Fitting curve
1
%EI(DI)DT € (p%‘n)

274 order)

102

Number of state copies, n

(p®") < R(p) +

Non-asymptotic entanglement distillation (1706.06221)

10*

L
Vi

| K. Fang, X. Wang, M. Tomamichel, R. Duan

VR (p) @' () + O

10°

log n

Si

CENTRE FOR GUANTUM SOFTWARE AND NFORMATION



Example: Isotropic state pr (F = 0.9, ¢ = 0.001)

= 1F ——
3 .r"’”
=} ¥
= #
o 0.8} 4,; 1
@ ;
c N 1 logn 1
S o6l ’ \)C1+02\/—>+C3 -t 4y i
= / n
©
= 1
® f1
S04 /o 1
o4/ —R(or)
2 ! - - Upper bound (2"¢ order)
oo2f ! —-—-Fitting curve 1
< ! 1 (1) ®
1 EEPPT,e(pFn)
0 L L L
102 104 108

Number of state copies, n
Conjecture: Eppr (pp) =R (pp).
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(1)
Eppre (p) SDP

» small scale estimation

B
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M
Eppre

|

Hypothesis testing

(p) SDP

» small scale estimation

pPTé P)— mm D i (pllG )

B
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M
Eppre

|

Hypothesis testing

(p) SDP

» small scale estimation

pPTé (p)= mm Dy; (pllG )

ez, =

B
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M
Eppre

|

Hypothesis testing

(p) SDP

» small scale estimation

pPTé P)— mm Dy; (pllG )

/ o8] =

improve?

B
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M
Eppre

|

Hypothesis testing

(p) SDP

» small scale estimation

pPTé P)— mm D i (pllG )

7N

[Second—order bound] —> large scale estimation

improve?

B
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M
Eppre

|

Hypothesis testing

(p) SDP

» small scale estimation

pPTé P)— mm D i (pllG )

7N

[Second—order bound] —> large scale estimation
l {

improve? Eppr (PF) 2 R (PF)

B

S:Q56

Non-asymptotic entanglement distillation (1706.06221) | K. Fang, X. Wang, M. Tomamichel, R. Duan CONTREFORQUANTUNSOFTWAREAND RFORMATON



M
EPPT € (P ) SDP > small scale estimation
Hypothesis testing Entanglement dilution?
Key distillation?
P”T  (p)= H m1Hn Diy (lIG) Multi-partite cases?

/N

[Second—order bound] —> large scale estimation
l {

improve? Eppr (PF) 2 R (PF)
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THE END

THANK YOU!
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